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Abstract

In this paper, we compare the spreading of new optimal perfect matching to solve interval-
value a-cut fuzzy linear sum bottleneck assignment problem. If all the spreading solutions are in
minimum cost/time and maximum matching, and we get the matching solution optimal and
perfect. Suppose, the solution is in minimum cost/time and minimum matching, the solution is a
spread out of new partial feasible matching, if the solution is in maximum cost and minimum
matching, we get a spread out of partial feasible matching.

1. Introduction

Let ‘" jobs and ‘P machines be given in a balanced interval valued fuzzy
linear sum bottleneck assignment problem (IFLSBAP) where C’ij generalized
trapezoidal fuzzy numbers. The bottleneck assignment refers to latest
completion in the allocation of assignment problem. The interval-valued a-cut
of generalized fuzzy linear sum bottleneck assignment problems are

minimum cost maximum matching problem. Let G = (U, V, E) be a

bipartite graph with edge set E. The edge [i, j] has a cost coefficient O -
ij

We obtain perfect matching in G such that the perfect length of an edge in

this matching is as small as possible.
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Amit Kumar and Anil Gupta have proposed Assignment and Travelling
Salesman problems with Coefficient as LR Fuzzy parameters [1]. In 2019, K.
Atanassov proposed extended interval-valued intuitionistic fuzzy index
matrices [2]. H. Albrecher approached a note on the asymptotic behaviour of
bottleneck problems [3]. Linear bottleneck assignment problems were
proposed by Fulkerson, Glicksberg and Gross. In 1999, D. Dubois, and P.
Fortemps have proposed computing improved optimal solutions to max-min
flexible constraint satisfaction problems [4]. In 1971, R. Garfinkal have
proposed improved algorithm for bottleneck assignment problem [5]. In 2004
E. Hansen and G. W. Walster, introduced Global Optimization using interval

analysis.

Definition 1.1. Fuzzy number A = (dL, a*, ab, dU) is fuzzy subset of R

with membership grade p 4 (x) is said to be trapezoidal fuzzy number and

then the following membership functions as,

—L
X-a” gl < X <@
a* —ak
wyx) = Lifa*<Xx<al af<a*<ab<aV
U
?U—f(,idesXsaU
a —aB

«l}-——

X

N
/

Definition 1.2. A fuzzy number A = (dl‘, a%, af av, ®) is said to be
generalized trapezoidal fuzzy number with membership grade p A(x) then

the following membership functions as,
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nix)=1 o=lifa*<Xx<a ak<a*<al<a’
U
(GU_XJ,zdesXst
aV - aP

Where o € (0, 1].

pilx)

N

w = o

s

at Wi a° af wg

a-Cut of Generalized Trapezoidal Fuzzy Number

1.3. Arithmetic operations Generalized Trapezoidal Fuzzy
Number:

Let P = (dl‘, a%, ab, av, o) and Q = (I;L, b, bk, Y, ®) are two
generalized trapezoidal fuzzy number then the following operations are,

1. P+Q=(a"+b% a*+b* aP +bP, a¥ + Y, w) where
o = (min (0, ®y))

2. p‘Q=(aL—5U7 da—gﬁ,dﬁ—ga,dU—El’, o) where
o = (min (07, 0g)).

2. a-Cut Generalized Trapezoidal Fuzzy Number

Let P = (dL, a%, af av, ®) and @ = (I;L, b, bP pU, ®) are two
generalized trapezoidal fuzzy numbers and * be any arithmetic operators,

P * @ define its a-cut, Upa) = %p * Oy Let P*@ can be formed as
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P x Q = Ume[o, 1] OL(P*Q). P and Q are fuzzy numbers, P+ Q is also fuzzy
numbers.

Consider P and Q as two generalized fuzzy numbers and then the

following membership functions are,

~L
Q{X‘—GJ if al < X < a®
a* —at
np(x) = w=11if a* <X <aP
U
u{uj if & <X <a?
aV -aP
. ] ]
(VX‘Z’V J,Lbe <X <b*
b — bl
uQ(x)z w=1if b* <X <bP
a X . ~U
o) Lif P <X <b
[dU—dBJ

Generalized o-Cut trapezoidal fuzzy numbers are defined as,

ap =[a +(@* -al)a, - @ -aP)+al]
ag = [bF + (% -b%)a, - 6V - 5P)+ V).

