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Abstract

This paper reveals the investigation of separation axioms in neutrosophic fuzzy supra
topological spaces. We define neutrosophic fuzzy supra topological T; -spaces (i =1, 2). We call
them NFST-T;-spaces (i =1,2). We investigate some of their basic properties and

characterization theorems in neutrosophic fuzzy supra topological spaces. We establish the

relationship between neutrosophic fuzzy supra T(-space and neutrosophic fuzzy supra T -

space. We investigate the necessary and sufficient conditions for two neutrosophic fuzzy supra

topological spaces to be NFST-T; - spaces (i = 1, 2). We study the notion of neutrosophic supra

hereditary property and its applications.
1. Introduction

Human beings are dealing with real life problems due to uncertainty in
their everyday life. To overcome this uncertainty, Zadeh [28] revealed the
notion of fuzzy sets theory. As it was limited to control all types of real life
problems due to wuncertainty, Atanaosv [2] invented the notion of
Iintuitionistic fuzzy sets theory associating with membership and non-
membership values. Still it was not sufficient to resolve all types of situations
in decision making problems under uncertainty. Thereafter, Smarandache
[23, 24] considered the elements with membership, non-membership and

indeterministic values and talked the notion of neutrosophic sets and further
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investigated on neutrosophic sets [25]. Salama and Alblowi [20, 21] referred
the notion of neutrosophic topological spaces. Salama et al. [22] investigated

on new neutrosophic crisp topological concepts.

The notions of supra topological spaces, supra open sets and supra closed
sets were introduced by Mashhour et al. [13]. Thereafter, ME Abd El-Monsef
et al. [1] introduced the concept of fuzzy supra topological as a natural
generalization of the notion of supra topological spaces. Babu and Aswini [3]
studied on fuzzy neutrosophic supra topological spaces. Turah [27] studied on
intuitionistic fuzzy supra topological spaces.

Further several researchers [5, 6, 7, 8, 9, 10, 11, 14, 15, 16, 17, 18]
contributed themselves to investigate neautrosophic topological spaces in
different directions. Following their works, we introduce and study
separation axioms in neutrosophic fuzzy supra topological spaces. The
chapter is subdivided is as follows. The next section briefly focuses on some
known definitions and results which are relevant for investigation. In section
3, we introduce and investigate separation axioms in neutrosophic supra

topological spaces. Conclusion appears in last section.
2. Preliminaries

Here we procure some basic concepts to reveal the study.

Definition 2.1[28]. Let X be a universal set. A fuzzy set (in short, FS) A
in X is characterized by a membership function p, which associates with
each point x in X with a real number in the interval [0, 1], with the value of
p4(x) at x representing the “grade of membership” of X in A. Let X = {x} be
a universal set. A Fuzzy set A in X is a set of order pair
A ={(x, ug(x)): x € X} where py : X - [0,1] and py(x) is the degree of
belongingness of x in A.

Definition 2.2[2]. Let X be a non-empty set. An intuitionistic fuzzy set

(in short, IFS) A in X 1is an object having the form
A ={(x, py(x), va(x)): x € X}, where the functions p4(x), va(x)

: X > [0,1] define respectively, the degree of membership and degree of

non-membership of the element x € X to the set A, which is a subset of X
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and for every element x € X, 0 < py(x)+ v4(x) < 1. Furthermore, we have
n(x) =1 — py(x) — va(x) called the intuitionistic fuzzy set index or hesitation
margin of x in A. n(x) is the degree of indeterminacy of x € X to the IFS A
and my(x) e [0,1] ie., mu(x): X - [0,1] and 0 < my(x)<1 for every
x € X. my(x) expresses the lack of knowledge of whether x belongs to IFS A

or not.

Definition 2.3[20]. Let X be a universal set. A neutrosophic set (in short,
NS) A in X is a set contains triplet having truthiness, falseness and
indeterminacy membership values taken from [0,1] These can be

characterized independently and denoted by T4, Fy4, I4 respectively. The

neutrosophic set is denoted as follows:
A = {(x, Ty(x), Falx), I4(x)): x € X and Ty(x), Fa(x), I4(x) € [0, 1]}.
There is no restriction on the sum of T4 (x), F4(x) and I4(x), so
0 < Ty(x), Fplx), T4(x) < 3.

