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Abstract

Explicit representation for the solution of Schwarz boundary conditions for the Poisson
equation on the quarter plane is obtained.

1. Introduction

There are principally two different complex second order partial
differential operators, the Bitsadze operator 6% and the Laplace 0,05. In

this article, Schwarz boundary problem 1is solved explicitly for Laplace
operator known as Poisson equation on the quarter plane. The complex
variable forms of Cauchy Pompeiu formula and Gauss theorem play a very
crucial role in solving boundary value problems in Quarter plane. The area
integral written in Cauchy-Pompeiu formula is known as Pompeiu operator
and was studied in (see [1, 4, 8, 9, 11, 12, 14]) for bounded domains. Schwarz
Boundary Value Problems for different operators are studied on other
domains also (see [1, 2, 3, 5, 6, 10, 13, 15]).

For any function w e C*(Q1;C)N C(@l;C) with bounded as a subset of R*
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where m(k, w) = max {w(z)|:|z| =% 0<Rez 0<Imz} 1+ kP m(k, w)
and wsz € L, 9(Q;;C), 2 < p, and z € Q;, Gauss theorem on the quarter

plane Q; = {z : Rez > 0, Im z > 0} can be written as

1 frwl) 1 P w@) 1 . dEdn
onido 1-2 % 3m)y 1+ [0 F =0 an
1 [t w(t) 1t w(it) 1 . dEdn
amilo tez ¥ om)y t-tT IQ w5z =0 (d
+o0 400 0+
L[ w) gy L[ ) gy lj' wo(o) %M _ (1.3)
2ni Jg t+ 2z 2niJg t-iz Q ° T c+z

The following Cauchy-Pompeiu formula is a generalization of the Cauchy’s
integral formula for analytic functions and can be proved using the Gauss
theorem.

In case of the Quarter plane, Cauchy-Pompeiu formula can be

represented as i.e. any w € Q; ={z e C:0 < Rez 0 < Imz}, for which for

some 0 < § the function (1 + k)sm(k, w) is bounded as a subset of R* and

ws € L;(Qq; C) is representable as

- ) g 1 [T wi) g 1 dedn
w(z) = 2m 0 t_zdt 2mid o t+zz J. g() 2) (1.4)
_ L [T g LT ) g L dedn
w@=9u), % ), t-m® % g()(g 5 (9
Here the Pompeiu operator T has the following form
1 dnd
116 =1 [ AT (1.6
and satisfies the properties 0z7f = f, 0,Tf = I1f, where
1 dnd
i) =~ [ 0% .7
(c-27

Here the derivatives are taken in distributional sense.
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2. Schwarz Problem for Poisson Equation on the Quarter Plane

The solution of the inhomogeneous Schwarz boundary value problem over
Qq is given by, (see, [7]),

Theorem 2.1. The Schwarz boundary value problem on Q.
oz w(z) = f(z) in Qq, satisfying Rew =y, on y=0,0<x <+, Imw =y,
for x =0, 0<y<+w is uniquely weakly solvable for f e L;(Q;;C),
Y1, Y2 € C(R*; R), such that vy, yo are bounded on R™ = [0, ©). The solution

is

2 +00 z 2 +00
w@) =2 h(t)tz_zzdt—ﬁjo )

J-[ Zf(Z) Zf(Z) Jdﬁdﬂ- (2.1)

c;—z _—2

Lemma 2.1. For w, wé(@l;C)Cl(Ql;(C), with bounded (1 + k)°>m(k, W),

1+ k)ém(k, w,) as a subset of R" and ¢ = & + in, we can write the following

. 1
M1 = ;j@ ozaw(o)log| 2 - 22 [Pdedn
1

_1 2 2.2

=5 ow(t)log|t” — 2% ["dt
1 : 2, 22

“37), ow(it)log|t” + 2% [“dt
1 1 1

ramlo 0T s Ta)

o " w(it)( 1 jdt + w(2) 2.2)
2mi Jo (¢ -1z ) (¢ +12)

.. 1 — 9
() I = - | oz(e)log| ¢” - 2* [Pdzdn
TJQ
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N 2 224, 1 [T 2. 2.2
m.J'O dw(t)log| 12 -z |dt+2nj0 dw(it)log| ¢ + 2% [2dt

ol ‘(a—a o)

- g W((t - R0 ; iz))dt' 2.3)

