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Abstract

In this paper, various properties of the killing and geodesic lightlike hypersurfaces of an
indefinite statistical manifold have been developed. The characterizations of parallel vector
fields and the screen distributions with respect to the dual connections in lightlike
hypersurfaces have been obtained. The Lie-derivatives of the induced metric and second
fundamental form have been established. Also, some formulae for the curvature tensors of the
lightlike hypersurfaces of the indefinite statistical manifold have been developed and further
used to prove assertions related to parallelism of lightlike transversal vector bundle and

geodesicity of the lightlike hypersurface.
1. Introduction

Lightlike hypersurfaces, being models of certain horizons like killing,
dynamical and conformal ones studied in general relativity, have gained
considerable importance nowadays. Also, the classical theory of hypersurfaces
is not applicable, in the usual way, to define any induced object on a lightlike
hypersurface. So, the theory of degenerate submain folds of semi-Riemannian
manifolds and subsequently the lightlike geometry of hypersurfaces has
become an important area of research in differential geometry having

applications in various branches of mathematics and physics.
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Lightlike hypersurfaces in different spaces endowed with degenerate
(indefinite) metric have been investigated by many geometers such as [6], [7],
[8], [13], [17], [21], [22], and [15]. For the statistical manifolds, which have
developed from the investigation of geometric structures on sets of certain
probability distributions, the theory of hypersurfces was introduced by [9]
and later developed in [10]. These manifolds have been investigated
extensively by [19], Amari et al. [1], [2], [10], [11], [16], [20] and are currently

being explored in the realm of degenerate metric.

Recently, the lightlike geometry in the sphere of statistical manifolds has
been developed by [12], [14], [5], [18]. The concept of lightlike hypersurfaces
of statistical manifolds has been introduced by [4] et al. and various
conditions related to dual connections and characterizations of the screen
distribution have been derived. [3] has also introduced significant results on
hypersurfaces of an indefinite Sasakian statistical manifold. Since the
literature related to the lightlike hypersurfaces of an indefinite statistical
manifold available so far is very limited, it has motivated us to continue the

study of geometry of these hypersurfaces.

In this paper, the characterizations of parallel vector fields and the screen
distributions with respect to the dual connections in a lightlike hypersurface
of an indefinite statistical manifold have been derived. Certain properties
related to the killing and geodesic lightlike hypersurfaces and Lie-derivatives
of the second fundamental form have been obtained. Various formulae for the
curvature tensors of the lightlike hypersurfaces of the indefinite statistical
manifold instrumental in developing results concerning parallel second
fundamental form of lightlike transversal vector bundle have also been
derived.

2. Lightlike Hypersurface

Let (M, g) be an (m+2) dimensional semi-Riemannian manifold of
constant index ¢ > 1. Let (M, g) be a lightlike hypersurface of (M, g) with
g =g | M. If the induced metric g on M is degenerate, then M is called a

lightlike or degenerate hypersurface of M. There exists a vector field & = 0
on M such that g, (& X) = 0 for all X e [(TM).

Advances and Applications in Mathematical Sciences, Volume 20, Issue 9, July 2021



LIGHTLIKE HYPERSURFACES OF AN INDEFINITE ... 1997

The null space or radical space of T, (M) at each point x € M is a
subspace Rad T, (M) defined as

Rad T,(M)={eT,(M): g, (&, X)=0 for all X e (TM)} whose

dimension is called the nullity degree of g.

Since g i1s degenerate and any null vector is perpendicular to itself,

therefore T, M* is also null and
Rad T,M = T,M N T, M*".

For a hypersurface M, dimension of T, M L equals 1 which implies that the

dimension of Rad T, M is also 1 and Rad T,M = T,M~*. Here Rad TM is
called a radical distribution of M.

Now consider S(TM), known as screen distribution, as a complementary
vector bundle of Rad (TM) in TM. i.e.

TM = Rad TM L1 S(TM). (2.1)

It follows that S(T'M) is a non-degenerate distribution. Thus, we have
TMy; = S(TM) L S(TM)*,

where S(TM )L, known as screen transversal vector bundle, is the orthogonal

complement to S(TM ) in TM ;.

