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Abstract

In this paper, several characterizations of fuzzy somewhere dense sets and fuzzy cs dense
sets in fuzzy topological spaces are established. The condition for the fuzzy hyperconnected and
fuzzy almost P-space to become an fuzzy c-Baire space is established by means of fuzzy cs dense
sets. The conditions for fuzzy topological spaces to become fuzzy Baire spaces are obtained. The
conditions for somewhere fuzzy continuous functions to become somewhat fuzzy continuous
functions and for somewhat fuzzy nearly continuous functions to become somewhere fuzzy
continuous functions, are also obtained.

1. Introduction

In 1965, L. A. Zadeh [26] introduced the concept of fuzzy sets as a new
approach for modelling uncertainties. The potential of fuzzy notion was
realized by the mathematicians and has successfully been applied in all
branches of Mathematics. Topology provided the most natural framework for
the concepts of fuzzy sets to flourish. The concept of fuzzy topological space
was introduced by C. L. Chang [6] in 1968. The paper of Chang paved the
way for the subsequent tremendous growth of the numerous fuzzy topological

concepts.

Continuity is one of the most important and fundamental properties that
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have been widely used in Mathematics. In the recent years, a considerable
amount of research has been done on many types of continuity in general
topology. T. M. Al-Shami [1] introduced a new class of sets, namely
somewhere dense sets, in topological spaces. The concept of fuzzy somewhere
dense sets in fuzzy topological spaces was introduced by G. Thangaraj in [10].
By means of fuzzy somewhere dense sets, a new type of fuzzy continuous
functions, called somewhere fuzzy continuous function, is introduced by G.
Thangaraj and S. Senthil in [23]. In this paper, several characterizations of
fuzzy somewhere dense sets and fuzzy cs dense sets in fuzzy topological
spaces are established. It is established that in fuzzy hyperconnected spaces,
fuzzy B-open sets coincide with fuzzy somewhere dense sets and fuzzy Fy -

sets in fuzzy almost P-spaces are fuzzy cs dense sets and fuzzy Gg-sets are

fuzzy somewhere dense sets. The condition for the fuzzy hyperconnected and
fuzzy almost P-space to become a fuzzy c-Baire space is established by means
of fuzzy cs dense sets. The conditions for fuzzy topological spaces to become
fuzzy Baire spaces are obtained. The conditions for somewhere fuzzy
continuous functions to become somewhat fuzzy continuous functions and
somewhat fuzzy nearly continuous functions to become somewhere fuzzy

continuous functions, are also obtained.
2. Preliminaries

In order to make the exposition self-contained, some basic notions and
results used in the sequel, are given. In this work by (X, T') or simply by X,

we will denote a fuzzy topological space due to Chang (1968). Let X be a non-
empty set and I the unit interval [0, 1] A fuzzy set A in X is a mapping from

X into I. The fuzzy set Ox is defined as Ox(x) =0 for all x € X and the
fuzzy set 1y is defined as 1x(x) =1, for all x € X.

Definition 2.1 [6]. Let A be any fuzzy set in the fuzzy topological space
(X, T). The fuzzy interior, the fuzzy closure and the fuzzy complement of A

are defined respectively as follows:
() Int(A) = vip/u <A, ne T}
i) ClIA) = Ajp/r <p,1-peT}

@{iii) A'(x) =1-A(x), forall x € X.
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The notions union ¥ = v;(X;) and intersection & = A;(;) are defined

respectively, for the family {);/i € I} of fuzzy setsin (X T) as follows:

(iii) p(x) = sup;{A;(x)/e I}

iv) 8(x) = inf;{};(x)/x € X}.

Lemma 2.1[2]. For a fuzzy set A of a fuzzy topological space X,

(@) 1 - In#(.) = CI1 - 1) and (i) 1 - CI(.) = Int(1 — A)

Definition 2.2. A fuzzy set A in a fuzzy topological space (X, T') is called
an

(1) fuzzy regular-open if A =intcl(l) and fuzzy regular-closed if
A = clint()) [2].

(2) fuzzy pre-open if A < intcl()) and fuzzy pre-closed if A < clint()) [5].

(4) fuzzy semi-open if A < clint(X) and fuzzy semi-closed if A = intcl(A)
[2].

(3) fuzzy a-open if A <intclint(A) and fuzzy a-closed if clintcl(d) < A
[5].

(3) fuzzy B-open if A < clintcl()) and fuzzy B-closed if intclint(h) < A
[4].

Definition 2.3[12]. A fuzzy set A in a fuzzy topological space (X, T') is

called fuzzy dense if there exists no fuzzy closed set p in (X, 7') such that
A <p<1 Thatis, clA) =1, in (X, T).

Definition 2.4[12]. A fuzzy set A in a fuzzy topological space (X, T) is
called fuzzy nowhere dense if there exists no non-zero fuzzy open set p in
(X, T') such that p < c¢l(r). That is, intcl(A) = 0, in (X, 7).

Definition 2.5[12]. A fuzzy set A in a fuzzy topological space (X, T) is

called a fuzzy first category set if A =vij_1(A;), where (X;)’s are fuzzy
nowhere dense sets in (X, 7'). Any other fuzzy set in (X, T) is said to be of

fuzzy second category.
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Definition 2.6[12]. Let A be a fuzzy first category set in the fuzzy
topological space (X, T'). Then, 1— A is called a fuzzy residual set in (X, 7).

Definition 2.7. Let (X, T') be the fuzzy topological space and (X, 7T') is

called an

(i) Fuzzy Baire if int(viZ; (A;)) = 0, where (};)’s are fuzzy nowhere dense

setsin (X, T) [14].

(11) Fuzzy hyper - connected space if every non-null fuzzy open subset of
(X, T) is fuzzy dense in (X, T) [8].

(iii) Fuzzy P-space if each fuzzy Gs-setin (X, T) is fuzzy open in (X, T')
[11].

(iv) Fuzzy submaximal space if for each fuzzy set A in (X, T') such that
clp)=1,%eT [3].

(v) Fuzzy almost resolvable space if vi-; (A;) = 1x where the fuzzy sets
(A;)’s in (X, T) are such that int(X;) = 0. Otherwise (X, T') is called an
fuzzy almost irresolvable space [25].

(vi) Fuzzy first category space if 1y = vi=1(A;) where (X;)’s are fuzzy
nowhere dense sets in (X, T'). A fuzzy topological space which is not of fuzzy

first category is said to be of fuzzy second category [12].
(vil) Fuzzy almost P-space if for every non-zero fuzzy Gg-set A in

(X, T), int(0) = 0 in (X, T) [17].

(viil) Fuzzy globally disconnected space if each fuzzy semi-open set in
(X, T) is fuzzy open [22].

(ix) Fuzzy resolvable space if there exists an fuzzy dense set A in (X, T)

such that 1—A is also an fuzzy dense set in (X, T') [13].

(x) Fuzzy open hereditarily irresolvable space if intcl(A) = O, for any
non-zero fuzzy set A defined on X, then int(A) = 0, in (X, T') [10].

(x1) Fuzzy strongly irresolvable space if for every fuzzy dense set A in
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(X, T), clint(r) =1, in (X, T) [24].

