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Abstract

In this paper, we investigate the generalized Hyers-Ulam stability of the quadratic

functional equation
fBx +2y+2)+ fBx +2y +2)+ f(Bx + 2y + 2) + f(Bx — 2y — 2)
= 8[f(x + y) + flex = )] + 2[f(x + 2) + f(x - 2)] + 16f(x)

in generalized 2-normed spaces.

1. Introduction

In 1940, S. M. Ulam [15] had raised the following question: Under what
condition does there exist a group homomorphism near an approximate group
homomorphism. In next year, D. H. Hyers [9] gave a first affirmative partial
answer to the question of Ulam for Banach spaces. In 1950, T. Aoki [3]
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generalized Hyers’ theorem for additive mappings. In 1978, Th. M. Rassias
[14] succeeded in extending Hyers’ theorem by weakening the condition for
the Cauchy difference controlled by [x[? +|y[’,0<p<1, to be

unbounded.

The result of Rassias’ theorem had been generalized by P. Gavruta [8]
who permitted the Cauchy difference to be bounded by a general control
function. The stability problems of several functional equations have been
extensively investigated by a number of authors and there are many
interesting results concerning this problem (see [2], [7], [11], [12]) and
reference cited there in.

K. Balamurugan et al.,, [6] introduced the following cubic functional
equation

gBx+2y+2)+g(Bx+2y—2)+g(Bx — 2y + 2z) + g(8x — 2y — 2)

= 24[g(x + y) + g(x — )] + 6[g(x + 2) + g(x — 2)] + 48g(x) (1.1)

and they investigated the generalized Hyers-Ulam stability for Equation
(1.1).

In this paper, we investigated the generalized Hyers-Ulam stability of the
quadratic functional equation

fBx+2y+2)+f(Bx +2y—2)+ f(Bx — 2y + 2) + f(B8x — 2y — 2)
= 8[f(x + y) + flx — y)] + 2[f(x + 2) + flx - 2)] + 16f(x) (1.2)

in generalized 2-normed spaces. The function f(x) = ax? is a solution for the

functional equation (1.2)
2. Basic Definitions on Generalized 2-Normed Space
In this section, we demonstrated the generalized Ulam-Hyers stability of

the functional equation (1.2) in generalized 2-normed space.

Now, we present some basic definitions related to generalized 2-normed
spaces.

Definition 2.1. Let X be a linear space. A function N(.,.): X x X — [0, )

is called a generalized 2-norm on X if it satisfies the following
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(G1) N(x, y) = 0 if and only if x and y are linearly dependent.
(G2) N(x, y) = N(y, x) for all x, y € X,
(G3) N(ix, y) =|X|N(y, x) for all x, ye X and A € ¢, ¢ is a real or
complex field,
(G4) N(x +y, z) < N(x, 2)+ N(y, z) forall x, y, z € X.
Then (X, N(, .)) is called generalized 2-normed space.

Definition 2.2. A sequence {x,} in a generalized 2-normed space
(X, N(.,.)) is called convergent if there exists x € X such that
lim N(x, —x, y) = 0, thatis, lim N(x,, y) = N(x, y) for all y € X.

n—»0

n—>o0
Definition 2.3. A sequence {x,} in a generalized 2-normed space
(X, N(,,.)) is said to be a Cauchy sequence if there exist two linearly
independent elements y and z in X such that {N(x,, y)} and {N(x,,, y)} are
real Cauchy sequences.
Definition 2.4. A generalized 2-normed space (X, N(.,.)) is said to be

generalized 2-Banach space if every Cauchy sequence in X is convergent in X.
3. Generalized Hyers-Ulam Stability of (1.2)

In this section, we investigate the generalized Hyers-Ulam stability of the
functional equation (1.2) in generalized 2-normed spaces. Let X be a

generalized 2-normed space and Y be generalized 2-Banach space. Define a

mapping f : X3 5y by
Df(x,y,2)=f(Bx+2y+2)+f(Bx +2y—2)+ f(8x — 2y + 2)
+f(Bx — 2y —2) = 8[f(x + y) + flx — ¥)] - 2[f(x + 2) + f(x — 2)] - 16f(x)

for all x, y, z € X. Also, throughout this paper, we adopt the following
convention y(x, y, 2) = Y((x, s), (3, s), (2, 8)) and | x| =|x,s| for all

x, 5 2 s € X.
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Theorem 3.1. Let j =+1 and ¢ : xX® > [0, ©) be a function such that

nj nj nj
hm 1/}(3 x73 y’S Z):O

n—»o0 9"