Theorem 2.1 [4]. Let (M, g) be a lightlike hypersurface of (M, g). Then
there exists a unique vector bundle tr (TM) known as lightlike transversal

vector bundle of rank 1 over M, such that for any non-zero local normal section
& of Rad (TM) there exist a unique section N of tr(TM) satisfying

g(N,g)=1 (2.2)

g(N, N) = 0, g(N, W) = OYW e [(S(TM)).
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Then the tangent bundle T M of M is decomposed as follows:
TM=S(TM)L(TM* ®tr(TM))=TM ®tr(TM).

Let V be the Levi-Civita connection on M. Then, from the above theory, we

have the Gauss and Weingarten formulae as follows:

VxY = VxY + WX, Y) (2.3)
VN = —AyX + V&N (2.4)

for any X,Y e (TM), where VyxY, AyX e I(TM) and A(X,Y), Vi

N e I'(tr(TM)), V is a torsion free linear connection on M; h is a symmetric

bilinear form on I(TM), V and V' are the induced connections on M and

tr(TM) respectively.
Now, define
B(X,Y) = g(h(X,Y), &), (X) = §(VkN, &),
It follows that
h(X,Y) = B(X,Y)N, VikxN = «(X)N.
Then (2.4) and (2.5) become
VxY =VxY + B(X,Y)N (2.5)
VxN = —AxyX + t(X)N

respectively. Here, we call B and A the second fundamental form and the
shape operator respectively of the lightlike hypersurface M. Let P be the
projection morphism of TM on S(TM), then from equation (2.1), the Gauss

and Weingarten equations for the screen distribution are
VxPY = VxPY + W'(X, PY) VX, Y e I(TM) (2.6)
and

Vx& =-ALX + V& VX e T(TM), & e T(TM™) (2.7)
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where VyPY, ALX e T(S(TM)) and H'(X, PY), V%E e T(TM*);, V' and V'

are linear connections on S(TM) and TM™ respectively. #' and A’ are
respectively the second fundamental form and the shape operator of S(TM).

From equations (2.3), (2.4), (2.6) and (2.7), we have
g(ANY, PW) = g(N, K'(Y, PW)), g(ANY, N) =0 (2.8)
g(ALX, PY) = g(& h(X, PY)),g(AtX, N)=0 (2.9)
forany X, Y, W e I(TM), § € [I(TM~) and N e T(¢tr(TM)). Then, we define
C(X, PY) = g(W'(X, PY), N), «(X) = g(VX&, N).
Hence,
W(X, PY) = C(X, PY), A%E = e(X)&
VxPY = VxPY + C(X, PY)§
Vxt = ~ALX - (X)E,
where ¢(X) = —t(X). Now from equations (2.8), (2.9) we get
g(ANY, PW) = C(Y, PW), g(ANY, N)=0
g(ALX, PY) = B(X, PY), g(A:X, N) = 0.
We also have
B(X, &) =0, Azg = 0.

Let P be the projection of S(TM) on M. Then for any X e I'(TM), then we

have
X = PX+n(X),

where 1 is a 1-form given by

n(X) = g(X, N).

As V is a metric connection and using equation (2.6), we have
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(Vxg)(Y, Z) = B(X, Y)n(Z) + BX, Z)n(Y)

for all X,Y, Z e T(TM), where the induced connection V is a non-metric

connection on M.

3. Lightlike Hypersurfaces in the Context of an Indefinite Statistical
Manifold

Let (M, g) be a semi-Riemannian manifold, D be an affine connection
on M and g be a semi-Riemannian metric on M. A semi-Riemannian
manifold (M, g) which admits an affine connection D such that for all

X,Y,Zer(T, M)
(i) DxY - DyX = [X, Z];
(i) (Dx®)(Y, Z) = (Dy&)(X, Z) hold,
is said to be indefinite statistical manifold and is denoted by (M, g, D).

Moreover, there exists D* which is a dual connection of D with respect

to g, satisfying
Xg(Y, Z)= g(DxY, Z)+ g(Y, DxZ) X, Y, Z € T(TM). (3.1)
If (M, g, D) is an indefinite statistical manifold, then so is (M, g, D*).
Hence the indefinite statistical manifold is denoted by (M, g, D, D*).