(xii) Fuzzy o-Baire space if int(v;Z; (A;)) = 0, where (};)’s are fuzzy
c-nowhere dense sets in (X, T') [16].
Definition 2.8[21]. Let (X, T') be a fuzzy topological space. A fuzzy set A

defined on X is called an fuzzy Baire set, if A = (u A ), where p is an fuzzy

open set and § is an fuzzy residual set in (X, T').

Definition 2.9[19]. A fuzzy set A in a fuzzy topological space (X, T) is
called an fuzzy simply* open set if A = (u A §), where p is an fuzzy open set
and § is an fuzzy nowhere dense set in (X, T') and 1—X is called an fuzzy
simply* closed set in (X, 7).

Definition 2.10[12]. Let (X, T") and (Y, S) be any two fuzzy topological
spaces.

A function f: (X, T)— (Y, S) is called an somewhat fuzzy continuous
function if A € S and 7! (X) # 0, there exists an non-zero fuzzy open set p in
(X, T) such that pu < f71(1). Thatis, int[f*(A)] # 0, in (X, T).

Definition 2.11[15]. Let (X, T") and (Y, S) be any two fuzzy topological
spaces.

A function f:(X,T)— (Y, S) is called an somewhat fuzzy nearly
continuous function if A € S and f -1 () = 0, there exists an non-zero fuzzy
open set p in (X, T) such that p < cl[f*(A)] That is, intcl[f ()] # 0, in
(X, T).

Definition 2.12[4]. Let (X, 7') and (Y, S) be any two fuzzy topological
spaces.

A function f : (X, T) — (Y, S) is called an fuzzy B-continuous function if
for each fuzzy open set A in (Y, S), f~1(%) is an fuzzy B-open set in (X, 7).

Definition 2.13[19]. Let (X, 7') and (Y, S) be any two fuzzy topological

spaces.
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A function f:(X,T)— (Y, S) is called an fuzzy simply*-continuous
function if for each fuzzy open set A in (Y, S), f1(1) is an fuzzy simply* -
openin (X, T).

Definition 2.14[20]. Let (X, T') be an fuzzy topological space. A fuzzy
set A defined on X is called an fuzzy pseudo-open set in (X, T') if L = pv 3§,

where 1 is a non-zero fuzzy open set in (X, T') and § is an fuzzy first category
setin (X, T).

Definition 2.15[20]. Let (X, 7') and (Y, S) be any two fuzzy topological
spaces. A function f : (X, T) — (Y, S) is called an fuzzy pseudo-continuous
function if for each fuzzy open set A in (Y, S), f"1(%) is an fuzzy pseudo-open

in (X, T).

Definition 2.16[9]. Let (X, T') be an fuzzy topological space. A fuzzy set
X defined on X is said to have the property of Baire, if A = (u A 8) v 1, where

u is an fuzzy open set, 8 is an fuzzy residual set and n is an fuzzy first
category set in (X, 7).

Definition 2.17[18]. Let (X, T") be a fuzzy topological space. A fuzzy set

A defined on X is called an fuzzy B* set, if A is an fuzzy set with fuzzy Baire
property in (X, T') such that intcl(}) = 0, in (X, T).

Theorem 2.1[23]. If A is a fuzzy simply* open set in the fuzzy topological
space (X, T'), then A is an fuzzy somewhere dense set in (X, T).

Theorem 2.2[9]. If \ is a fuzzy Baire set in the fuzzy globally disconnected
and fuzzy P-space (X, T'), then A is an fuzzy open set in (X, T).

Theorem 2.3[23]. If A is an non-zero fuzzy P-open set in the fuzzy
topological space (X, T'), then ) is an fuzzy somewhere dense set in (X, T').

Theorem 2.4[23]. If A is an fuzzy simply*-open set in the fuzzy topological
space (X, T), then int(L) = 0 in (X, T).

Theorem 2.5[21]. If 1 is a fuzzy Baire set in the fuzzy submaximal and
fuzzy P-space (X, T), then A is an fuzzy open set in (X, T).
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Theorem 2.6[18]. If A is an fuzzy B-set in the fuzzy topological space
(X, T), then there exists an fuzzy Baire set ¢ in (X, T) such that 6 <A, in

X, T).

Theorem 2.7[13]. If the fuzzy topological space (X, T) is an fuzzy open
hereditarily irresolvable space, then int(L) = 0 for any non-zero fuzzy set \ in

(X, T') implies that intcl(A) = 0.
3. Fuzzy Somewhere Dense SETS

Definition 3.1[10]. Let (X, T') be the fuzzy topological space. A fuzzy set
L defined on X is called an fuzzy somewhere dense set, if intcl(X) # 0 in
(X, T). That is, A is an fuzzy somewhere dense set in (X, T), if there exists
an non-zero fuzzy open set u in (X, T') such that p < cl(A) If A is an fuzzy
somewhere dense set in the fuzzy topological space (X, T'), then 1—A is
called an fuzzy complement of fuzzy somewhere dense set in (X, 7). It is to

be denoted as fuzzy cs dense set in (X, 7T") [23].

Proposition 3.1. If int(A) = 0, for an fuzzy set A defined on X in the fuzzy
topological space (X, T'), then A is an fuzzy somewhere dense set in (X, T').

Proof. Let A be an fuzzy set defined on X. Then, int(A) < intcl(A) in
(X, T') and int(}) # O implies that intcl(}) = 0, in (X, T') and hence (X, T')

is an fuzzy somewhere dense set in (X, 7).

The following proposition shows that the fuzzy open sets are fuzzy
somewhere dense sets in fuzzy topological spaces.
Proposition 3.2. If A is an non-zero fuzzy open set in the fuzzy topological

space (X, T'), then A is an fuzzy somewhere dense set in (X, T).

Proof. Let L be an non-zero fuzzy open set in (X,7T) and then,
int(A) =1 =0, in (X, T). By the proposition 3.1, A is an fuzzy somewhere
dense set in (X, T).

Remark 3.1. It is to be noted that the fuzzy somewhere dense sets in
fuzzy topological spaces need not be fuzzy open sets [23].
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Proposition 3.3. If A is an fuzzy closed set in the fuzzy topological space
(X, T), then A is an fuzzy cs dense set in (X, T).

Proof. Let A be an fuzzy closed set in (X, 7). Then, 1A is an fuzzy
open set in (X, T'). By the proposition 3.2, 1 — A is an fuzzy somewhere dense
set in (X, T'). Then, 1 - (1 —A) is an fuzzy cs dense set in (X, 7). Hence X is

an fuzzy cs dense set in (X, 7).

Remark 3.2. The class of fuzzy somewhere dense sets contains all non-
zero fuzzy regular-open sets, fuzzy open sets, fuzzy a-open sets, fuzzy semi-
open sets, fuzzy pre-open sets and fuzzy B-open sets in fuzzy topological
spaces. For,

(1) If A 1s a non-zero fuzzy regular-open set in the fuzzy topological space
(X, T), then A = intcl(A) implies that X is an fuzzy somewhere dense set in

(X, 7).

(i1) If A is a non-zero fuzzy pre-open set in (X, 7'), then A < intcl(A) and
A # 0 implies that intcl(A) # O and hence A is an fuzzy somewhere dense set
in (X, T).