The null and full NSs on a non-empty set X are denoted by Oy and 1,

defined as follows:

Definition 2.4[20]. The neutrosophic sets Opn and 1y in X are

represented as follows:
@) Oy = {(x, 0,0,1) : x € X}.
(i) Oy = {(x, 0,11): x € X}.
(i) Oy = {(x, 0,1, 0): x € X}.
iv) Oy = {(x, 0,0, 0) : x € X}.
W) 1y = {(x,1,0,0): x € X}.
i) 1y = {(x, 1, 0,1) : x € X.
(i) 1y = {(x, 1,1, 0) : x e X},

(vitl) 1y = {(x,1,1,1) : x € X}.

Advances and Applications in Mathematical Sciences, Volume 22, Issue 12, October 2023



2258 RUNU DHAR
Clearly, O < 1. We have, for any neutrosophic set A, Oy < A < 1y.

Definition 2.5[26]. The following statements are true for neutrosophic
sets A and Bon X:

() Ty(x) < Tg(x), Fs(x) > Fg(x) and I4(x) < Ig(x) for all x € X if and
only if A ¢ B.

(i) A < Band B c A ifandonlyif A = B.
(i) AN B = {(x, min {T4 (x), Tp(x)}, min {F4 (x), Fp(x)}, min {4 (x), I p(x)}}.
(iv) AUB = {(x, max {T4(x), Tp(x)}, max {Fu(x), Fp(x)}, max {4 (x), Ip(x)}.

Remark 2.6[26]. More generally, the intersection and the union of a

collection of neutrosophic sets {4;},;_,, are defined by
() Nieadi = {(x, infj A {Ty, ()}, supjep{Fy, (%)}, inficp{Z4, (%)} 1 x € X}
(i) Uiea 4 = {(x, sup;ea{Tly; (x)}, infjcp {Fg, (x)}, supjep{ly; (x)} 2 x € X}

Definition 2.7[20]. Let A = {(x, T4(x), Fa(x), I4(x)): x € X and
Ty(x), Fa(x), [4(x) € [0,1]} be a neutrosophic set on X. Then the
complement of A, denoted by CO(A) may be defined in three ways as listed

below:
(i) CO(A) = {(x, Ty(x), Fa(x), I4(x)): x € X}.
(1) CO(A) = {(x, Fg(x), 1 = I4(x), Tq(x)): x € X}.
(i) CO(A) = {(x, 1 = Ty(x), 1 = I4(x), 1 - Fu(x)): x € X}.

Definition 2.8[12]. Let A and B be two neutrosophic sets on X. Then the
difference of A and B is also a neutrosophic set on X, defined as
AN B = {(x,| Ta(x) = Tp(x) |, | Falx) - Fp(x) |, 1 -] Ia(x) - Ip(x) | : x € X].
Definition 2.9[20]. Let X be a non-empty set and 7T be the collection of

neutrosophic subsets of X. Then T is said to be a neutrosophic topology (in
short, NT) on X if the following properties hold:

(1) ON, ].N eT.
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(ll) Ul’ U2 ET:>U10U2 eT.
(i) u;caU; € T, for every collection {U; : i € A} < T.

Then (X, T) is called a neutrosophic topological space (in short, NTS)

over X. The members of T are called neutrosophic open sets (in short, NOS).
A neutrosophic set D is called neutrosophic closed set (in short, NCS) if and

only if D is a neutrosophic open set.

Definition 2.10[20]. Let (X, 7') be a NTS and U be a NS in X. Then the
neutrosophic interior (in short, N;,;) and neutrosophic closure (in short,

N.;) of U are defined by
N;t(U)=U{E : E isaNOSin Xand E c U},
N, U)=n{F : F isaNCSinXand U c F}.

Remark 2.11[20]. Clearly N;,;(U) is the largest neutrosophic open set
over X which is contained in U and N, (U) is the smallest neutrosophic

closed set over X which contains U.

Proposition 2.12[20]. For any NS Bin (X, T'), we have
(@) Nine(B°) = (Ne(B)).

(i) Ney(B) = (Nin(B)).

Definition 2.13[3]. A neutrosophic fuzzy supra topology (in short, NFST)

of a non-empty set X is a family 7" of neutrosophic fuzzy supra subsets in X

satisfying the following axioms:
(1) ON, lN S T“.
(i) U G; € T", v all collection {G; : i € J} = T".