Let (M, g) be a lightlike hypersurface of a statistical manifold (M, g).

Then Gauss and Weingarten formulae with respect to dual connections as
given by [20], [9], [4] are as follows:

DxY = DxY + (X, Y), DyN = -AyX + DxN,
DxY = DY + h*(X,Y), DyN = ~AyX + D¥'N,

for X, Y e I(TM), N e T(T*M), where DyY, DY, AyX, AyX e T(TM)
and A(X,Y), h*(X,Y), DxN, D¥'N e I'(tr(TM)). Here D, D* are called
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induced connections on M and Ay, Ay are called shape operator with
respect to D and D* respectively. Also, we denote by B and B”, the second

fundamental forms with respect to D and D”.

Now the following holds:
B(X,Y) = g(DxY, &), v"(X) = §(DxN, )
B*(X,Y) = §DxY, &), 1(X) = g(DxN, &)
It follows that
h(X,Y)=B(X,Y)N, h"(X,Y)=B"(X, Y)N
DxN = t*(X,)N, D¥*N = 1(X)N.
Hence,
DxY = DxY + B(X, Y)N, DxN = -AyX + t"(X)N (3.2)
DxY = DY + B*(X, Y)N, Dy = -AxX + t(X)N. (3.3)
Using Gauss formula and the relation between dual connections, we have [3]
Xg(Y, Z) = g(DxY, Z) + g(Y, DxZ)
= g(DxY, Z)+ g(Y, DxZ)+ B(X, Y)(Z) + B*(X, Z)n(Y).

From the above equation, we obtain that induced connections D and D*
are not dual connections and a lightlike hypersurface of a statistical manifold

need not a statistical manifold with respect to the dual connections. Also, the

induced connections D and D* and the second fundamental forms B and B*

are symmetric.

Further, using Gauss and Weingarten formulae, we have
(Dxg)(Y, Z) + (Dxg) (Y, Z) = B(X, Y)n(Z) + B(X, Zn(Y)

+ B (X, YM(Z)+ B*(X, Zn(Y). (3.4
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Let P denote the projection morphism of TM on S(TM) with respect to

the decomposition (2.1). Then we have
DyxPY = VxPY + K(X, PY), DxPY = VxPY + 1" (X, PY)
Dyt = —ALX + V&, Dx& = ~AL X + VY¢
for all X,Y e I(TM) and & e I'(Rad(TM)) where VxPY, VxPY, ALX and

Ag'X e I(S(TM)), Vv, V* and V', V*! are linear connections on T'(S(TM))

and T'(Rad(TM)) respectively. Here h', h* and A’, A* are called screen
second fundamental form and screen shape operator of S(7M). We define the

local second fundamental forms of S(TM) as
C(X, PY) = g(W'(X, PY), N), C*(X, PY) = g(h" (X, PY), N)
e(X) = g(VX& N), ¢(X) = g(Vk&, N) VX, Y e I(TM)
Therefore, we have
R(X, PY) = C(X, PY)t, h* (X, PY) = C*(X, PY)¢
Ve = —(X)g, VYE = —"(X)g

DyxPY = VxPY + C(X, PY); D¥PY = VPY + C*(X, PY)¢ (3.5)

Dyt = ~ALX - 9(X)&, D& = ~AI X - (X)E VX, Y e [(TM)  (3.6)
where €(X) = —1(X)

Using above equation, the relationship between induced objects are as

follows:
B(X, &)+ B"(X,8) =0, g(AyX + AyX, N) =0, (3.7
C(X, PY) = g(ANX, PY), C*(X, PY) = g(ANX, PY)

From the equations (2.2), (3.1), (3.2), (3.3) and (3.6), we have the following

proposition.
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Proposition 3.1. Let (M, g) be a lightlike hypersurface of a statistical
manifold (M, g, D, D*). Then the second fundamental forms B and B* are
related to the shape operators A;X and Ag'X of S(TM) as follows:

g(ALX, PY) = B*(X, PY), g(A{ X, PY) = B(X, PY). (3.8)

Hence from equation (3.8), we obtain
B(AIX,Y)=B(X, A{,Y), B"(A{X,Y) = B"(X, AY). (3.9)

Proposition 3.2. Let (M, g) be a lightlike hypersurface of a statistical
manifold (M, g, D, D*). Then the screen distribution (S(TM), g, V, V*) has
a statistical structure.