(i) If A=#0 is a non-zero fuzzy a-open set in (X,7T), then
A <intelint()) < intcl(X) and this implies that intc/(X) # 0 and hence A is

an fuzzy somewhere dense set in (X, 7).

@iv) If A # O is a non-zero fuzzy B-open set in (X, T'), then A < clintcl(A)
and this implies that intcl(A) # O (for otherwise, intcl(A) =0 implies that
cllintcl(L)] = ¢[0] = 0, and then A =0, a contradiction) and hence X is an

fuzzy somewhere dense set in (X, 7).

(v). If A is a non-zero fuzzy semi-open set in (X, 7') then int(A) # 0 and

by the proposition 3.1, X is an fuzzy somewhere dense set in (X, 7).

Proposition 3.4. If A is an fuzzy pseudo-open set in the fuzzy topological
space (X, T), then ) is an fuzzy somewhere dense set in (X, T).

Proof. Let A be an fuzzy pseudo-open set in (X, T). Then, A = p v §,
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where pe7T and § is an fuzzy first category set in (X, 7). Now
int(A) = int(u v 8) > int(n) v int(8) > p v int(8) = p = 0. Hence, int(A) # 0 in
(X, T') and then, by the proposition 3.1, A is an fuzzy somewhere dense set in

(X, T).

Remark 3.3. In view of the above proposition, one will have the following
result: “Fuzzy pseudo-open sets are fuzzy somewhere dense sets in fuzzy
topological spaces”.

The following proposition shows that the fuzzy somewhere dense sets are
fuzzy dense sets in fuzzy hyperconnected spaces.

Proposition 3.5. If A is an fuzzy somewhere dense set in the fuzzy

hyperconnected space (X, T), then )\ is an fuzzy dense set in (X, T).

Proof. Let A be an fuzzy somewhere dense set in (X, T). Then,
intcl(A) # 0, in (X, T'). This implies that there exists an fuzzy open set p in
(X, T) such that u <cld) and then cl(u) < cfclr)] = cl(A). Since pn is an
fuzzy open set in the fuzzy hyperconnected space (X, T'), cl(u) =1 in (X, T
and then 1 < cl(}). Thatis, cl(A) =1 in (X, T'). Hence the fuzzy somewhere

dense set A is an fuzzy dense set in (X, 7).

Proposition 3.6. If . is a non-zero fuzzy open set in the fuzzy

hyperconnected space (X, T'), then 1— A is not an fuzzy somewhere dense set
in (X, T).

Proof. Let A be an fuzzy open set in (X, 7). Then, int(A) = A in (X, T).
Since (X, T') is the fuzzy hyperconnected space, the fuzzy open set A is an
fuzzy dense set in (X, T') and thus cl(A) =1, in (X, 7). Then cl1-2)=0.
and this implies that 1-clint(A)=0 in (X, 7). Then clint(l-2)=0.
Hence 1—2 is not an fuzzy somewhere dense set in (X, 7).

Proposition 3.7. If A is an fuzzy somewhere dense set in the fuzzy

hyperconnected space (X, T), then ) is an fuzzy B-open set in (X, T).

Proof. Let L be an fuzzy somewhere dense set in (X, 7). Then
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intcld) # 0, in (X, T'). Since (X, T') is the fuzzy hyperconnected space, the
fuzzy open set intcl(A) is an fuzzy dense set in (X,7) and hence
cllintcl(L)] = 1. This implies that A < cl[intcl(A)]. Hence X is an fuzzy B-open
setin (X, 7).

Remark 3.4. In view of the theorem 2.3 and the proposition 3.7, one will
have the following result:

“In fuzzy hyperconnected spaces, fuzzy B-open sets coincide with fuzzy
somewhere dense sets.”

Proposition 3.8. If A is an fuzzy Gg-set (an fuzzy Fj-set) in the fuzzy
P-space (X, T') then A is an fuzzy somewhere dense set (an fuzzy cs dense set)
in (X, T).

Proof. Let A be an fuzzy Gs-set (an fuzzy Fj-set) in (X, T). Since
(X, T) is the fuzzy P-space, the fuzzy Gy-set (Fj-set) A is an fuzzy open set
(an fuzzy closed set) in (X, T'). Then, by the proposition 3.2, A is an fuzzy
somewhere dense set in (X, T). (By the proposition 3.3, A is an fuzzy cs dense
setin (X, 7).

Proposition 3.9. If the fuzzy semi-closed set A is an fuzzy somewhere
dense set in the fuzzy topological space (X, T'), then int(A) = 0, in (X, T).

Proof. Let L be an fuzzy semi-closed set in (X, 7). Then, intcl(}) < A
Since A is an fuzzy somewhere dense set, intcl(A)# 0, in (X, T). Let
intcl(A) = p and then p is an fuzzy open set in (X, T') and hence p <2,
implies that int(A) # 0 in (X, T).

Proposition 3.10. If the fuzzy set ) is an fuzzy cs dense set in the fuzzy
hyperconnected space (X, T'), then int(A) = 0, in (X, T).

Proof. Let A be an fuzzy cs dense set in (X, T'). Then, 1—X is an fuzzy
somewhere dense set in (X, T'). Since (X, T') is the fuzzy hyperconnected
space, by the proposition 3.5, 1—A is an fuzzy dense set in (X, 7') and then
cll1-2)=1. This implies, by the lemma 2.1, that 1 —intA =1 and then
int(A) = 0, in (X, 7).
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Proposition 3.11. If X is an fuzzy somewhere dense set in the fuzzy
hyperconnected and fuzzy open hereditarily irresolvable space, then the fuzzy
cs dense set, 1 — M\ is an fuzzy nowhere dense set in (X, T).

Proof. Let A be an fuzzy somewhere dense set in (X, T'). Then, 1 -2 is
an fuzzy cs dense set in (X, T'). Since (X, T) is an fuzzy hyperconnected
space, By the proposition 3.10, int(1 —-2) =0, in (X, T'). Since (X, T) is an
fuzzy open hereditarily irresolvable space, int(1-A)=0, implies that
intcl1 —A) =0 and hence 1—2 is an fuzzy nowhere dense set in (X, 7).

Thus, the fuzzy cs dense set 1— X is an fuzzy nowhere dense set in (X, 7).

The following proposition shows that the fuzzy pseudo-open sets are fuzzy
dense sets in fuzzy hyperconnected spaces.

Proposition 3.12. If A is an fuzzy pseudo-open set in the fuzzy
hyperconnected space (X, T), then A is an fuzzy dense set in (X, T).

Proof. Let A be an fuzzy pseudo-open set in (X, T'). Then, by the
proposition 3.4, A is an fuzzy somewhere dense set in (X, 7). Since (X, T) is
an fuzzy hyperconnected space, by the proposition 3.5, A is an fuzzy dense set
in (X, T).

Proposition 3.13. If A is an fuzzy Fj-set in the fuzzy almost P-space
(X, T), the M is an fuzzy cs dense set in (X, T).

Proof. Let A be an fuzzy F-setin (X, T). Then, 1—A is an fuzzy Gj-set
in (X, T). Since (X,T) is an fuzzy almost P-space, for the fuzzy Gs-set
1-2,int(1 — 1) # 0, in (X, T). Then, by the proposition 3.1, 1 — A is an fuzzy
somewhere dense set in (X, 7) and hence X is an fuzzy cs dense set in

X, T).