Let us assume that if o =® then, the following generalized o-Cut

trapezoidal fuzzy numbers are formed as,

op =[a" +(@* -a)o, - @ -af)+al]
wg = [6" + (6“ - 6" )o, - BV - 5P) + 8V,
2.1.Generalized a-Cut fuzzy numbers to Fuzzy Interval

Oz, = [éL + (da - dL)U)— (dU - dﬁ) + dU] = [allelUl]’

(,0512 = [dL + (&OL —dL)O)—(dU - dﬁ)+ (jU] = [aILZ dlUZ]
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wgy = [a" +(@* - a")o-(a@V -aP)+a"] = [afzdf3],
wg, = [a" +(@* -a")o-(@" -aP)+a"] = [aydi]
0, =la" +(@* -a")o-(@" - aP)+a"] = [af1dl}],
0, = [a" +(@* —a")o-(@¥ - aP)+aY] = [ady df]
0y = [a" +(@* —a")o - (@V - aP)+ aY] = [adyds}],
0y, = [a" +(@* —a")o - (@Y -aP)+a¥] = [afy df)]
0, =la" +(@" -a")o-(@" -aP)+a"] = [a1df]],
wg, = [a" +(@* -a")o-(@¥ - aP)+a¥] = [afy dih]
0, =" +(@* —a")o- (@ - aP)+a"] = [adsdi],
0z, =[a” +(@* -a")o-(@" -aP)+a] = [afydf)]
g, =la" +(@* -a")o-(@" - aP)+a"] = [af1dfy],
0g, =" +(@* -a")o-(@" -aP)+a"] = [afy df]
0 = [a" + (@ —a")o-(@¥ - aP)+aY] = [afydi),
wg,, =la" +(@* -a)o-(@" - aP)+a¥] = [afy df}]

2.2. Interval-valued o-Cut of Generalized Fuzzy Linear Sum
Bottleneck can be modelled as

Min max oz.x

1<i, j>n Y v

Such that
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n
Dxj=1(G=12..n)

j=1

xij S {O, 1}(1, ] = ]., 2, ey n)

Definition 2.3. An interval value o, = [aigfdi[j]] e R is said to be

interval value fuzzy set with membership grade p; (x) then the following

membership functions as,
0, X < ai%
uéw(x) =41, ailj‘ <X < di(j]
0, X > dl.l;

Where aij} < dL[JJ

3. Fuzzy Interval Operations

Let X = [af;dY] and Y = [ady d,] are two closed interval values in R

then the following operations are as,
(@) X +Y = [oft df]]+ [agy dSb] = [af; + agy di] + d3)]
(b) X -Y = [afi dfi] - [ady d5] = [af} - diz dff - ]

L L LU UL UL UU L L LU
© X Y =(ai] azs, a11dsz, 11022, di1azs, diidgs) max (a11as2, ai1asz,

U L U U
di1a32, diidss)

L L U U L L U U

| laen el dn odn a] o1 dnn dn
(d)X/Y—mln—U,—L,—U,—L max | ——, —=, —5, —7 ||-

dyg agy dyy ayxy dyy agy dyp ajxy

© X AY = [af1dq] A [adodB] = [afs A adodl] A d5]

@ XvY =[afidl]v [adedB] = [afy v adedl] v d5).
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Assignment Table:

3.1. Interval-valued a-Cut of Fuzzy Linear Sum Bottleneck

[alL 1 d1U1]

[afs d5]

[afs df3]

lafy di}]

[a?ﬁ dgl]

[ady d5]

[ags d55]

[a2L4 dgz;]

[ad; d5)]

[ady d55]

[ads d8}]

[ady d5)]

[afl délljl]

[aty 5]

[afs di5]

[azlf4 dﬂ]

3.2. a-Cut of threshold Fuzzy Linear Sum Bottleneck Assignment

In the first case a-Cut of threshold Fuzzy Linear Sum Bottleneck

Assignment cost element is (»_, ) and a-Cut of threshold Fuzzy Linear Sum
cijM

Bottleneck Assignment are defined as,

1, Lf (DEL.. > (D-”*
o ) Cijpr
(l)cij =

0, otherwise.

