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Abstract 

In this paper, we investigate the generalized Hyers-Ulam stability of the quadratic 

functional equation 

       zyxfzyxfzyxfzyxf  23232323  

           xfzxfzxfyxfyxf 1628   

in generalized 2-normed spaces. 

1. Introduction 

In 1940, S. M. Ulam [15] had raised the following question: Under what 

condition does there exist a group homomorphism near an approximate group 

homomorphism. In next year, D. H. Hyers [9] gave a first affirmative partial 

answer to the question of Ulam for Banach spaces. In 1950, T. Aoki [3] 
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generalized Hyers’ theorem for additive mappings. In 1978, Th. M. Rassias 

[14] succeeded in extending Hyers’ theorem by weakening the condition for 

the Cauchy difference controlled by ,10,  pyx
pp

 to be 

unbounded. 

The result of Rassias’ theorem had been generalized by P. Gavruta [8] 

who permitted the Cauchy difference to be bounded by a general control 

function. The stability problems of several functional equations have been 

extensively investigated by a number of authors and there are many 

interesting results concerning this problem (see [2], [7], [11], [12]) and 

reference cited there in. 

K. Balamurugan et al., [6] introduced the following cubic functional 

equation 

       zyxgzyxgzyxgzyxg  23232323  

           xgzxgzxgyxgyxg 48624    (1.1) 

and they investigated the generalized Hyers-Ulam stability for Equation 

(1.1). 

In this paper, we investigated the generalized Hyers-Ulam stability of the 

quadratic functional equation 

       zyxfzyxfzyxfzyxf  23232323  

           xfzxfzxfyxfyxf 1628    (1.2) 

in generalized 2-normed spaces. The function   2axxf   is a solution for the 

functional equation (1.2) 

2. Basic Definitions on Generalized 2-Normed Space 

In this section, we demonstrated the generalized Ulam-Hyers stability of 

the functional equation (1.2) in generalized 2-normed space. 

Now, we present some basic definitions related to generalized 2-normed 

spaces. 

Definition 2.1. Let X be a linear space. A function     ,0:.., XXN  

is called a generalized 2-norm on X if it satisfies the following 
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(G1)   0, yxN  if and only if x and y are linearly dependent. 

(G2)    xyNyxN ,,   for all ,, Xyx   

(G3)    xyNyxN ,,   for all Xyx ,  and  ,  is a real or 

complex field, 

(G4)      zyNzxNzyxN ,,,   for all .,, Xzyx   

Then   ..,, NX  is called generalized 2-normed space. 

Definition 2.2. A sequence  nx  in a generalized 2-normed space 

  ..,, NX  is called convergent if there exists Xx   such that 

  ,0,lim 


yxxN n
n

 that is,    yxNyxN n
n

,,lim 


 for all .Xy   

Definition 2.3. A sequence  nx  in a generalized 2-normed space 

  ..,, NX  is said to be a Cauchy sequence if there exist two linearly 

independent elements y and z in X such that   yxN n,  and   yxN n,  are 

real Cauchy sequences. 

Definition 2.4. A generalized 2-normed space   ..,, NX  is said to be 

generalized 2-Banach space if every Cauchy sequence in X is convergent in X. 

3. Generalized Hyers-Ulam Stability of (1.2) 

In this section, we investigate the generalized Hyers-Ulam stability of the 

functional equation (1.2) in generalized 2-normed spaces. Let X be a 

generalized 2-normed space and Y be generalized 2-Banach space. Define a 

mapping YXf 3:  by 

       zyxfzyxfzyxfzyxDf  232323,,  

             xfzxfzxfyxfyxfzyxf 162823   

for all .,, Xzyx   Also, throughout this paper, we adopt the following 

convention        szsysxzyx ,,,,,,,    and sxx ,  for all 

.,,, Xszyx   
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Theorem 3.1. Let 1j  and   ,0: 3X  be a function such that 

 
0

9

3,3,3
lim 

 nj

njnjnj

n

zyx
  (3.1) 

for all .Xz   Let YXg :  be a mapping satisfying the inequality  

     .,,,,,,,, XszyxzyxszyxDgN     (3.2) 

Then there exists a unique quadratic mapping YXQ :  which satisfies 

(1.2) and 

    
 










2

1

0,0,3

36

1
,

j
k

kj

kj x
sxQxgN


 (3.3) 

where   sxQN ,  is defined by 

  
 