Remark 3.5. In view of the above proposition, one will have the following
result: “Fuzzy F; -sets in fuzzy almost P-spaces are fuzzy cs dense sets and

fuzzy Gjy-sets in fuzzy almost P-spaces are fuzzy somewhere dense sets”.

The following proposition shows that the fuzzy F-sets in the fuzzy

hyperconnected and fuzzy almost P-spaces are fuzzy c-nowhere dense sets.
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Proposition 3.14. If . is an fuzzy F;-set in the fuzzy hyperconnected and
fuzzy almost P-space (X, T), then A is an fuzzy c-nowhere dense set in (X, T).

Proof. Let L be an fuzzy Fj-set in (X, T). Since (X, T) is the fuzzy
almost P-space, by the proposition 3.13, A is an fuzzy cs dense set in (X, T').
Also since (X, T) is the fuzzy hyperconnected space, by the proposition 3.10,
for the fuzzy cs dense set A in (X, T), int(A) =0, in (X, T'). Thus A is an
fuzzy Fj-set such that int(A = 0,) in (X, 7). Hence A is an fuzzy c-nowhere
dense set in (X, T).

The following proposition gives a condition for the fuzzy hyperconnected

and fuzzy almost P-spaces to become fuzzy c-Baire spaces.

Proposition 3.15. If int[vi2; (A;) = 0, where (\;)’s are fuzzy Fj-sets in
the fuzzy hyperconnected and fuzzy almost P-space (X, T') then (X, T)is an
fuzzy o-Baire space.

Proof. Let (A;)’s be the fuzzy Fg-sets in (X, T'). Since (X, T) is the
fuzzy hyperconnected and fuzzy almost P-space, by the proposition 3.14,
(A;)’s are fuzzy c-nowhere dense sets in (X, 7). Then, from the hypothesis,
int[viZ; (A;) =0, where (%;)’s are fuzzy c-nowhere dense sets in (X, 7).

This implies that (X, T') is an fuzzy c-Baire space.
Theorem 3.1[23]. A fuzzy set A in the fuzzy topological space (X, T) is an

fuzzy cs dense set if and only if there exists an fuzzy closed set u in (X, T)
such that int(A) < p.

Proposition 3.16. If (Ki)’s(i =1to®) are fuzzy cs dense sets in the fuzzy
topological space (X, T), then there exist an fuzzy open set A and fuzzy F-set

nin (X, T) such that A <p where A =vi_;int(k;) and p = vie;(y;),
1-p; eT.

Proof. Let (ki),s(i = 1to) be fuzzy cs dense sets in (X, T'). Then, by the
theorem 3.1, there exist fuzzy closed sets p; in (X, T') such that int(};) < ;.
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This implies that vi; int(A;) < vizi(n;). Let XA =vie;int(A;) and
viZ1 int(A;). Then, A is an fuzzy open set and p is an fuzzy F;- set in (X, T).
Thus, there exist an fuzzy open set A and an fuzzy F-set pin (X, T') such
that A < .

Proposition 3.17. If X is an fuzzy somewhere dense set in the fuzzy
hyperconnected space (X, T), then int(1 —2) =0 in (X, T).

Proof. Let ) be an fuzzy somewhere dense set in (X, 7). Since (X, T) is
the fuzzy hyperconnected space, by the proposition 3.5 , A is an fuzzy dense
set in (X, T') and hence cl(A) =1 in (X, T) and then 1-¢cl(L) = 0 and this
implies, by the lemma 2.1, that int(1 —2) = 0 in (X, T').

Proposition 3.18. If A is an fuzzy somewhere dense set in the fuzzy
strongly irresolvable space (X, T'), if and only if int(A) = 0 in (X, T).

Proof. Let A be an fuzzy somewhere dense set in (X, 7). Then,
intcld) # 0, in (X, T). It is claimed that int(A) # 0 in (X, T'). Suppose that
int(A) =0 in (X, 7). Then cl1 -2)=1-int(A) =1-0 =1. Since (X, T) is
the fuzzy strongly irresolvable space, cl1-A)=1 will imply that
clint(1 —A) =1 and hence, by the lemma 2.1, that 1 —intcl(X) =1 in (X, 7).
Then intcl(L) = 0, a contradiction and therefore int(A) # 0 in (X, 7).

Conversely, suppose that int(A) # 0 in (X, T'). Then, by the proposition
3.1, A is an fuzzy somewhere dense set in (X, T').

Proposition 3.19. If X is an fuzzy simply*-open set in the fuzzy
hyperconnected space (X, T), then A is an fuzzy dense set in (X, T).

Proof. Let L be an fuzzy simply*-open set in (X, T'). Then, by the
theorem 2.1, A is an fuzzy somewhere dense set in (X, 7'). Then, by the
proposition 3.5, A is an fuzzy dense set in (X, T').

Proposition 3.20. If A is an fuzzy simply*-open set in the fuzzy
topological space (X, T), such that cl(A)#1, then Bd(A) is an fuzzy

somewhere dense set, in (X, T).
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Proof. Let A be an fuzzy simply*-open set in the fuzzy topological space
(X, T'). Then, by the theorem 2.4, int(A) # 0 in (X, 7). From the hypothesis,
clA)#1 in (X,T) Then, 1-cl(A)=0 in (X, T). This implies, by the
lemma 2.1, that int(1-2) # 0 in (X, 7).

Now intcl[Bd(A)] = intcl[cl(A) A cl(1 — 1))

> intelel[h A (1 - 1))

=intcl[A A (1 - 1))

> int[A A (1 - 1))

=int(A) Aint(1 -2) > 0

This implies that intcl[Bd(L)]# 0, in (X, T) and hence Bd(A) is an
fuzzy somewhere dense set in (X, 7).

Proposition 3.21. If A is an fuzzy simply*-open set in the fuzzy
topological space (X, T') such that clint()) =1, then Bd(\) is not an fuzzy

somewhere dense set, in (X, T).

Proof. Let A be an fuzzy simply*-open set in (X, T'). Now clint(}) < cl(})
and clint(A)=1 implies that ¢lA)=1 in (X,7) and then
intc[Bd(\)] = intelcl(\) A cl(l — )] = intel[l A cll — 1)] = intelcl(1 - 1))
incll —A)=1-clint(A) =1-1 = 0. Hence Bd()A) is not an fuzzy somewhere
dense set, in (X, T).

Proposition 3.22. If A is an fuzzy simply*-closed set in the fuzzy
topological space (X, T'), then A is an fuzzy cs dense set in (X, T).

Proof. Let A be an fuzzy simply*-closed set in (X, 7). Then, 1—X is an
fuzzy simply*-open set in (X, 7). By the theorem 2.1, 1—X is an fuzzy

somewhere dense set in (X, 7) and hence A is an fuzzy cs dense set, in

(X, T).

The following proposition gives a condition for the fuzzy hyperconnected

and fuzzy open hereditarily irresolvable spaces to become fuzzy Baire spaces.
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Proposition 3.23. If cI[~Z; (A;)] =1, where (\;)’s are fuzzy somewhere
dense sets in the fuzzy hyperconnected and fuzzy open hereditarily irresolvable
space (X, T), then (X, T) is an fuzzy Baire space.

