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Abstract 

In this paper, various properties of the killing and geodesic lightlike hypersurfaces of an 

indefinite statistical manifold have been developed. The characterizations of parallel vector 

fields and the screen distributions with respect to the dual connections in lightlike 

hypersurfaces have been obtained. The Lie-derivatives of the induced metric and second 

fundamental form have been established. Also, some formulae for the curvature tensors of the 

lightlike hypersurfaces of the indefinite statistical manifold have been developed and further 

used to prove assertions related to parallelism of lightlike transversal vector bundle and 

geodesicity of the lightlike hypersurface. 

1. Introduction 

Lightlike hypersurfaces, being models of certain horizons like killing, 

dynamical and conformal ones studied in general relativity, have gained 

considerable importance nowadays. Also, the classical theory of hypersurfaces 

is not applicable, in the usual way, to define any induced object on a lightlike 

hypersurface. So, the theory of degenerate submain folds of semi-Riemannian 

manifolds and subsequently the lightlike geometry of hypersurfaces has 

become an important area of research in differential geometry having 

applications in various branches of mathematics and physics. 
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Lightlike hypersurfaces in different spaces endowed with degenerate 

(indefinite) metric have been investigated by many geometers such as [6], [7], 

[8], [13], [17], [21], [22], and [15]. For the statistical manifolds, which have 

developed from the investigation of geometric structures on sets of certain 

probability distributions, the theory of hypersurfces was introduced by [9] 

and later developed in [10]. These manifolds have been investigated 

extensively by [19], Amari et al. [1], [2], [10], [11], [16], [20] and are currently 

being explored in the realm of degenerate metric. 

Recently, the lightlike geometry in the sphere of statistical manifolds has 

been developed by [12], [14], [5], [18]. The concept of lightlike hypersurfaces 

of statistical manifolds has been introduced by [4] et al. and various 

conditions related to dual connections and characterizations of the screen 

distribution have been derived. [3] has also introduced significant results on 

hypersurfaces of an indefinite Sasakian statistical manifold. Since the 

literature related to the lightlike hypersurfaces of an indefinite statistical 

manifold available so far is very limited, it has motivated us to continue the 

study of geometry of these hypersurfaces. 

In this paper, the characterizations of parallel vector fields and the screen 

distributions with respect to the dual connections in a lightlike hypersurface 

of an indefinite statistical manifold have been derived. Certain properties 

related to the killing and geodesic lightlike hypersurfaces and Lie-derivatives 

of the second fundamental form have been obtained. Various formulae for the 

curvature tensors of the lightlike hypersurfaces of the indefinite statistical 

manifold instrumental in developing results concerning parallel second 

fundamental form of lightlike transversal vector bundle have also been 

derived. 

2. Lightlike Hypersurface 

Let  gM ,  be an  2m  dimensional semi-Riemannian manifold of 

constant index .1q  Let  gM ,  be a lightlike hypersurface of  gM ,  with 

.| Mgg   If the induced metric g on M is degenerate, then M is called a 

lightlike or degenerate hypersurface of .M  There exists a vector field 0  

on M such that   0,  Xgx  for all  .TMX   
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The null space or radical space of  MTx  at each point Mx   is a 

subspace Rad  MTx  defined as 

Rad        0,:  XgMTMT xxx  for all  TMX   whose 

dimension is called the nullity degree of g. 

Since g is degenerate and any null vector is perpendicular to itself, 

therefore MTx  is also null and 

. MTMTMTRad xxx   

For a hypersurface M, dimension of MTx  equals 1 which implies that the 

dimension of MTRad x  is also 1 and . MTMTRad xx  Here TMRad  is 

called a radical distribution of M. 

Now consider S(TM), known as screen distribution, as a complementary 

vector bundle of  TMRad  in TM. i.e. 