In this case, the pair (X, T") is called a neutrosophic fuzzy supra
topological space (in short, NFSTS) and any neutrosophic fuzzy supra set in

T" is known as neutrosophic fuzzy supra open set (in short, NFSOS) in X.
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The complement of NFSOS in the NFSTS (X, T") is called neutrosophic
fuzzy supra closed set (NFSCS).

Example 2.14[3]. Let X ={y} and consider the family
T" = {0y, 1y, P, @, R} where P = {y, (0.3, 0.4, 0.7)}, @ ={y,(0.2,0.6,0.8)},

R={y,(0.3,0.6,0.7)}. Then (X, T") is NFSTS on X.

Definition 2.15[3]. Let (X, T") be NFSTS and P = {y, (T}, I, F},)} be

a NFSS in X. Then the neutrosophic fuzzy supra interior and neutrosophic
fuzzy supra closure of P are denoted by NFScl(P) and NFS int(P)

respectively and are defined as below:
(i) NFScl(P) =N {Q : @ isa NFSCSin Xand P c Q}.
(i) NFSint(P)=U {R : R isa NFSOSin Xand R c P}.

Remark 2.16[3]. (i) Note that NFScl(P) is a NFSCS and NF'S int(P) is
a NFSOS in X.

(ii) P is a NFSCS in X if and only if NFScl(P) = P.
(iii) Pis a NFSOS in X if and only if NFS int(P) = P.

Example 2.17. Let X ={y} and consider the family

™ ={0n, 1y, P, R, G} is a NFSTS where P = {y, (0.4, 0.3, 0.7)} and
R = {y, (0.8, 0.3, 0.7)}. Let G = {y, (0.5, 0.3, 0.4)} be a NFSOS in X.

Then  NFSint(G)=U{P, R: P,R are NFSOSs in X and
PcG,RcG}

NFS int(G) = {y, (0.4, 0.3, 0.7)} = P.
Thus Pis NFS int(G).

Here NFSCSs are complement of NFSOSs.

Thus CO(P) = {y, (0.6, 0.7, 0.3)} and CO(R) = {y, (0.7, 0.7, 0.3)} are
NFSCSs.
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Then NFScl(G) = n{CO(P), CO(R) : CO(P), CO(R) are NFSCSs in X
and G < CO(P), G = CO(R).

Now NFScl(G) = {y, (0.6, 0.7, 0.3)} = CO(P). Thus CO(P) is NFScl(G).

Proposition 2.18[3]. Let (X, T") be a NFSTS over X. Then the following
properties hold:

(i) NFScl(CO(P)) = CO(NFS int(P)).

(i1) NFS int(CO(P)) = CO(NFScl(P)).
3. Separation Axioms Induced by NFSTS

Definition 3.1. A NFSTS (X, T") over X is called neutrosophic fuzzy
supra topological T -space, denoted by NFST-T|, -space if for any distinct pair
of points x, y of X, there exists one NFSOS A in T*" such that any one of the

following two conditions holds:

i) x € Abut ye A or

(1) x ¢ A, y € A.

Theorem 3.2. A NFSTS (X, T") over X is NFST-T -space if and only if
for each pair of distinct points x, y of X, NFScl{x} # NFScl{y}.

Proof. Sufficiency. Suppose that x,yeX,x =Yy and
NFScl{x} # NFScl{y}.

Let u € X such that u € NFScl{x} but u ¢ NFScl{y}.

We  claim  that x ¢ NFScl{y}, for x € NFScl{y}, then
NFScl{x} ¢ NFScl{y}. This contradicts the fact that wu ¢ NFScl{y}.

Consequently, x € {NFScl{y}}° to which y does not belong. Thus (X, T") is
NFST- T, -space.

Sufficiency. Let a NFSTS (X, 7T") over X be NFST-7,-space and
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x,ye X, x #y Then there exists NFSOS A for which x € A or y e A.
Then A€ is a NFSCS for which x € A and y € A°.

Since NFScl{y} is the smallest NFSCS containing y, so NFScl{y} c A°
and therefore x ¢ NFScl{y}.

Hence NFScl{x} # NFScl{y}.

Definition 3.3. Let (X, T") be a NFSTS over X and E be a subset of X.