Proof. Suppose that (A;)’s are fuzzy somewhere dense sets in (X, 7).
Since (X,T) is an fuzzy hyperconnected and fuzzy open hereditarily

irresolvable space, by the proposition 3.11, [l —(};)]’s are fuzzy nowhere
dense sets in (X,7T). From the hypothesis cl[riz; (A;)] =1,
1-cl[riZy (A;)] =0, in (X, T). This implies , by the lemma 2.1, that
int[viz; (1 —2;)] =0, and then int[v;Z; (1 -%;)] =0, where [1 —(};)]’s are

fuzzy nowhere dense sets in (X, T'). Hence (X, T') is an fuzzy Baire space.

Proposition 3.24. If A is an fuzzy open set and p is an fuzzy somewhere

dense set in the fuzzy hyperconnected space (X, T), then A A is an fuzzy

somewhere dense set in (X, T).

Proof. Let A(= 0) be an fuzzy open set and p be an fuzzy somewhere
dense set in (X, 7). It is claimed that intcl(A Ap) # 0 in (X, T). Suppose
that intcl(A A p) = 0. Since int(A A p) < intcl(h A p), int(h A p) = 0 and then
int(A) A int(n) =0 and this will imply that int(u) <1-int(A) and then
int(p) <1-A (since A eT). Now clint(u)<cll-2) will imply that
clint(u) <1—int(A). Since int(n) is an fuzzy open set in the fuzzy
hyperconnected space, clint(u) =1 and then 1<1-int(A) and this will
imply that int(A) = 0, a contradiction to A being an non-zero fuzzy open set
for which int(A) = A # 0. Hence intclA Ap) # 0. in (X, T). Thus A A p is

an fuzzy somewhere dense set in (X, 7).

Proposition 8.25. If vi2; (A;) # 1, where (X;)’s are fuzzy cs dense sets in
the fuzzy hyperconnected space (X, T), then (X, T) is the fuzzy almost

irresolvable space.

Proof. Suppose that vi~; (%;) # 1, where (X;)’s are fuzzy cs dense sets in

Advances and Applications in Mathematical Sciences, Volume 22, Issue 7, May 2023



1402 G. THANGARAJ and S. SENTHIL

(X, T). Since (X, T) is the fuzzy hyperconnected space, by the proposition
3.10, for the fuzzy cs dense sets (Ki)'s, int(h;) =0, in (X, 7). Thus,
viz1 (&) # 1, where int(A;) = 0, in (X, T'), implies that (X, T') is the fuzzy
almost irresolvable space.

The following proposition shows that the fuzzy Baire sets in the fuzzy

globally disconnected and fuzzy P-spaces, are fuzzy somewhere dense sets.

Proposition 3.26. If A is a fuzzy Baire set in the fuzzy globally
disconnected and fuzzy P-space (X, T), then )\ is an fuzzy somewhere dense
setin (X, T).

Proof. Let A(# 0) be an fuzzy Baire set in (X, T'). Since (X, T) is the

fuzzy globally disconnected and fuzzy P-space, by the theorem 2.2, A is an
fuzzy open set in (X, T). Then, by the proposition 3.2, A is an fuzzy

somewhere dense set in (X, T).

Theorem 3.2[9]. If A is an fuzzy residual set in the fuzzy second category
but not an fuzzy Baire space (X, T'), then int(1 — LX) is an non-zero fuzzy first

category set in (X, T).

Proposition 3.27. If A is an fuzzy residual set in the fuzzy second

category but not an fuzzy Baire space (X, T'), then X is an fuzzy cs dense set in

(X, T).

Proof. Let A be an fuzzy residual set in (X, T). Since (X,T) is an fuzzy

second category but not an fuzzy Baire space, by the theorem 3.2, then

int(1-A) is an non-zero fuzzy first category set in (X, 7). That is,
int(1-2) %0, in (X, T). Then, by the proposition 3.1, (1-21) is an fuzzy

somewhere dense set in (X, 7') and then A is an fuzzy cs dense set in (X, T).

Proposition 3.28. If A is an fuzzy first category set in the fuzzy second

category but not an fuzzy Baire space (X, T), then M is an fuzzy somewhere

dense set in (X, T).

Proof. Let A be an fuzzy first category set in (X, T'). Then, 1—A is an
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fuzzy residual set in (X, T). Since (X,T) is an fuzzy second category but not

an fuzzy Baire space, by the proposition 3.27, 1 —A is an fuzzy cs dense set

and hence A is an fuzzy somewhere dense set in (X, T).

Proposition 3.29. If A is an fuzzy first category set in the fuzzy second

category but not an fuzzy Baire space (X, T), with fuzzy hyper connectedness,

then M is an fuzzy dense set in (X, T).

Proof. Let A be an fuzzy first category set in (X, 7). Since (X, T) is an

fuzzy second category but not an fuzzy Baire space, by the proposition 3.28, A

is an fuzzy somewhere dense set in (X, 7). Since (X,7T) is an fuzzy
hyperconnected space, by the proposition 3.5, A is an fuzzy dense set in

(X, T).

Proposition 3.30. If L is an fuzzy residual set in the fuzzy second

category but not an fuzzy Baire space (X, T') with fuzzy hyper connectedness,

then int(L) = 0 in (X, T).

Proof. Let X be an fuzzy residual set in (X, 7). Since (X, T') is an fuzzy

second category but not an fuzzy Baire space, by the proposition 3.27, A is an

fuzzy cs dense set in (X, T'). Since (X, T') is an fuzzy hyperconnected space,
by the proposition 3.10, int(A) = 0 in (X, 7).

Proposition 3.31. If A is a fuzzy Baire set in the fuzzy submaximal and
fuzzy P-space (X, T'), then ) is an fuzzy somewhere dense set in (X, T).
Proof. Let A(# 0) be an fuzzy Baire set in (X, T'). Since (X, T) is the

fuzzy submaximal and fuzzy P-space, by the theorem 2.5, A is an fuzzy open

set in (X, T'). Then, by the proposition 3.2, A is an fuzzy somewhere dense set
in (X, T).

Proposition 3.32. If A is an fuzzy B'-set in the fuzzy globally

disconnected and fuzzy P-space (X, T), then there exists an fuzzy somewhere

dense set s in (X, T) such that ¢ <A, in (X, T).

Proof. Let A be an fuzzy B*-set in (X, 7). Then, by the theorem 2.6,
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there exists an fuzzy Baire set ¢ in (X, T') such that ¢ <A, in (X, T'). Since
(X, T) is the fuzzy globally disconnected and fuzzy P-space , by the

proposition 3.26, the fuzzy Baire set ¢ is an fuzzy somewhere dense set in
(X, T). Hence there exists an fuzzy somewhere dense set ¢ in (X, T') such

that c <A, in (X, T).

Proposition 3.33. If A is an fuzzy dense set in the fuzzy submaximal
space (X, T), then X is an fuzzy somewhere dense set in (X, T).

Proof. Let A be an fuzzy dense set in (X, 7). Since (X, T') is the fuzzy
submaximal space, A is an fuzzy open set in (X, 7). By the proposition 3.2, A

is an fuzzy somewhere dense set in (X, 7).