 .TMSTMRadTM   (2.1) 

It follows that  TMS  is a non-degenerate distribution. Thus, we have 

    ,|


 TMSTMSTM M  

where   ,


TMS  known as screen transversal vector bundle, is the orthogonal 

complement to  TMS  in .|MTM  

Theorem 2.1 [4]. Let  gM ,  be a lightlike hypersurface of  ., gM  Then 

there exists a unique vector bundle  TMtr  known as lightlike transversal 

vector bundle of rank 1 over M, such that for any non-zero local normal section 

 of  TMRad  there exist a unique section N of  TMtr  satisfying 

  1, Ng  (2.2) 

      .0,,0, TMSWWNgNNg   
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Then the tangent bundle MT of M  is decomposed as follows: 

      .TMtrTMTMtrTMTMSMT    

Let  be the Levi-Civita connection on .M  Then, from the above theory, we 

have the Gauss and Weingarten formulae as follows: 

 YXhYY XX ,  (2.3) 

NXAN t
XNX   (2.4) 

for any  ,, TMYX   where  TMXAY NX  ,  and   t
XYXh ,,  

    ;TMtrN  is a torsion free linear connection on hM ;  is a symmetric 

bilinear form on    ;TM  and t  are the induced connections on M and 

 TMtr  respectively. 

Now, define 

        .,,,,,  NgXYXhgYXB t
X  

It follows that 

      .,,, NXNNYXBYXh t
X   

Then (2.4) and (2.5) become 

 NYXBYY XX ,  (2.5) 

 NXXAN NX   

respectively. Here, we call B and A the second fundamental form and the 

shape operator respectively of the lightlike hypersurface M. Let P be the 

projection morphism of TM on  ,TMS  then from equation (2.1), the Gauss 

and Weingarten equations for the screen distribution are 

   TMYXPYXhPYPY XX  ,,  (2.6) 

and 

   
  TMTMXXA t

XX ,  (2.7) 
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where   TMSXAPYX  ,  and       ;,, TMPYXh t
X  and t'  

are linear connections on  TMS  and TM  respectively. h  and A  are 

respectively the second fundamental form and the shape operator of  .TMS  

From equations (2.3), (2.4), (2.6) and (2.7), we have 

       0,,,,,  NYAgPWYhNgPWYAg NN  (2.8) 

       0,,,,,   NXAgPYXhgPYXAg  (2.9) 

for any     TMTMWYX ,,,  and   .TMtrN   Then, we define 

         .,,,,, NgXNPYXhgPYXC t
X    

Hence,  

      XPYXCPYXh t
X ',,,  

  PYXCPYPY XX ,  

  ,  XXAX  

where    .XX   Now from equations (2.8), (2.9) we get 

      0,,,,  NYAgPWYCPWYAg NN  

      .0,,,,   NXAgPYXBPYXAg  

We also have 

  .0,0,  
AXB  

Let P be the projection of  TMS  on M. Then for any  ,TMX   then we 

have 

  , XPXX  

where  is a 1-form given by 

   ., NXgX   

As   is a metric connection and using equation (2.6), we have 
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           YZXBZYXBZYgX  ,,,  

for all  ,,, TMZYX   where the induced connection   is a non-metric 

connection on M. 

3. Lightlike Hypersurfaces in the Context of an Indefinite Statistical 

Manifold 

Let  gM ,  be a semi-Riemannian manifold, D  be an affine connection 

on M  and g  be a semi-Riemannian metric on .M  A semi-Riemannian 

manifold  gM ,  which admits an affine connection D  such that for all 

 MTZYX ,,,   

(i)  ;, ZXXDYD YX   

(ii)        ZXgDZYgD YX ,,   hold, 

is said to be indefinite statistical manifold and is denoted by  .,, DgM  

Moreover, there exists D  which is a dual connection of D  with respect 

to ,g  satisfying 

       .,,,,, MTZYXZDYgZYDgZYgX XX    (3.1) 

If  DgM ,,  is an indefinite statistical manifold, then so is  .,, DgM  

Hence the indefinite statistical manifold is denoted by  .,,, DDgM  

Let  gM ,  be a lightlike hypersurface of a statistical manifold  ., gM  

Then Gauss and Weingarten formulae with respect to dual connections as 

given by [20], [9], [4] are as follows: 