Then the classes TF of all intersections of E with 7" -NFSOSs of X belong to

T" is a topology on E. This topology is called relative neutrosophic fuzzy
supra topological space or neutrosophic fuzzy supra subspace.

Example 3.4. Let X = {y} and consider the family
T" ={0N, 1y, P, @, R} where P = {y, (0.3, 0.4, 0.3)}, @ ={y, (0.4, 0.5, 0.3)},
R={y,(0.5,0.6,0.3)}. Then (X, T") is NFSTS on X. Again T* = {0y, 1y, P}

and (E, T E ) is a relative neutrosophic fuzzy supra topological space.

Definition 3.5. Let (X, T") be a NFSTS over X and p be any property in

X. Then we call p as neutrosophic supra hereditary (in short, NSH) if it
appears in a relative neutrosophic fuzzy supra topological space.

Theorem 3.6. Let NFSTS (X, T") over X be NFST-T -space. Then the
relative neutrosophic fuzzy supra topological space (E, TE) is NFST-T-
space.

Proof. Given (X, T") is NFSTS and E c X. Let e, ey € E and

e, # eo. We have to show that (E, T%) is NFST- Ty -space. As e, ey € E, so
e1, g € X. There exists NFSOS A < X such that A containing one of
ey, eg, but not both. Now we have ¢; € E and e; € A. Then ¢ € E(1 A or
eg € £ and eg € A. Then eg € EN A.

Hence (E, T¥) is NFST- T, -space.
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Definition 3.7. Let f : (X, T}") — (Y, T§') be a neutrosophic fuzzy supra

homeomorphism (in short, NFSH). Let p be any property in X. We say that p
is neutrosophic fuzzy topological property if p appears in Y.

Theorem 3.8. The property p =NFST-T,-space is neutrosophic fuzzy
topological property.

Proof. Let (X,7!) and (Y,74) be two NFSTSs and
f: (X, 1) » (Y, TS') be a NFSH. Let (X, T}") be obey the property p =
NFST-T,-space. We have to show that (Y, 74') is NFST-T{-space. Let
Y1, ¥o € Y and y; # yg. Since f is bijective, there exists x; # x9 such that
y1 = f(x1), yo = f(xg). Since (Y, T§') is NFST-T,-space, there exists a
NFSOS A such that x; € A, x9 ¢ A or x; ¢ A, x9 € A. Since f is bijective,
f(A) is also a NFSOS in Y and for y;,ys €Y,y # y3, we have
f(x1) € f(A), fxg) & f(A) or f(x;)e f(A), f(xg) € f(A). Hence (Y, Ty') is
NFST- T}, -space.

Theorem 3.9. The two NFSTSs (X, T}) and (Y, Ts) are NFST-T-
spaces if and only if X xY is a NFST-T,-space.

Proof. Sufficiency. Let (X, 7T}") and (Y, T}') be two NFST- T -spaces. If
(%1, ¥1) # (x9, y9), then either x; # x9 or y; # y9. We claim x; # xy. Since
X is NFST-T( -space, there exists a NFSOS A such that x; € 4, x9 ¢ A or
x; 2 A, x9g € A. Now NFSOS AxY eXxY. So (x,y)e AxY or
(x9, y9) € AxY. Thus X xY is a NFST-T|, -space.

Necessity. Let X xY be a NFST-T| -space. To show that X is NFST-T, -
space. We take x1,x9 € X, x; # x9. Then there exists two points
(%1, ¥), (x9, y) where (x;, y) # (x9, y). Since X xY is a NFST-T-space,
there exists a NFSOS A e XxY such that (x;, y) e A4, (x9, y) g A or
(x1, ¥) & A, (x9, y) € A. Since (x1, ¥) € A, (x9, y) & A, therefore
x1€ A, xg ¢ A or x; ¢ A, xg € A, Thus (X, T}") is NFST-T,-space.
Similarly, we can show that (Y, T}') is NFST- T} -space.
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Definition 3.10. A NFSTS (X, T") over X is called fuzzy neutrosophic
supra topological Tj-space, denoted by NFST-T; if for any pair of distinct

points x, y of X, there exist two NFSOSs A, B in T" such that the following

two conditions hold:

i) x e A, x ¢ B and

(i) ye B,y ¢ A.