(3.1)

forall & v,z e X. Let g : X - Y be a mapping satisfying the inequality
N(Dg(x, y, 2), s) < plx, y, 2) YV, p, 2, s € X. (3.2)

Then there exists a unique quadratic mapping @ : X — Y which satisfies
(1.2) and

N(et) - Q) 5) < g > M 0.0) @3
1

where N(Q(x), s) is defined by

3x)

N(Q(x), s) = hm N[ (9 o j Vx,seX. (3.4)

Proof. Replacing (x, y, z) by (x, 0, 0) in (3.2), we get

N(g(3) - 9g(x), s) < 220 0) 35)
for all x € X. Dividing the above inequality by 9, we obtain
8(3x) _ j ¥(x, 0, 0)
NEE) - g, L (3.6)
for all x € X. Now replacing x by 3x and dividing by 9 in (3.6), we get
2
N8R g6 ) 9l 0,0 -
92 9 36-9

for all x € X. From (3.6) and (3.7), we obtain

2 2
N(—g(gzx) - g(x), sJ < N(@ - g(x), sj + N{—g(;‘; x) @, s]
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1 Y¥(3x, 0, 0)
< L pts. 0,0+ H850.0] o9

for all x € X. Proceeding further and using induction on a positive integer n,
we get

-1

3"x 1 3k
N[g(gn) o) J _GZw( )

_1 iw(iﬂkx)

=36 R
k=0 9

(3.9)

g(3"x)

for all x € X. In order to prove the convergence of the sequence ="
9

replace x by 3" x and dividing by 9™ in (3.9), for any m, n > 0, we deduce

n+m m n_qm
9(n+m) gm gm 9"
_ 150 93, 0,0)
<3 ot
k=0

forall x € X and all s € X. Also

N(g(:%n“”x) 9(3"x) J 1 N[9(3”-3mx)_g(3mx), tJ

9(n+m) gm gm 9"
_ 15 9E""x,0,0)
<36 gUem)
k=0
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for all x € X and all ¢t € X. Hence there exist two linearly independent

n n
elements s and ¢ in X such that {N{&nx), SJ} and {N[&nx), t} are
9 9

n
real Cauchy sequences. Thus the sequence {&nx)} is a Cauchy sequence.
9

Since Y is complete, there exists a mapping @ : X — Y such that

n—

N(C(x), s) = lim N{g(: x) J, Vx,seX.

Letting n — o in (3.9), we see that (3.3) holds for all x € X. To prove
that @ satisfies (1.2), replacing (x, y, z) by (8"x, 3"y, 3"z) and dividing by

9" in (3.2)), we obtain

gin N(g(3"(8x + 2y + 2))) + g(3"(3x + 2y — 2)) + g(8"(3x — 2y + 2))

+8(3"(8x — 2y — 2)) - 8[g(8" (x + ¥)) + &(8" (x — ¥))]
2[g(8™(x + 2)) + g(8"(x — 2))] - 16g(8"x), s) < 9% Y(3"x, 3"y, 3"2)

for all x, y, z € X. Letting n — o« in the above inequality and using the
definition of @(x), we see that @ satisfies (1.2) for all x, y, z € X. To prove
that @ is unique, let R(x) be another quadratic mapping satisfying (1.2) and
(3.3), then

N(Q(x) - R(x), s) = F N(Q(3"x), s)

< 9Ln IN(Q(3"x) - g(3"x), 5) + N(g(3"x) - R(3"x), s}

»(3""x, 0, 0)
36 Z k+n)

—>0asn—>w

for all x € X. Thus @ is unique. Hence for j = 1 the theorem holds.
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Now, replacing x by % in (3.5), we reach

N(g(x) - 9g(%), s) < %y;(g, 0, 0) (3.10)

for all x € X. The rest of the proof is similar to that of j =1. Hence for
j = —1 also the theorem holds. This completes the proof of the theorem. m]

Corollary 3.2. Let p and s be nonnegative real numbers. Let g : X > Y

be a mapping satisfying the inequality

P,
pllx IF + 1y IF +1 2 M), W2

p{llxll“gyll“llzg” ,
2 a0 ) 22 't AR T

N(Dg(x, y, z), s) < (3.11)

for all x,y,ze X. Then there exists a unique quadratic mapping

Q: X > Y such that

p
432 -1
N(g(x) - Clx), 5) < {—PLx " (3.12)
4 3% — 3% |
3
pll x|
4 3% - 3% |

forall x € X.
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