  ,,, NDXANDYXhYDYD XNXXX
   

  ,,, NDXANDYXhYDYD XNXXX
   

for    ,,, MTNTMYX   where  TMXAXAYDYD NNXX  ,,,  

and       .,,,,, TMtrNDNDYXhYXh XX   Here DD,  are called 
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induced connections on M and 
NN AA ,  are called shape operator with 

respect to D  and D  respectively. Also, we denote by B and ,B  the second 

fundamental forms with respect to D  and .D  

Now the following holds: 

         ,,,, NDgXYDgYXB XX  

       .,,,,   NDgXYDgYXB XX  

It follows that 

       NYXBYXhNYXBYXh ,,,,,    

    .,, NXNDNXND XX    

Hence, 

   NXXANDNYXBYDYD NXXX
  ,,  (3.2) 

    .,, NXXADNYXBYDYD NXXX    (3.3) 

Using Gauss formula and the relation between dual connections, we have [3] 

     ZDYgZYDgZYXg XX
 ,,,  

           .,,,, YZXBZYXBZDYgZYDg XX    

From the above equation, we obtain that induced connections D and D  

are not dual connections and a lightlike hypersurface of a statistical manifold 

need not a statistical manifold with respect to the dual connections. Also, the 

induced connections D and D  and the second fundamental forms B and B  

are symmetric. 

Further, using Gauss and Weingarten formulae, we have 

               YZXBZYXBZYgDZYgD XX   ,,,,  

       .,, YZXBZYXB    (3.4) 
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Let P denote the projection morphism of TM on  TMS  with respect to 

the decomposition (2.1). Then we have 

   PYXhPYPYDPYXhPYPYD XXXX ,,, '   

 





t
XX

t
XX XADXAD ,  

for all  TMYX ,  and   TMRad  where XAPYPY XX 
  ,,  and 

   
  ,,TMSXA  and tt ',   are linear connections on   TMS  

and   TMRad  respectively. Here ',  hh  and ',  AA  are called screen 

second fundamental form and screen shape operator of  .TMS  We define the 

local second fundamental forms of  TMS  as 

           NPYXhgPYXCNPYXhgPYXC ,,,,,,, '   

         TMYXNgXNgX t
X

t
X   ,,,,   

Therefore, we have 

         PYXCPYXhPYXCPYXh ,,,,, '  

     XX t
X

t
X

'' ,  

     PYXCPYPYDPYXCPYPYD XXXX ,,  (3.5) 

     TMYXXXADXXAD XX  



 ,, '

 (3.6) 

where    XX   

Using above equation, the relationship between induced objects are as 

follows: 

      ,0,,0,,   NXAXAgXBXB NN  (3.7) 

       PYXAgPYXCPYXAgPYXC NN ,,,,,    

From the equations (2.2), (3.1), (3.2), (3.3) and (3.6), we have the following 

proposition. 
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Proposition 3.1. Let  gM ,  be a lightlike hypersurface of a statistical 

manifold  .,,, DDgM  Then the second fundamental forms B and B  are 

related to the shape operators XA  and XA '
  of  TMS  as follows: 

       .,,,,, ' PYXBPYXAgPYXBPYXAg  



  (3.8) 

Hence from equation (3.8), we obtain 

       .,,,,,, '' YAXBYXABYAXBYXAB 







   (3.9) 

Proposition 3.2. Let  gM ,  be a lightlike hypersurface of a statistical 

manifold  .,,, DDgM  Then the screen distribution    ,,, gTMS  has 

a statistical structure. 

Proposition 3.3 [4]. Let  gM ,  be a lightlike hypersurface of an 

indefinite statistical manifold  .,,, DDgM  Then the following are 

equivalent: 

(i) The screen distribution is parallel. 

(ii)   0, YXC  for all   ., TMSYX   

(iii)   0,  YXC  for all   ., TMSYX   

Definition 3.1 [11]. Let  gM ,  be a lightlike hypersurface of an 

indefinite statistical manifold  .,,, DDgM  Then 

(1) M is called totally tangentially umbilical with respect to D  if 

   YXkgYXB ,,   for all  ,, TMYX   where k is smooth function. 

(2) M is called totally tangentially umbilical with respect to D  if 

   YXgkYXB ,,    for all  ,, TMYX   where k  is smooth function. 