Proposition 3.3 [4]. Let (M, g) be a lightlike hypersurface of an
indefinite statistical manifold (M, g, D, D*). Then the following are
equivalent:

(1) The screen distribution is parallel.

() C(X,Y)=0 forall X,Y e I'(S(TM)).

(ii) C*(X,Y) =0 forall X,Y e I(S(TM)).

Definition 3.1 [11]. Let (M, g) be a lightlike hypersurface of an
indefinite statistical manifold (M, g, D, D*). Then

(1) M is called totally tangentially umbilical with respect to D if
B(X,Y)=kg(X,Y) forall X,Y e I'(TM), where k is smooth function.

(2) M is called totally tangentially umbilical with respect to D" if
B*(X,Y)=Fk"g(X,Y) forall X,Y e ['(TM), where k" is smooth function.

(8) M is called totally normally umbilical with respect to D if
ANX = kX forany X, Y e [(TM), where k is smooth function.

(4) M is called totally normally umbilical with respect to D™ if
ANnX = kX forany X, Y e I'(TM), where k” is smooth function.
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4. Killing and Geodesic Lightlike Hypersurfaces of an Indefinite
Statistical Manifold
Definition 4.1 [11]. Let (M, g) be a lightlike hypersurface of a
statistical manifold (M, g, D, D*). Then

(1) M is called totally geodesic with respect to D if B = 0.

(2) M is called totally geodesic with respect to D* if B* = 0.
Definition 4.2. Let (M, g) be a lightlike hypersurface of a statistical
manifold (M, g, D, D*). Then

(1) A Distribution E on M 1is called a Killing distribution if
(Lxg)(Y,Z)=0 forany X e ['(E) and Y, Z € I'(TM).

If Y, Z e T(S(TM)), then E is called an S(TM )-killing distribution and X
is called an S(TM )- killing vector field.

(2) A vector field Wis parallel with respect to the induced connection D if
DxW =0 for any X e I'(TM).

Theorem 4.3. Let (M, g) be a lightlike hypersurface of a statistical
manifold (]\_4, g, D, l_)*). If the second fundamental form B and B* vanishes
identically on M, then TM* isa killing distribution on M.

Proof. Let X, Z e I(TM) and ¢ e I(TM*'). From equations (2.2), (3.4)
and (3.7) we have,

(Dxg) (&, Z)+ (Dxg) (&, Z) = B(X, e)n(Z)+ B(X, Z)n(&)
+ B*(X, £m(2) + B*(X, Z)n(¢) = B(X, Z)+ B*(X, Z).
Also,
(Dxg) (& Z)+ (Dxg) (& Z) = Xg(& Z) - g(Dx¢, Z) - g(&, DxZ)+ Xg(&, Z)

= -8(Dx¢, Z) - g(Dx&, Z).
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Therefore we obtain
8(Dxs, Z) + g(Dx¢, Z) = -B(X, Z) - B'(X, Z).
Now,
(Leg) (X, Z) = &8(X, Z) - g(l&, X Z2) - g(X, [¢, Z)
= &8(X, Z) - (DX, Z) + 8(Dx&, Z) - 8(X, D:Z) + g(X, Dz&)
(Leg) (X, Z) = (Deg) (X, Z) + 8(Dx¢, Z) + g(X, DzE). (4.1)
Similarly, we derive
(Leg ) (X, Z) = (DEg) (X, Z) + g(Dx¢, Z) + g(X, DZ&). (4.2)
Using equation (4.1), (4.2), (3.4) and (3.7), we get
2(Leg) (X, Z) = (Deg) (X, Z) + (Dig) (X, Z) + g(Dxé, Z) + (X, Dzg)
+ g(Dyt, Z)+ g(X, Dy¢) = -B(X, Z)- B*(X, Z) - B(Z, X) - B*(Z, X)
- 2B(X, Z)- 2B*(X, Z)
which proves the result.