Proposition 3.34. If A is an fuzzy dense set in the fuzzy nodec and fuzzy
open hereditarily irresolvable space (X, T), then A\ is an fuzzy somewhere

dense set in (X, T).

Proof. Let L be an fuzzy dense set in (X, 7). Then, c¢/(A) =1 and this
implies that 1 —cl(A) = 0 and thus int(1-24) =0, in (X, 7). Since (X, T) is
fuzzy open hereditarily irresolvable space, int(1-2)=0, implies that
intcl(1 —A) = 0. Then, 1—A is an fuzzy nowhere dense set in (X, T'). Since
(X, T') is an fuzzy nodec space, the fuzzy nowhere dense set 1 — A is an fuzzy
closed set and then A is an fuzzy open set in (X, T'). By the proposition 3.2, A

is an fuzzy somewhere dense set in (X, 7).

Proposition 3.35. If A is an non-zero fuzzy regular open set in the fuzzy
topological space (X, T, then X is an fuzzy somewhere dense set and fuzzy cs

dense set in (X, T).

Proof. Let A be an non-zero fuzzy regular open set in (X, 7). Then,
A =intcl(X) and A # 0, implies that intcl(A) # O and hence A is an fuzzy
somewhere dense set in (X, 7). Also, int(A) <A =intclA)<clh), in
(X, T). Let cl(A) = pu. Thus, for the fuzzy set A, there exists an fuzzy closed
set pin (X, T') such that int(A) < p and then, by the theorem 3.1, A is an
fuzzy cs dense set, in (X, 7).
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4. Somewhere Fuzzy Continuous Functions

Definition 4.1[23]. A function f:(X,7T)— (Y, S) from the fuzzy
topological space (X, T') into the fuzzy topological space (Y, S) is called an
somewhere fuzzy continuous function if whenever int(L) # 0, for an fuzzy set
A defined on Y, then f~1(A) is an fuzzy somewhere dense set in (X, T'). That
is, f:(X,T)—>(Y,S) is an somewhere fuzzy continuous function if
intcl[f1(A)] # 0 in (X, T) whenever int()) = 0, for an fuzzy set A defined
on Yin (Y, S).

Proposition 4.1. If the function f :(X,T)— (Y, S) is the somewhere

fuzzy continuous function from the fuzzy hyperconnected space (X, T') into the

fuzzy topological space (Y, S), then \ is an fuzzy B-continuous function from
(X, T) into (Y, S).

Proof. Let . be an non-zero fuzzy open set in (Y, S) Then,
intA) =L =0, in (Y, S). Since f: (X, T)— (Y, S) is the somewhere fuzzy
continuous function from (X, T') into (X, Y), f}(A) is an fuzzy somewhere
dense set in (X, T'). Since (X, T') is the fuzzy hyperconnected space, by the
proposition 3.7, fﬁl(k) is an fuzzy B-open set in (X, T'). Hence, for the fuzzy
open set B in (X, T), f1(A) is an fuzzy B-open set in (X, T) implies that
f:(X,T)—> (Y,S) is an fuzzy B-continuous function from (X, 7T) into
(Y, S).

Proposition 4.2. If f:(X,T) — (Y, S) is the fuzzy pseudo-continuous
function from the fuzzy topological space (X, T) into the fuzzy topological
space (Y, S), then A is the somewhere fuzzy continuous function from (X, T')
into (Y, S).

Proof. Let L be an fuzzy set defined on Y such that int(A) = 0 in (Y, S).
Then, int(A) is an non-zero fuzzy open set in (Y, S). Since the function

f: (X, T) > (Y, S) is the fuzzy pseudo-continuous function, f~}(int[A]) is an
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fuzzy pseudo-open in (X, T). Then, by the proposition 3.4, f~!(int[A]) is an
fuzzy somewhere dense set in (X, T'). Then, intcl[f (int[r]] # 0 in (X, 7).
Now, int c/[f(int[A])] < int cIf (1) implies that int c/[f (1)) # 0 in (X, T)
and hence f1(A) is an fuzzy somewhere dense set in (X, 7). Hence the

function f:(X,T)— (Y, S) is the somewhere fuzzy continuous function

from (X, T) into (Y, S).

Theorem 4.1[23]. If f[:(X,T)—>(Y,S) is an somewhat fuzzy
continuous function from the fuzzy topological space (X, T) into another fuzzy

topological space (Y, S), then f is the somewhere fuzzy continuous function.

Theorem 4.2[15]. If the function f :(X,T)— (Y, S) from the fuzzy
topological space (X, T) into another fuzzy topological space (Y, S) is an
somewhat fuzzy continuous function, then f is an somewhat fuzzy nearly
continuous function.

Theorem 4.3[20]. If f : (X, T)— (Y, S) is an fuzzy pseudo-continuous
function from the fuzzy topological space (X, T) into the fuzzy topological

space (Y, S), n then f is an somewhat fuzzy continuous function.

Theorem 4.4[20]. If f:(X,T)— (Y, S) is a fuzzy pseudo-continuous
function from a fuzzy topological space (X, T') into a fuzzy topological space
(Y, S), then f is a fuzzy somewhat fuzzy nearly continuous function from

(X, T) into (Y, S).

Remark 4.1[23]. The somewhere fuzzy continuous function from the
fuzzy topological space (X, T) into another fuzzy topological space (Y, S)

need not be an somewhat fuzzy continuous function.
Remark 4.2[15]. The somewhat fuzzy nearly continuous function from
the fuzzy topological space (X, 7) into another fuzzy topological space

(Y, S), need not be an somewhat fuzzy continuous function.

Remark 4.3[20]. The somewhat fuzzy nearly continuous function from
the fuzzy topological space (X, T') into a fuzzy topological space (Y, S) need

not be the fuzzy pseudo-continuous function.
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Remark 4.4[23]. The somewhere fuzzy continuous function from the
fuzzy topological space (X, T') into another fuzzy topological space (Y, S),

need not be an fuzzy continuous function.

Proposition 4.3. If f:(X,T)—(Y,S) is the somewhere fuzzy

continuous function, then f is the somewhat fuzzy nearly continuous function

from (X, T) into (Y, S).

Proof. Let . be an non-zero fuzzy open set in (Y,S) Then,
intA)=r =0, in (Y, S). Since f: (X, T)— (Y, S) is the somewhere fuzzy
continuous function, () is an fuzzy somewhere dense set in (X, T') and
hence intel[f1(1)] # 0, in (X, T'). Hence, for the fuzzy open set A in (Y, S),
intcl[f'(A)] %0, in (X,7T) implies that f:(X,7T)— (Y,S) is the
somewhat fuzzy nearly continuous function from (X, 7') into (Y, S).

Proposition 4.4. If f:(X,T)—(Y,S) is the somewhere fuzzy

continuous function from the fuzzy hyperconnected space (X, T) into the fuzzy

topological space (Y, S) and int(L) = 0, for an fuzzy set A defined on 'Y, then
G c[f )] =1in (X, T).
@) int[f 11 -1)] =0 in (X, T).
Proof (i) Let A be an fuzzy set defined on Y such that int(}) # 0, in

(Y, S). Since the function f:(X,7T)— (Y, S) is the somewhere fuzzy

continuous function from (X, T') into (Y, S)f (1) is an fuzzy somewhere

dense set in (X, T'). Since (X, T') is the fuzzy hyperconnected space, by the
proposition 3.5, fﬁl(k) is an fuzzy dense set in (X,7) and hence
A[fW)] =1, in (X, T).