Let C = Og; be nxn matrix and (DEl-jU(. be a fuzzy arbitrary
ot

n
permutation of IFLSBAP.

Spreading solution is sp(e(i)) = max {min {ooéq)(l.)n 3

3.3. Property (i): If two elements of IFLSBAP are in increasing order,
then prove that the sum of two elements of IFLSBAP is also in Increasing
Order,

Proof. Let X = [afid"] and Y = [afyd%] are two closed interval values
in R is IFLSBAP.

Here, ai]} < dg and aéLz < dgg are in increasing orders.

We prove that, the sum of two elements of IFLSBAP is also in increasing
order, adding X and Y. We get,

X +Y = [af1d9] + [adpd%] = [afy + adyd] + d55].
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We see that, Here, alLl + aézg < dﬁ + de and ai? < dil; and aézz < dg2.

Therefore, [alleH] + [aQLngz] < [alLl + a2L2d1U1 + dgz] Hence, if two
elements of IFLSBAP are in increasing order then the sum of two elements of
IFLSBAP are also in increasing order.

4. Algorithm

Solving optimal perfect matching and feasible partial matching by using
generalized o-cut trapezoidal fuzzy numbers we present in the following step
by step procedure.

Step 1. Generalized a-cut trapezoidal fuzzy numbers

Let us take generalized trapezoidal fuzzy number and obtain a-cut of

trapezoidal fuzzy numbers, if o = @, then the following form.

oy =[a" +@* - ae - @" -aP)+av],

oz =[BY +(0* -0%)o - (BY -bP)+8Y].
Step 2. Compute fuzzy interval values by using generalized o-cut

trapezoidal fuzzy numbers:

og =la" + (@ -a")o- (@Y -aP)+a"] = [afd]].

14

Where ai]} < dg and al% = lower boundary of least value

dilj] = upper boundary of largest value
Step 3. Forming balanced interval valued fuzzy linear sum bottleneck
assignment problem (IFLSBAP):

Let us consider balanced interval valued fuzzy linear sum bottleneck
assignment problem (IFLSBAP) (number of Machines (M) and number of

Jobs (P) are equal e, 7 M;=3>" P if IFLSBAP

2?21 M; # Z;L:le, We Introduce dummy row i.e., 2?21 M; + D; (o),
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introduce dummy column Z;L:le +D; (where D; = dummy row, D; =
dummy column)

L U

Step 4: Calculate O Oy -
n

Let o, = [al%dilj]] be (n x n) interval cost/time matrix;

i

U

L _ min:fakd9 . o-
g, = ming {ajj d; | g |

L
= max;; {a; d;j}
Step 5: Calculate ((oéij*), (o)éij;[)

U

*
& = Ges . < Wz, < 0.
(Dclj {(Dclj @, O)CU (’Jcl] n

G
: L ;U
oac—,ij}"v[ = min {mgij € coEL.j* :|{m5ij € (DEij* P og < [a;; d; I = oagij* /2.

Step 6: Feasibility check: Select the feasible element

* L L L _ .
O 1y ((x)cijO < Oy gy gy = 0), select the ((ocij) row and assigned
at least only one zero, similarly column allocations are Oy ;> Ogg; ++» Og,i s

next column assigned as o, , o , g, . Each row and each column at

g e
least only one zero are assigned. Every row and column has at least one
matching, the feasibility is executed. The bipartite matching, if minimum
cost and maximum matching is optimal and perfect, otherwise the bipartite

graph is feasible and partial matching. Obtain interval valued fuzzy linear
. n *
sum cost is Y| i1 Oy M = [ai(p(i)MLdiq)(i)MU]‘

Step 7: Backward calculation: Select the lower feasible elements of

o)gi].*M and determine Feasible IFLSBAP

L ) .. no L _
Og ) = 0, the feasible cost/time is Zi:1 Ocio1y0 = [ai(p(i)OLdicp(i)OU]‘

L

L _ . . . n -
Oz = 0, the feasible cost/time is Z =1 g1

= L it Giginv
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L

L _ . . . noo _
Ogy = 0, the feasible cost/time is Zi=1 O = [ai<p(i)2Ldi(p(i)2U]'