Theorem 4.4. Let (M, g) be a lightlike hypersurface of a statistical

manifold (M, g). Then the Lie derivative of g with respect to N e T(tr(TM))

is given by
(Lyg) (X, Y) = Xn(Y) + W(X) + n([X, Y]) - n(DxY) -n(DxY). (4.3
Proof. Let X, Y e T(TM). Then
n(DxY) = g(DxY, N) = g(DxY, N).

Now using the relation between the dual connections in a statistical manifold,

we obtain from (3.1)
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= Xn(Y) - g(Y, [X, N) - &(Y, Dy X)
= Xn(Y) + (YN, X)) - Ng(Y, X) + §(DyY, X)
= Xn(Y) + g(Y[N, X)) - Ng(Y, X) + g(X, [N, Y] + g(DyY, X)
= Xn(Y) + g(Y[N, X)) - Ng(Y, X)+ ¢(X, [N, Y] + g(DyY, X)
= Xn(Y) - (Lyg)(X, Y)+Y&(N, X)- g(Dy X, N)
= Xn(Y) + Yn(X) - (Ly&) (X, Y) - gDxY, N) + &(X, Y, N)
= Xn(Y) + Yn(X) - (Lyg) (X, Y) - n(DxY) + n(X, Y))

This gives the desired result.

Definition 4.5. The screen distribution S(TM) is said to be totally
umbilical with respect to D (resp. D*) if on any coordinate neighbourhood U
of M, there exist smooth functions A (resp. X*) such that

C(X, PY)=2g(X, PY)(resp.C*(X,PY)=2"g(X,PY)VX,Y eT(TM). (4.4)

Definition 4.6. The screen distribution S(TM) is said to be totally

geodesic with respect to D (resp. D) if
C(X, PY) =0 (resp.C*(X, PY)=0) VX, Y e I'(TM). (4.5)

Theorem 4.7. Let (M, g) be a lightlike hypersurface of a statistical

manifold (M, g). Then, the screen distribution S(TM) is totally geodesic with

respect to D if and only if the vector Y is parallel with respect to the induced
connection D.

Proof. Let the screen distribution S(TM) be a totally geodesic with
respect to D. Then, for any X, Y e I'(S(TM)), we have C(X,Y) = 0. Now

using (3.5), we have
(DY, N) = g(VxY + C(X, Y)&, N) = 0

which implies that DxY = 0.
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Conversely, if the vector field Y is parallel with respect to induced
connection D, then g(DxY, N) = 0. Therefore

g(VxY +C(X,Y)g, N)=0
which implies C(X, Y) = 0. Hence the proof.

Theorem 4.8. Let (M, g) be a lightlike hypersurface of a statistical
manifold (Z\_/[, g). Suppose that the vector field Y is parallel with respect to the

induced connection D (resp. D*). If a vector field N is parallel with respect to
connection D, then for any X € I(TM), Y e I'(S(TM)),

(Lng) (X, Y) = 0.

Proof. From (4.1, we have for any X e I(TM), Y e I'(S(TM)),
(Lng) (X, Y) = '(X) -n([Y, X]) since n(Y)=0 for Y e T(S(TM)) and

n(DxY) = 0 = n(DxY).
Now, from the definition of statistical manifold, we have
Yg(N, X) = g(DyN, X) + (N, DyX).

If a vector N is parallel with respect to connection D, then ByN = 0.
Using equation (3.1), (3.3) we have

= Y&(N, X)- gV, [Y, X)) - (N, DxY)
= Yg(N9 X) - E(N’ [Yr X]) - g(Ni D;(Y + B*(X7 Y)N)
=Yn(X)-n(Y, X].
Hence the required result.
Theorem 4.9. Let (M, g) be a lightlike hypersurface of a statistical

manifold (M, g) If the screen distribution S(TM) is totally geodesic with
respect to D (resp. D*), then for any X, Y e I(S(TM)) and N e T'(tr(TM)),
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() (Lyg)(X, Y) =n[X, Y]
@) (Lyg)(X, Y) = (Y, X]) = ~(Lng) (¥, X)
Moreover, N e T'(tr(TM)), is an S(TM) - Killing vector field.
Proof. Let the screen distribution S(TM) be totally geodesic with respect
to D (resp. D*). Then for any X, Y e I'(S(TM)), we have
C(X,Y) =0 (resp.C*(X, Y) = 0).