Remark 3.11. Every NFST-T)-space is NFST-T,-space. But the
converse is not true.

Example 3.12. Let X ={x,y} and consider the family
T" = {0y, 1y, P} where P = {y, (0.4, 0.3, 0.5)}. Then (X, T") is a NFST-
T, -space on X but not NFST- T -space.

Theorem 3.13. Let NFSTS (X, T") over X be NFST-T; -space. Then the
relative neutrosophic fuzzy supra topological space (E, TE) is NFST-T; -
space.

Proof. Given (X, T") is NFST-T) -space. Let e;, eg € E and e; # es.

We have to show that (E,T”) is NFST-T,-space. As e, es € E, so
e1, eg € X. There exists two NFSOSs A, B ¢ X such that e; € A, e5 ¢ B
and e € B,eg 2 A. Now we have e eENA e ENB and

e, e ENB, ey ¢ EN A. Hence (E, T?) is NFST- T} -space.

Theorem 3.14. The property p =NFST-T;-space is neutrosophic fuzzy
topological property.

Proof. Let (X,7!) and (Y,74) be two NFSTSs and
f: (X, T}) > (Y, T}) be a NFSH. Let (X,T}) be obey the property

p =NFST-T; -space. We have to show that (Y, T4') is NFST- T} -space. Let

¥1, Y9 € Y and y; # y9. Since f is bijective, there exists x; # x9 such that
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y1 = f(x1), yo = f(xg). Since (Y, T4') is NFST-T;-space, there exist two
NFSOSs A and B such that x; € A, x; ¢ B and x9 € B, x9 ¢ A. Since f is
bijective, f(A) and f(B) are also two NFSOSs in Y and for
yi,¥2 €Y,y #y;, we have  ff(x;)e f(A) f(x1) ¢ f(B) and
f(xg) € f(B), f(x2) ¢ f(A). Hence (Y, T4') is NFST-T; -space.

Theorem 3.15. The two NFSTSs (X, T}") and (Y, T}') are NFST-T -
spaces if and only if X xY is a NFST-T -space.

Proof. Sufficiency. Let (X, 7}') and (Y, T}') be two NFST- T -spaces. If
(%1, ¥1) # (x9, y9), then either x; # x9 or y; # y9. We claim x; # xy. Since
X is NFST-T] -space, there exists a NFSOS A and B such that
x1 € A, x; € Bor x; € Bxg ¢ A. Now AxY and BxY are two NFSOSs
XxY. So (x1,y)e AxY but (x,y;)e B and (x9, y9) e BxY but
(x9, y9) 2 AxY. Thus X xY is a NFST-T; -space.

Necessity. Let X xY be a NFST-T] -space. To show that X is NFST-T] -
space. We take x1,x9 € X, x; # x9. Then there exists two points
(%1, ¥), (x9, y) € X xY. Since X xY is a NFST-Tj-space, there exists a
NFSOSs A, Be XxY such that (x;,y)e A, (x9,y)2 A and
(x9, y) € A, (x1, y) 2 A. Now there exist two NFSOSs A;, Ay such that
A; x Ay < A. Since (x1, y) e A, (x9, y) 2 A and (xg, y) € 4, (x4, y) ¢ B,

therefore x; € Ay, x9 ¢ Ay or xy ¢ Ag, x; € A;. Thus (X, T}') is NFST-T; -

space. Similarly, we can show that (Y, 74') is NFST-T; -space.

4. Conclusion

In this paper, we have studied some new separation axioms in
neutrosophic fuzzy supra topological spaces. We have introduced and

investigated neutrosophic fuzzy supra T;(i =1, 2) spaces. We have shown
that every neutrosophic fuzzy supra 7j-space is neutrosophic fuzzy supra

Ty -space. But the converse is not true. We have established some other
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relationship between these two spaces. We have studied some
characterization theorems of these two newly defined spaces. It is expected
that the work done will help in further investigation of the separation axioms
in neutrosophic fuzzy supra topological spaces. In the future, it is hoped that
the notion of separation which have been studied here can also be extended in
neutrosophic crisp supra bi-topological spaces [19], neutrosophic supra tri-
topological spaces [4] etc. The author will extend the notion of separation
axioms in refined neutrosophic crisp supra topological spaces and
neutrosophic crisp supra bi-topological spaces as new possible research
works.
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