(i) From @), c[f'(W)]=1 in (X,T) and this implies that
1-cl[f'(x)]=0. Then, int[l-[f'(A)]=0 and this implies that
int[f'1-1)]=0,in (X, T).
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Proposition 4.5. If f:(X,T)— (Y,S) is the somewhere fuzzy

continuous function from the fuzzy hyperconnected and fuzzy submaximal
space (X, T) into the fuzzy topological space (Y, S) and int(A) # 0 for an
fuzzy set A defined on Y, then

() () is an fuzzy open set in (X, 7).
() 711 - ) is an fuzzy nowhere dense set in (X, T).

Proof (i) Let A be an fuzzy set defined on Y such that int(A) = 0, in
(Y, S). Since f:(X,T)—>(Y,S) is the somewhere fuzzy continuous
function from the fuzzy hyperconnected space (X, 7T) into (Y, S), by the

proposition 4.4, cl[f*(A)]=1,... (1), in (X, T). Since (X, T) is the fuzzy
submaximal space, for the fuzzy dense set f (1), f}(A) is an fuzzy open set
in (X, T).

(i) From (@), f'(r) is an fuzzy open set in (X, T) and hence
int[f ()] = f1(A) and then from the equation (1), clint[f"'(A)] =1, in
(X, T). Now 1—clint[f1(1)] = 0 and then intcl[l —[f*()]] = 0, in (X, T).

This implies that intcl[f1(1-A)]=0 and hence f*(1-1) is an fuzzy

nowhere dense set in (X, 7).

Example 4.1. Consider the set X = {a, b, ¢}. Let I =0, 1] The fuzzy

sets a, B, A, u and n are defined on X as follows:
a, X — [0, 1] is defined as
B, X — [0, 1] is defined as B(a) = 0.4; B(d) = 0.9; B(c) = 0.7,
A, X — [0, 1] is defined as M(a) = 0.4; Mb) = 0.6; A(c) = 0.4,
i, X — [0, 1] is defined as p(a) = 0.6; w(d) = 0.5; u(c) = 0.4,
5, X — [0, 1] is defined as &(a) = 0.6; 8(b) = 0.9; §(c) = 0.7,

n, X — [0, 1] is defined as n(a) = 0.6; n(b) = 0.5; n(c) = 0.7.
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Then, T =1{0,a, B, avB, aAB,1} and S={0, A, u, Av i LAy 1} are
fuzzy topologies on X. On computation one can see that int(a)=u # 0,
int)=1 =0, intlaAB)=p=0,int(aAB)=AApn=0,int(1-[A)=pn=0
in (X, S). Now define a function f:(X,7T)— (Y, S) by f(a)=0b;f(b)=c;
f(¢) = a. By computation, one can see that intcl[f~}(0)] = 0, where
0=ao,B,avB oanBl-wl-[Aap,2 m,Avy Aapy in (X, 7). This
implies that f is an somewhere fuzzy continuous function from (X, 7') into
(X, S).

Now 1-a,1-B,1—[ovB] and 1-[a AB] are fuzzy nowhere dense sets
in (X,T) and 1-[aaB]l=0-a)v(@-B)v(@—-[avp]), implies that
1-(uAB) is an fuzzy first category set in (X, 7). On computation

oy (@ fonB)=oByv(d—fonp)=n (v fuanp)=avp
(aAB)v(@-[aAB])=0 and then a, n, a v B, 0 are fuzzy pseudo-open sets

in (X, T'). For the fuzzy open set L v u in (X, S), f7Y([n v u]) =1 -2, which
is not an fuzzy pseudo-open set in (X, 7). implies that f is not an fuzzy

pseudo-continuous function from (X, 7') into (X, S).

Example 4.2. Let X = {q, b, ¢}. Consider the fuzzy sets A, p, y, o and B

defined on X as follows:

A : X — [0, 1] is defined as A(a) = 1; M(b) = 0.2; AM(c) = 0.7,

p: X — [0, 1] is defined as u(a) = 0.3; ub) = 1; p(c) = 0.2,

y: X — [0, 1] is defined as y(a) = 0.7; y(b) = 0.4; y(c) =1,

o : X — [0, 1] is defined as a(a) = 0.6; a(b) = 0.5; afc) = 0.7,

B: X — [0, 1] is defined as B(a) = 0.7; B(b) = 0.3; B(c) = 0.5.

Then, T ={0,% 1\, AVILAVY, UV, AALAAY, LAY, AV (LAY),
pv Ay y AoV, 1

S ={0,a,B, aavp anp,1} are fuzzy topologies on X. Define a function
f:(X,T)—>(X,S) by f(a)=a;f(b)=0b;f(c)=c. Then, on computation,
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A o) =af @) =B (avB) =avpf(arp)=arp in (X,7T) and

int[f ()] =uAy = 0int[f @) =pnAy=0int[f(avp)]=yAQLvp)=0.

Then f is an somewhat fuzzy continuous function from (X, 7T') into (X, S).

On computation the fuzzy nowhere dense sets in (X,7) are
-2 l-pl-y, @=[Avp) @-vy) Q=[pvy)1-vay)
I-(uviayD 1= Akvp) Now 1-(ap)=Q0-2)v@-p)v(L-v)
V=vp)v A -vyDv @ -[uvyD)v@-Qvipay])) v =@y Av])
V(L=(y A[Avpu])) and then 1— (A Ap) is an fuzzy first category set in
(X, T). On computation, the fuzzy pseudo-open sets in (X, T) are

n : X — [0, 1] is defined as my(a) = 1;1;(b) = 0.8;m;(c) = 0.8,
ng : X — [0, 1] is defined as ny(a) = 0.7;1n9(b) = 1;ma(c) = 0.8,
ng : X — [0, 1] is defined as ng(a) = 0.7;13(b) = 0.8;n3(c) = 1,
N4 : X — [0, 1] is defined as ny(a) = 1;n4(b) = L;n4(c) = 0.8,

ns : X — [0, 1] is defined as ns(a) = 1;n5(b) = 0.8;n5(c) = 1,

ne : X — [0, 1] is defined as ng(a) = 0.7;m5(0) = L;ng(c) = 1,

Ny : X — [0, 1] is defined as n;(a) = 0.7;17(b) = 0.8;n7(c) = 0.8,

For the fuzzy open set a in (X, S), f '(a) = o and « is not an fuzzy
pseudo open set in (X, 7). Thus the function f is not an fuzzy pseudo-

continuous function from (X, T') into (Y, S).

Remarks. The inter-relations between the classes of fuzzy pseudo
continuous functions, somewhat fuzzy continuous functions, somewhere fuzzy
continuous functions and somewhat fuzzy nearly continuous functions can be
diagrammatically represented as follows:
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Fuzzy  Pseudo- Continuous Function

4 3 S|
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—_— Somewhere fuzzy |——s | SOmewhat fuzzy
fuzzy continuous nearly continuous

continuous function
function 4* ‘* function

The following proposition gives the condition for the somewhere fuzzy

continuous function to become an fuzzy continuous function.