Now using equation (3.5), we have

n(DxY) = 8(DxY, N) = g(VxY + C(X, Y)¢, N) = 0,
n(DxY) = g(DxY, N) = g(VxY + C*(X, Y)§ N) = O,
Therefore
(Lyg) (X, Y) = Xn(Y) + Yn(X) + n([X, Y]) - n(DxY) -n(DxY)  (4.6)

As n(X)=g(X, N), it is clear that X e I'(S(TM)) if and only if
n(X) = 0, so we have

(Lyg)(X, Y) = n(X, Y).
Hence
(Lyg)(X, Y) = (Y, X)) = (Lng) (¥, X).

Now, using the statistical character of the manifold and equation (4.6), we

have
(Lyg)(X,Y)~(Lyg)(Y,X)=Xn(Y)+ (X)+n(X,Y])-n(DxY)-n(DxY)
- Yn(X) - Xn(Y) - (Y, X]) + n(Dy X) + n(DyX)
=2n([X, Y])-n(X, Y)-n(X, YD =0.
Therefore
(Lng) (X, Y) = (Lyg) (¥, X) = «(Lyg) (X, Y).

Thus, the result and the further assertion follow from the hypothesis.
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Theorem 4.10. Let (M, g) be a lightlike hypersurface of a statistical

manifold. If the local second fundamental form B is parallel with respect to D,
then

(L;B)(X, Y) = -B(ALX, Y) - B(X, ALY) - o(X)B(&, Y) - 1(V)B(X, £)
where (L:B)(X, Y) stands for the Lie-derivative of B with respect to &.
Proof. Let X, Y e I(TM) and & e I'(Rad(TM)). Then
(LeB) (X, Y) = EB(X, Y) - B(¢, X] Y) - B(X, [¢, Y])
=EB(X, Y)—B(D;’X, Y)+B(Dx&,Y)-B(X, D;’Y)+ B(X, Dy¢)
= (DéB)(X, Y)+ B(Dx&,Y)+ B(X, Dyt).
Now, from equations (3.6) and (3.9), we obtain
(L:B)(X, Y) = (D:B)(X, Y) + B(-AtX - (X)g, Y) + B(X, ALY - 1(Y)§)
= (DéB)(X, Y)+ B(AéX, Y)-B(X, A{;Y)— 1(X)B(E,Y)-1(Y)B(X,£)
(L:B)(X,Y) = (D:B)(X, Y)- B(A{X, Y) - B(X, A{Y) - «(X)B(;, Y)
—(Y)B(X, &). (4.7)
Now from the given hypothesis, we get the desired result.

5. Some Formulae on the Curvature Tensors

Let R, R and R’ be the curvature tensors of the connection D on the

indefinite statistical manifold M , of the induced connections D on the

lightlike hypersurface M and V on the screen distribution S(TM)
respectively. Let R*, R* and R* be the curvature tensors of the

corresponding dual connection D* and of the induced connections D* and

V* respectively. Using Gauss and Weingarten formulae, we have derived the

following equations:
R(X,Y)N = -Dx(ANY) + Dy(ANX) - B(X, ANY)N + B(Y, ANX)N
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~ANXT(Y)+ ANYT(X)+ AN[X, Y]+ 2d* (X, Y)N,
R*(X,Y)N = -D%(ANY) + Dy (AxX) - B*(X, ANY)N + B*(Y, AyX)N
—ANXt(Y) + ANYH(X) + AN[X, Y]+ 2d1(X, Y)N,
g(R(X, Y)PZ, N) = (DxC)(Y, PZ) - (DyC)(X, PZ) - «(X)C(Y, PZ)
+1(Y)C(X, PZ) + B(X, PZ)g(AyY, N)
~ B(Y, PZ)g(AyX, N),
g(R*(X,Y)PZ, N)=(D%C*)(Y, PZ)-(Dy C*)(X, PZ)- " (X)C*(Y, PZ)
+ 1" (Y)C*(X, PZ) + B*(X, PZ)g(AxY, N)
- B*(Y, PZ)g(AxX, N),

where we set

(DxC)(Y, PZ) = XC(Y, PZ) - C(DxY, PZ) - C(Y, VxPZ),

(D}C*)(Y, PZ) = XC*(Y, PZ) - C*(D}}Y, PZ) - C*(Y, V}}PZ).
Also
g(l_%(X, Y)PZ, PW) = g(R'(X, Y)PZ, PW) - C(Y, PZ)B*(X, PW)