L

5., =0, the feasible cost/time 18
% pr-1

n L _
Z i=1 PCigym-1 = [ai(p(i)m—lLdi(p(i)m—lU]'

Step 8. Forward calculation: Select the upper feasible elements of (ogij*M

and determine Feasible IFLSBAP

U
Cm+1

n U

=0, the feasible cost/time  is D il O i+l
=1 Déiy;

- [ai(p(i)m+1L di(p(i)milU ]

0, ) the feasible cost/time is
i m+2

n U _
zi:1 Ocigiym+2 = [aicp(i)m+2Ldicp(i)m+2U]'

coE.AU =0, the feasible cost/time is
Ym+3

n U B
i Ocigiym+3 = [ai(p(i)m+3Ldi(p(i)m+3U]'

n U

U p—
i=1 ®c oGyt [ai@(i)nLdi@(i)nU]'

Og; = 0, the feasible cost/time is Z

n
Step 9. Determine and checking Feasible/Optimal and Partial/Perfect of
IFLSBAP.

L

B ¢ L L * U U U
Ocjis =10;5L Digpppt 1= MIN10g; > O J-

ey 5. RN ) > ;.. RN €) >
1777 i CGim+2’ Cim+s Cijp

If, o."=[a

G is optimal and perfect

iolixs” (051 = Wigfiyn? Fig(iynt’]
matching.

L

If, Ogy = [ai(p(i)SLdiqn(i)S*] < [ai(p(i)nLdi(p(i)nU] is feasible and partial

matching.
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U _ }
055 = 100050 Gt 1 = gt Gigaye ] 15 T
matching.
U _
16 gz = a0 Gigp 1 < igomt G
matching.

Step 10: Stop.

1169

asible and perfect

uv] is feasible and partial

Example: Consider generalized trapezoidal fuzzy numbers (éij)

(9,13,17,21;0.25)

(15,20,25,30;0.20)

(4, 6, 8, 10; 0.50)

(3,5,7,9; 0.50)

(5,7,9,11;0.50)

(8, 10, 12, 14; 0.50)

(4, 6, 8, 10; 0.50)

(9,13,17,21;0.25)

(2,4,6,8:0.50)

(9, 13, 17, 21; 0.25)

(13,18,23,28;0.20)

(5,17, 9, 11; 0.50)

(3,5,7,9;0.50)

(6, 8, 10, 12; 0.50)

(9, 13, 17, 21; 0.25)

(4, 6, 8, 10; 0.50)

Generalized a-cut trapezoidal fuzzy numbers is

(x)Eij

=[a" + @* - a")o- (@Y -af)+a¥] =

a

L ;U
ijdij

]

If a=w compute fuzzy interval values by using generalized a-cut

trapezoidal fuzzy numbers:

g, =[10,20], 0, =[16,29], 04, =[5,9], 07, =[4,8], 04, =[6,10], 0, =[9,12],
Ogyy =[5,9], 024 =[10,20], 00z, =[3,1], 0, =[10,20], 0, =[14,27], 05, =[6,1],
0, = [4, 8], 0gy, =[7,11], wg,, = [10, 20], 0, =[5, 9].

Interval-valued fuzzy linear sum bottleneck assignment problem by using
Generalized o-cut trapezoidal fuzzy numbers

Table 2
[1020] | [1629] | [59] [4 8]
[610] | [913] [59] | [1020]
[37] | [1020] | [1427] | [610]
[48] | [711] | [1020] | [59]
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i - — o o L _ U _
Case i g = O = {wcij P g < Og; < g = [7,11]
Table 3
l"l - > -'I ‘7 “‘.:“" - [I“ ) - M - ]
Pi & - < ¥a ‘ 0 | [@13] | 0 | [1020] ]
i - ¥, ln | {1020) 7 |Il:;]77 0 I
Pa ¥ =) P 0 0 [10 :0] 0 ‘