Proposition 4.6. If f:(X,T)—(Y,S) is the somewhere fuzzy
continuous function from the fuzzy hyperconnected and fuzzy submaximal
space (X, T) into the fuzzy topological space (Y, S), then f is the fuzzy
continuous function from (X, T') into (Y, S).

Proof. Let A be an non-zero fuzzy open set in (Y, S), then int(A) = A = 0,
in (Y,8). Since f:(X,T)— (Y, S) is the somewhere fuzzy continuous
function from the fuzzy hyperconnected and fuzzy submaximal space (X, 7)),
by the proposition 4.5, f~1(A) is an fuzzy open set in (X, T). Hence, for the
fuzzy open set A in (Y, S), f71()) is an fuzzy open set in (X, T') implies that
f:(X,T)— (Y, S) is the fuzzy continuous function from (X, 7') into (Y, S).

Proposition 4.7. If f:(X,T)— (Y,S) is the somewhere fuzzy

continuous function from the fuzzy hyper connected and fuzzy open

hereditarily irresolvable space (X, T) into the fuzzy topological space (Y, S),
then f1(1-1) is an fuzzy nowhere dense set in (X, T) for the fuzzy set A
defined on Y with int(A) = 0, in (Y, S).

Proof. Let A be an fuzzy set defined on Y such that int(A) = 0, in (Y, S).
Since f:(X,T)— (Y,S) is the somewhere fuzzy continuous function,
(1) is an fuzzy somewhere dense set in (X, 7). Then 1-f"1(A) is the

fuzzy cs dense set in (X, 7). Now 1-f'(A)=f1(1-2) implies that

Advances and Applications in Mathematical Sciences, Volume 22, Issue 7, May 2023



1412 G. THANGARAJ and S. SENTHIL

f1(1-2) is an fuzzy cs dense set in (X, T). Since (X, T) is the fuzzy
hyperconnected and fuzzy hereditarily irresolvable space, by the proposition

3.11, f71(1 - 1) is an fuzzy nowhere dense set in (X, T).

Proposition 4.8. If f:(X,T)— (Y,S) is the somewhere fuzzy

continuous function from the fuzzy hyperconnected and fuzzy open

hereditarily irresolvable space (X,T) into the fuzzy open hereditarily
irresolvable space (Y, S) and if cl[n2y f71(4;)] = 1, where (\;)’s are the fuzzy

somewhere dense sets in (X, T'), then (X, T') is the fuzzy Baire space.

Proof. Let (A;)’s (i =1to ) be the fuzzy somewhere dense sets in
(Y, S). Then, intcl(r;)# 0, in (Y, S). Since (Y, S) is the fuzzy open
hereditarily irresolvable space, int(k;)=0 in (X,T). Also since
f:(X,T)— (Y, S) is the somewhere fuzzy continuous function, [f~1(x;)]’s
are fuzzy somewhere dense sets in (X, T). Then, {1 —[f~}(%;)}’s are cs dense
sets in (X, T). The fuzzy topological space (X,7T) being an fuzzy
hyperconnected and fuzzy open hereditarily irresolvable, the fuzzy cs dense

sets [L—f1(4;)]’s are fuzzy nowhere dense sets in (X, 7). Now the
hypothesis, 1—cl{rZ; [f(%;)]} =1, implies that, 1—cl[rZ; f1(%;)] =0,
and then int[l - A2/ 7H3y)] = 0. This implies that
int[l - A2;1-f1%)]=0, in (X, T) and thus int[vi; 1 -f1(x;)] =0,
where (1-771(%;))’s are fuzzy nowhere dense sets in (X, T'). Hence (X, T')
is an fuzzy Baire space.

The following proposition gives the condition for the somewhere fuzzy

continuous function to become an somewhat fuzzy continuous function.

Proposition 4.9. If f:(X,T)— (Y,S) is the somewhere fuzzy
continuous function from the fuzzy strongly irresolvable space (X, T into the
fuzzy topological space (Y, S), then f is an somewhat fuzzy continuous

function from (X, T) into (Y, S).
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Proof. Let A be an non-zero fuzzy open set in (Y, S), then int(A) # 0 in
(Y, S). Since f:(X,T)—(Y,S) is the somewhere fuzzy continuous
function f71(A) is an fuzzy somewhere dense set in (X, 7). Since (X, T) is
the fuzzy strongly irresolvable space, by the proposition 3.18, int[f ()] = 0,
in (X, T). Hence ,for the fuzzy open set (X, T'), int[f 1(A)] # 0, implies that f
is an somewhat fuzzy continuous function from (X, 7') into (Y, S).
The following proposition gives the condition for the somewhat fuzzy

nearly continuous function to become an somewhere fuzzy continuous

function.

Proposition 4.10. If f: (X, T) — (Y, S) is the somewhat fuzzy nearly
continuous function from the fuzzy strongly irresolvable space (X, T) into the

fuzzy topological space (Y, S), then f is an somewhere fuzzy continuous

function from (X, T) into (Y, S).
Proof. Let A be an fuzzy set defined on Y such that int(A) # 0 in (Y, S).

Then, int(A) is an non-zero fuzzy open set in (Y, S) Since

f:(X,T)—> (Y,S) is the somewhat fuzzy nearly continuous function,

int c/[f1(int(1))] # 0. Thatis, £~ (int (1)) is an fuzzy somewhere dense set in

(X, T). Since (X,T) is the fuzzy strongly irresolvable space, by the
proposition 3.18, int [f~1(int(1))] = 0. in (X, 7). Now
int[f 1 (int(1))] < int [f 1 (1)], implies that [f~1(%;)] # 0, in (X, T). Hence, for
the fuzzy set A defined on Y such that int(A) = 0 in (Y, S), int[f1(1)] # 0,

implies that f is an somewhere fuzzy continuous function from (X, 7T') into

Y, S).
6. Conclusions

In this paper, several characterizations of fuzzy somewhere dense sets
and fuzzy cs dense sets in fuzzy topological spaces are established. It is
established that non-zero fuzzy open sets are fuzzy somewhere dense sets and
fuzzy pseudo-open sets are fuzzy somewhere dense sets in fuzzy topological
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spaces. It is proved that in fuzzy hyperconnected spaces, fuzzy B-open sets
coincide with fuzzy somewhere dense sets and fuzzy Fj -sets in fuzzy almost

P-spaces are fuzzy cs dense sets and fuzzy Gjg-sets in fuzzy almost P-spaces

are fuzzy somewhere dense sets. A condition for the fuzzy hyperconnected
and fuzzy almost P-space to become an fuzzy c-Baire space is established by
means of fuzzy cs dense sets. The conditions for fuzzy topological spaces to
become fuzzy Baire spaces are obtained. It is established that the fuzzy Baire
sets in the fuzzy globally disconnected and fuzzy P-spaces, are fuzzy
somewhere dense sets. The inter-relations between the classes of fuzzy
pseudo-continuous functions, somewhat fuzzy continuous functions,
somewhere fuzzy continuous functions and somewhat fuzzy nearly
continuous functions are established in this paper. The condition for
somewhere fuzzy continuous functions to become somewhat fuzzy continuous
functions and the condition for somewhat fuzzy nearly continuous functions
to become somewhere fuzzy continuous functions, are also obtained.
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