- B(Y, PZ)C*(X,PW) + C(X, PZ)B*(Y, PW)
+ B(X, PZ)C*(Y, PW),
g(R*(X, Y)PZ, PW) = g(R™(X, Y)PZ, PW)- C*(Y, PZ)B(X, PW)
- B*(Y, PZ)C(X,PW)+ C*(X, PZ)B(Y, PW)
+ B*(X, PZ)C(Y, PW),
g(RX,Y), N) = C(Y, ALX) - C(X, ALY) - 2dr(X, Y),
g(R*(X,Y)e, N) = C*(Y, AL X)- C*(X, AL'Y) - 2d7"(X, Y),
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where

2d4(X, Y) = Xa(Y) - Ye(X) - (X, Y)),
2dt*(X,Y) = X7"(Y) - V" (X) - * (X, Y]),

We define the curvature tensors R- and R*' with respect to D and D* of
the transversal bundle of M by
RY(X,Y)N = DxDyN - Dy DxN - D[} YV
R*:(X,Y)N = DDy N — Dy* DN — D[*)é ¥V

forall X, Y e I(TM).

Definition 5.1. If R'(vesp. R*') vanishes identically, then the

transversal connection D*(resp. D*L) is said to be flat.

Theorem 5.2. Let (M, g) be a lightlike hypersurfaces of a statistical

manifold (M, g). Then the following assertions are equivalent:

(1) The transversal connection DY on M s flat, 1i.e.,

RY = 0(resp. R** = 0).
(i) Each 1-form " is closed i.e. di* = 0 (resp. tis closed i.e. dt = 0).
Proof. For all X, Y e I'(TM), using DxN = ~AxX + D% N, we have
R(X,Y)N = DxDyN - DyDxN - Dix, y)N
R(X,Y)N = RY(X,Y)N - Dx(ANY)+ Dy(ANY) - B(X, ANY)N
+ B(Y, AEFVX)N_AZ%NX+AZ§NY+A;V[X’ Y]. (5.1)
Now using, DyN = —ANX + t*(X)N, we derive
R(X, Y)N = —-Dx(ANY) + Dy(ANY) - B(X, AyY)N — B(Y, AyX)N
—~ANXT(Y)+ ANYT (X)) + AN[X, Y] - 247" (X, Y)N. (5.2)
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From equations (5.1) and (5.2) we obtain
RY(X,Y)=2dt"(X,Y)N VX,Y e I(TM).
The required assertions follow using definition 5.1.
Similarly, the corresponding result holds for the dual connection.

Theorem 5.3. Let (M, g) be a lightlike hypersurface of a statistical

manifold (M, g). Then the linear connection D*(resp. D**) on transversal
vector bundle is at if and only if the lightlike transversal vector bundle N is

parallel and M is totally geodesic with respect to l_)(resp. D).

Proof. For D and D" on TM and tr(TM), respectively, we have

R(X,Y)N = DxDyN - D%D;%D[& y[V ~ Dx(ANY) + Dy(ANX)

~ B(X, AYY)N + B(Y, AyX)N - A* | X
DyN

+ A;)%NY + AN[X, Y]

The curvature tensor of lightlike transversal vector bundle is given by

RY(X,Y)N = DxDyN - Dy Dy N - D[J}-( yiV — B(X, ANY)N

+ B(Y, AyX)N.
Using the given hypothesis, we get the desired result.
6. Conclusion and Future Work

In this paper, the lightlike geometry of an indefinite statistical manifold
has been thoroughly studied. Various results of considerable importance
related to the geodesicity and parallelism with respect to the dual connections
in the lightlike hypersurfaces have been worked upon. This study can be
useful for geometers in developing the theory of lightlike hypersurfaces in the
corresponding odd and even dimensional manifolds and thus adding to its
significant applications in the theory of general relativity and neural

networks.
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