(3) M is called totally normally umbilical with respect to D  if 

kXXAN   for any  ,, TMYX   where k is smooth function. 

(4) M is called totally normally umbilical with respect to D  if 

XkXAN
  for any  ,, TMYX   where k  is smooth function. 



 VANDANA RANI and JASLEEN KAUR  

Advances and Applications in Mathematical Sciences, Volume 20, Issue 9, July 2021 

2004 

4. Killing and Geodesic Lightlike Hypersurfaces of an Indefinite 

Statistical Manifold 

Definition 4.1 [11]. Let  gM ,  be a lightlike hypersurface of a 

statistical manifold  .,,, DDgM  Then 

(1) M is called totally geodesic with respect to D  if .0B  

(2) M is called totally geodesic with respect to D  if .0B  

Definition 4.2. Let  gM ,  be a lightlike hypersurface of a statistical 

manifold  .,,, DDgM  Then 

(1) A Distribution E on M is called a Killing distribution if 

    0, ZYgLX  for any  EX   and  ., TMZY   

If   ,, TMSZY   then E is called an  -TMS killing distribution and X 

is called an  -TMS killing vector field. 

(2) A vector field W is parallel with respect to the induced connection D if 

0WDX  for any  .TMX   

Theorem 4.3. Let  gM ,  be a lightlike hypersurface of a statistical 

manifold  .,,, DDgM  If the second fundamental form B and B  vanishes 

identically on M, then TM  is a killing distribution on M. 

Proof. Let  TMZX ,  and  . TM  From equations (2.2), (3.4) 

and (3.7) we have, 

                 ZXBZXBZgDZgD XX ,,,,  

           .,,,, ZXBZXBZXBZXB    

Also, 

               ZXgZDgZDgZXgZgDZgD XXXX ,,,,,,    

   ZDgZDg XX
  ,,  

   .,, ZDgZDg XX    
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Therefore we obtain 

       .,,,, ZXBZXBZDgZDg XX
   

Now, 

           ZXgZXgZXgZXL g ,,,,,,   

           ZX DXgZDXgZDgZXDgZXg ,,,,,  

           .,,,,   ZX DXgZDgZXgDZXgL  (4.1) 

Similarly, we derive 

           .,,,,  
 ZXg DXgZDgZXgDZXL  (4.2) 

Using equation (4.1), (4.2), (3.4) and (3.7), we get 

                
 ZXg DXgZDgZXgDZXgDZXL ,,,,,2  

           XZBXZBZXBZXBDXgZDg ZX ,,,,,,    

   ZXBZXB ,2,2   

which proves the result. 

Theorem 4.4. Let  gM ,  be a lightlike hypersurface of a statistical 

manifold  ., gM  Then the Lie derivative of g with respect to   TMtrN   

is given by 

              .,, YDYDYXXYYXYXL XXNg    (4.3) 

Proof. Let  ., TMYX   Then 

     .,, NYDgNYDgYD XXX   

Now using the relation between the dual connections in a statistical manifold, 

we obtain from (3.1) 

     NDYgNYgXYD XX
 ,,  
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      XDYgNXYgYX N
 ,,,  

        XYDgXYgNXNYgYX N ,,,   

           XYDgYNXgXYgNXNYgYX N ,,,,,   

           XYDgYNXgXYNgXNYgYX N ,,,,,   

         NXDgXNgYYXgLYX YN ,,,   

            NYXgNYDgYXgLXYYX XN ,,,,    

            .,, YXYDYXgLXYYX XN    

This gives the desired result. 

Definition 4.5. The screen distribution  TMS  is said to be totally 

umbilical with respect to D (resp. D ) if on any coordinate neighbourhood   

of M, there exist smooth functions  (resp.  ) such that 

         .,,,.,, TMYXPYXgPYXCrespPYXgPYXC    (4.4) 

Definition 4.6. The screen distribution  TMS  is said to be totally 

geodesic with respect to D (resp. D ) if  

       .,0,.0, TMYXPYXCrespPYXC    (4.5) 

Theorem 4.7. Let  gM ,  be a lightlike hypersurface of a statistical 

manifold  ., gM  Then, the screen distribution  TMS  is totally geodesic with 

respect to D if and only if the vector Y is parallel with respect to the induced 

connection D. 