1

Proof. (i) Starting with the area integral over @Q; and using Gauss

theorem and Cauchy Pompeiu formula on Q;, we have

1
L=— Iaggw(g) log| ¢ - 2% [*d&dn
@

= % ,[ 0z(0aw(q)log| ¢* - 2% [*)dédn
@
1 J'@ w(g)wdgdn

C_',—Z

1
== J.@g(agw(g) log| ¢ - 22 [*)dedn
@

1 1 1
-1 J'agw (g)[ﬁ * ﬁJd?‘;dn
Q
:1f&ww@bm¥—¥FMWn
0 w(g) ( w(c) Dd d
Jhgz> o))

1™ 2_ 22
:2_MIO d.w(t)log|t” —z= |"dt

L - 2., .22
275.'.0 o w(it)log|t” +27 [“dt
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f w25 )

—— Iw(it)((t_li = (Hll ))dt+w(z)

Q

(11) Starting with the area integral and using Gauss theorem and Cauchy

Pompeiu formula on Q;, we have

1 = _
Iy = —.f dzcw(c)log| g% - 2% [*dEdn

T
1 = _

= _I 9. (0.w(g)log| <2 - 22 ?)dedn
T
1 —((c-2)+(c+z

__J‘ agw(g)(g 22) Eg2 Z)dgdn
T (" -27)

1 — _
= ], 2:Celog| & -2 [)dzan
-2l a“’(‘;)((g )
o J‘(:Ooagw(t)log| 12 -22 Pt

1 ("5 2 2,2
+2nJ.0 d.w(it)log|t” +27 |"dt

%I ()((t—z) (tiz))

%I w(i )((t—Lz) (tJrlzz))dt .

Theorem 2.2. The Schwarz boundary value problem for the Poisson

equation in Qq

Oz,w(2) = f(2) in Qy,

Advances and Applications in Mathematical Sciences, Volume 20, Issue 9, July 2021



1982 HIMANI DEM, ARUN CHAUDHARY and RAVINDRA KUMAR
Rew=yyon 0<x <+, y=0,Rew=9;0on0<x<+m0,y=0
Imw=¢gomn0<y<+0,x=0Imw, =¢y on 0 <y <+, x=0

is uniquely weakly solvable for f € L;(Qy;C), dg, &1, %o, ¥1 € C(R*;R) such

that 2 (t), 29 (t), 11730, (t), 2y, (t) are bounded on R* =10, + ) for

some 0 < 8. The solution is given by

2 i t
w(z) = ——I 1/)0('5) dt - E.‘-o ¢0(t)mdt
1 1 +0o0
-——| wl(t)log| t2 - 22 |Pdt + FJ._OO 1(t)log| 2 + 22 [Pdt
| [F(Q)loglc?—2? P ~T)log| 8% ~2* Pldzdn. (2.4
o

Proof. Using Lemma 2.1, the last area integral in (2.4) gives
2], [og] =% - Fic)log| &* - *Jacan
1 2 212 A =2 _22
=], swl@og] & 2% [ -0cculclog] €* - 2% ldedn
= [I; - Ip]

1™ 2_ 22
= — 1 —
Tci,[o Reo.w(t)log|t” —2° | dt
+0
—lJ. Red w(it)log| t2 +22 [Pdt
TJo

+—J. Rew(t) dt+ J. Imw(zt) dt+w(2)

Using boundary values, we obtain

[ ¥, (t)log| % - |dt——j 01(t)log| 2 + 22 [Pdt

112
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+0o0

+ E 1/)0(15) dt + _J ¢O(t) + w(z)
0

il

i.e.
2 +00 t 2 +00
w(z)‘_ﬁjo ‘/’O(t)@dt_%jo bolt) 5zt

S 1/)1(t)10g| t* - 2% Pdt + —J‘ $1(t)log| £* - 2* [Pdt

T
+ = [[AQog| &~ 2* P - Fo)1og | & - 2* [*laean
Q

which is (2.4). By doing simple calculations, we can verify that (2.4) is

solution of the given Schwarz problem. o
3. Conclusion

Explicit solution of one of the forms of Schwarz boundary value problems
for Poisson equation is obtained on the Quarter plane. On the basis of
Theorem 2.2 and Lemma 2.1, other forms (some are stated below) can also be

solved in the similar way,
0z:w(2) = f(z) in Qy,
Imw=ygonO0<x <+, y=0,Imw, =9 on 0<x <400, y=0
Rew=¢gon0<y<+mw,x=0,Rew, =¢; on 0 <y <+, x =0
and
0z.w(z) = f(2) in Qp,
Imw=y9vygon0<x<+0,y=0Rew, =y on 0 <x <+, y=0

Rew=¢gon0<y<+mw,x=0,Imw, =¢y on 0<y<+mw,x=0
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