= [19, 35]. The IFLSAP is optimal and

n
Qi Ot ot = Giglin® Loy 1 = |

perfect matching

T — S _ U _
Case ii: Oy | = OJEi]L = {o)cij P g < Og; < 0g; © = [6, 10].
Table 4
[o20] ez 0 0
I ( 9 13] L} [1020]
¥ 0 [(l_i;.:u] ""[_I»TZ' To
s e
0 [711] [10 20] 0
e s
Now [aicp(i)M—lL di(p(i)M—lU] =[12, 24]. The IFLSAP is feasible and
partial.
ses, ¥ _ _ o L 3 3 U _
Case iii: O o = (DEijL = {(Dcij P g < Og < og - = [5, 9].
Table 5
P, D Jy [1020] [16 29] 0 0
P 5 3 (6 10] (912] 0 [1020]
Ps g 0 [{1020] {1427] [6 10}
0 [7 1] [10 20] 0
Pe ) Ja

Now ZTL ®_
i=1"Cig(i)M-2
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feasible and partial.

Case iv: cogijfw 5

1171

= mEiJL = {ODEZ.]. : oagijOL < og < (ogijg = [4, 8].
Table 6.
[1020] [1629] 0 0
0 @ 12] 0 [1020]
0 [[1020] [1427] 0
0 [711] [10 20] 0

n .
Now > . O s [aicp(i)M—zL diq)(i)M—ZU] =[7,15]. The IFLSAP is

feasible and partial.

Case v: mgi.L
il

Py O

Pes O

n
Now z . Oy
i=1 "Cip(i\M-4

feasible and partial.

Case vi: mg..L
U M+1

=
M-4 c

— fe -m. L _ U _
Vi;; = {mcij P g < Og; < og; - = [3, 7].
Table 7
o [1020] [1629) [59] [435]
g [610] [912] 159 [1020)
y T 0 [[1020] [1427] (610]
N ITE (71 020 | [39]

= %o -a2 Gigippr-av 1= 137

Table 8

D 629 0
(4 .\'i | 0
[Tnozep [z

o ' a | [10 20)

The IFLSAP is

. L U _
=0 = {(,Ogij P g < Og; < g = [9, 13].

-
(1)

[ Tro=0)
)
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n
Now Zi=1 AT [ai<p(i)M+1L dicp(i)M+1U] -

feasible and perfect.

[12, 24]. The IFLSAP is

oo L — e e L _ U _
Case vii: Oy o = 0355 = {cocij P < g < g = [10, 20].
Table 9
P, 1Y
) I .‘| ) LU
P Iz ) 0 0 ]
P 5 0 o 1427 )
p.. Y ) L) | )
n o
i Ot ntes [ai(p(i)M+ oL G+ ,wl=1[19,35]. The IFLSAP is
optimal and perfect.
e, L _ .. L . U _
Case viii: Oy g = aniJL_ = {(ncij Do < 0g; < g = [14, 27].
Table 10
P { ilﬁ 29] ( 0
p: ¥ 0 ) " )
L ) ( (
| S >
l il ) o
Pa Ja
n .
Now » . O onres [ai(p(i)M+3L di(p(i)M+3U] = [19, 35]. The IFLSAP is

optimal and perfect.

L

. L
Case ix: o, =01 = {0z : 0,
M+ c i " Gig

< g < (DEUS = [16, 29].
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Table 11

P i, Mo To 0 {
> —--—v—'—'—‘ J ( O 0 0
Ps C .'-\'i P 0 0

( ) 0 o
Pa (e—" Y&

n .

Now > ° . O s [ai@(i)m X ] =[38, 69]. the TFLSAP is

feasible and perfect.

The optimal perfect scheduleis B — Jy, P, —> J3, P3 —> J1, Py — Js.

The spread of new generalized trapezoidal fuzzy optimal perfect
assignment cost is Zéi(p(i) =(3,5,7,9,0.50)+(4, 6, 8,10; 0.50)
+2, 4, 6,8;0.50)+(6, 8,10,12; 0.50) = (15, 23, 33, 39;0.50).

6. Conclusion

We discussed above concepts of optimal perfect matching and partial
feasible matching for solving interval valued fuzzy linear sum bottleneck
assignment problem by using a-cut of generalized trapezoidal fuzzy number.
The machine completed maximum jobs with minimum cost or time then the

solution is optimal and perfect, otherwise partial and feasible.
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