Proof. Let the screen distribution  TMS  be a totally geodesic with 

respect to D. Then, for any   ,, TMSYX   we have   .0, YXC  Now 

using (3.5), we have 

      0,,,  NYXCYgNYDg XX  

which implies that .0YDX  
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Conversely, if the vector field Y is parallel with respect to induced 

connection D, then   .0, NYDg X  Therefore 

    0,,  NYXCYg X  

which implies   .0, YXC  Hence the proof. 

Theorem 4.8. Let  gM ,  be a lightlike hypersurface of a statistical 

manifold  ., gM  Suppose that the vector field Y is parallel with respect to the 

induced connection D (resp. D ). If a vector field N is parallel with respect to 

connection ,D  then for any     ,, TMSYTMX   

    .0, YXLNg  

Proof. From (4.1), we have for any     ,, TMSYTMX   

        XYXYYXLNg ,,   since   0 Y  for   TMSY   and 

   .0 YDYD XX
  

Now, from the definition of statistical manifold, we have 

     .,,, XDNgXNDgXNgY YY
  

If a vector N is parallel with respect to connection ,D  then .0NDY  

Using equation (3.1), (3.3) we have 

     XDNgXNgYXNDg YY
 ,,,0  

      YDNgXYNgXNgY X
 ,,,,  

        NYXBYDNgXYNgXNgY X ,,,,,    

    ., XYXY   

Hence the required result. 

Theorem 4.9. Let  gM ,  be a lightlike hypersurface of a statistical 

manifold  gM ,  If the screen distribution  TMS  is totally geodesic with 

respect to D  ,.resp D  then for any   TMSYX ,  and   ,TMtrN   
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(i)      YXYXgLN ,,   

(ii)           XYgLXYYXgL NN ,,,   

Moreover,   ,TMtrN   is an   -TMS Killing vector field. 

Proof. Let the screen distribution  TMS  be totally geodesic with respect 

to D  ..resp D  Then for any   ,, TMSYX   we have 

     .0,.0,   YXCrespYXC  

Now using equation (3.5), we have 

        ,0,,,  NYXCYgNYDgYD XXX  

        ,0,,,   NYXCYgNYDgYD XXX  

Therefore 

              YDYDYXXYYXYXL XXNg  ,,  (4.6) 

As    ,, NXgX   it is clear that   TMSX   if and only if 

  ,0 X  so we have 

      .,, YXYXgLN   

Hence 

          .,,, XYgLXYYXgL NN   

Now, using the statistical character of the manifold and equation (4.6), we 

have 

                YDYDYXXYYXXYgLYXgL XXNN  ,,,  

          XDXDXYYXXY YY  ,  

         .0,,,2  YXYXYX  

Therefore 

           .,,, YXgLXYgLYXgL NNN   

Thus, the result and the further assertion follow from the hypothesis. 
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Theorem 4.10. Let  gM ,  be a lightlike hypersurface of a statistical 

manifold. If the local second fundamental form B is parallel with respect to D, 

then 

                 ,,,,, XBYYBXYAXBYXABYXBL  

where    YXBL ,  stands for the Lie-derivative of B with respect to . 

Proof. Let  TMYX ,  and   .TMRad  Then 

           YXBYXBYXBYXBL ,,,,,,   

           YX DXBYDXBYDBYXDBYXB ,,,,,  

      .,,,   YX DXBYDBYXBD  

Now, from equations (3.6) and (3.9), we obtain 

                 YYAXBYXXABYXBDYXBL ,,,,  

                ,,,,, XBYYBXYAXBYXABYXBD  

               YBXYAXBYXABYXBDYXBL ,,,,,    

   .,  XBY  (4.7) 

Now from the given hypothesis, we get the desired result. 