.,,
9

3
lim, Xsxs

xg
NsxQN

nj

nj

n

















 (3.4) 

Proof. Replacing  zyx ,,  by  0,0,x  in (3.2), we get 

    
 

4

0,0,
,93

x
sxgxgN


  (3.5) 

for all .Xx   Dividing the above inequality by 9, we obtain 

 
 

 
36

0,0,
,

9

3 x
sxg

xg
N










   (3.6) 

for all .Xx   Now replacing x by x3  and dividing by 9 in (3.6), we get 

     
936

0,0,
,

9

3

9

3
2

2


















x
s

xgxg
N


  (3.7) 

for all .Xx   From (3.6) and (3.7), we obtain 

 
 

 
 

   





















 












 s

xgxg
Nsxg

xg
Nsxg

xg
N ,

9

3

9

3
,

9

3
,

9

3
2

2

2

2
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 
 






 
9

0,0,3
0,0,

36

1 x
x


  (3.8) 

for all .Xx   Proceeding further and using induction on a positive integer n, 

we get 

 
 

 




















1

0
9

3

36

1
,

9

3
n

k
k

k

n

n x
sxg

xg
N


 

 







0
9

3

36

1

k
k

k x
  (3.9) 

for all .Xx   In order to prove the convergence of the sequence 
 

,
9

3









n

nxg
 

replace x by xm3  and dividing by m9  in (3.9), for any ,0, nm  we deduce 

 
 

   
  




































sxg
x

Ns
xxg

N m
n

mn

mm

m

mn

mn

,3
9

339

9

1
,

9

39

9

3
 

 
 










1

0
9

0,0,3

36

1
n

k
mk

mk x
 

 
 










0
9

0,0,3

36

1

k
mk

mk x
 

for all Xx   and all .Xs   Also 

 
 

   
  




































txg
x

Nt
xxg

N m

n

mn

mm

m

mn

mn

,3
9

339

9

1
,

9

39

9

3
 

 
 










1

0
9

0,0,3

36

1
n

k
mk

mk x
 

 
 










0
9

0,0,3

36

1

k
mk

mk x
  

0  as m  
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for all Xx   and all .Xt   Hence there exist two linearly independent 

elements s and t in X such that 
 






















s

xg
N

n

n

,
9

3
 and 

 






















t

xg
N

n

n

,
9

3
 are 

real Cauchy sequences. Thus the sequence 
 









n

nxg

9

3
 is a Cauchy sequence. 

Since Y is complete, there exists a mapping YXQ :  such that  

  
 

.,,,
9

3
lim, Xsxs

xg
NsxCN

n

n

n


















 

Letting n  in (3.9), we see that (3.3) holds for all .Xx   To prove 

that Q satisfies (1.2), replacing  zyx ,,  by  zyx nnn 3,3,3  and dividing by 

n9  in (3.2)), we obtain 

         zyxgzyxgzyxgN nnn

n
 233233233

9

1
 

         yxgyxgzyxg nnn  338233  

           zyxsxgzxgzxg nnn

n

nnn 3,3,3
9

1
,316332   

for all .,, Xzyx   Letting n  in the above inequality and using the 

definition of  ,xQ  we see that Q satisfies (1.2) for all .,, Xzyx   To prove 

that Q is unique, let  xR  be another quadratic mapping satisfying (1.2) and 

(3.3), then 

        sxQNsxRxQN n

n
,3

9

1
,   

            sxRxgNsxgxQN nnnn

n
,33,33

9

1
  

 
 










0
9

0,0,3

36

2

k
nk

nk x
 

0  as n  

for all .Xx   Thus Q is unique. Hence for 1j  the theorem holds. 
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Now, replacing x by 
3

x
 in (3.5), we reach 

  





















 0,0,
34

1
,

3
9

x
s

x
gxgN    (3.10) 

for all .Xx   The rest of the proof is similar to that of .1j  Hence for 

1j  also the theorem holds. This completes the proof of the theorem. □  

Corollary 3.2. Let  and s be nonnegative real numbers. Let YXg :  

be a mapping satisfying the inequality 

  
 



 






























;23,

;2,

,

,,,

333
zyx

zyx

zyx
szyxDgN   (3.11) 

for all .,, Xzyx   Then there exists a unique quadratic mapping 

YXQ :  such that 

    







































,
334

,
334

,
134

,

32

3

2

2

x

x
sxCxgN  (3.12) 

for all .Xx   
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