5. Some Formulae on the Curvature Tensors 

Let RR ,  and R  be the curvature tensors of the connection D  on the 

indefinite statistical manifold ,M  of the induced connections D on the 

lightlike hypersurface M and  on the screen distribution  TMS  

respectively. Let  RR ,  and 'R  be the curvature tensors of the 

corresponding dual connection D  and of the induced connections D  and 

  respectively. Using Gauss and Weingarten formulae, we have derived the 

following equations: 

         NXAYBNYAXBXADYADNYXR NNNYNX
  ,,,   
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        ,,2, NYXdYXAXYAYXA NNN
   

         NXAYBNYAXBXADYADNYXR NNNYNX ,,,    

        ,,2, NYXdYXAXYAYXA NNN   

               PZYCXPZXCDPZYCDNPZYXRg YX ,,,,,   

       NYAgPZXBPZXCY N ,,,   

   ,,, NXAgPZYB N
  

             PZYCXPZXCDPZYCDNPZYXRg YX ,,,,,    

       NYAgPZXBPZXCY N ,,,    

   ,,, NXAgPZYB N
  

where we set 

         ,,,,, PZYCPZYDCPZYXCPZYCD XXX   

         .,,,, PZYCPZYDCPZYXCPZYCD XXX
   

Also 

           PWXBPZYCPWPZYXRgPWPZYXRg ,,,,,,   

       PWYBPZXCPWXCPZYB ,,,,    

   ,,, PWYCPZXB   

           PWXBPZYCPWPZYXRgPWPZYXRg ,,,,,,    

       PWYBPZXCPWXCPZYB ,,,,    

   ,,, PWYCPZXB  

        ,,2,,,, YXdrYAXCXAYCNYXRg    

         ,,2,,,, YXdYAXCXAYCNYXRg 





   
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where 

        ,,,2 YXXYYXYXd   

        ,,,2 YXXYYXYXd    

We define the curvature tensors R  and R  with respect to D and D  of 

the transversal bundle of M by 

    ,,
,

NDNDDNDDNYXR
YXXYYX

   

    ,,
,

NDNDDNDDNYXR
YXXYYX

   

for all  ., TMYX   

Definition 5.1. If   RR  resp.  vanishes identically, then the 

transversal connection   DD resp.  is said to be flat. 

Theorem 5.2. Let  gM ,  be a lightlike hypersurfaces of a statistical 

manifold  ., gM  Then the following assertions are equivalent: 

(i) The transversal connection D  on M is flat, i.e., 

 .0 .0   RrespR  

(ii) Each 1-form   is closed i.e. 0d  (resp.  is closed i.e. 0d ). 

Proof. For all  ,, TMYX   using ,NDXAND XNX
   we have  

   NDNDDNDDNYXR YXXYYX ,,   

         NYAXBYADYADNYXRNYXR NNYNX
  ,,,  

   .,, YXAYAXANXAYB NNDNDN
XY

    (5.1) 

Now using,   ,NXXAND NX
   we derive 

         NXAYBNYAXBYADYADNYXR NNNYNX
  ,,,  

         .,2, NYXdYXAXYAYXA NNN
   (5.2) 
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From equations (5.1) and (5.2) we obtain 

     .,,2, TMYXNYXdYXR    

The required assertions follow using definition 5.1. 

Similarly, the corresponding result holds for the dual connection. 

Theorem 5.3. Let  gM ,  be a lightlike hypersurface of a statistical 

manifold  ., gM  Then the linear connection   DrespD .  on transversal 

vector bundle is at if and only if the lightlike transversal vector bundle N is 

parallel and M is totally geodesic with respect to  .. DrespD  

Proof. For D  and D  on MT  and  ,TMtr  respectively, we have 

       XADYADNDDDNDDNYXR NYNXYXXYYX
 

,
,  

    XANXAYBNYAXB
NDNN

Y


 ,,  

 ., YXAYA NND
X

    

The curvature tensor of lightlike transversal vector bundle is given by 

     NYAXBNDNDDNDDNYXR NYXXYYX
  ,,

,
 

  ., NXAYB N
  

Using the given hypothesis, we get the desired result. 

6. Conclusion and Future Work 

In this paper, the lightlike geometry of an indefinite statistical manifold 

has been thoroughly studied. Various results of considerable importance 

related to the geodesicity and parallelism with respect to the dual connections 

in the lightlike hypersurfaces have been worked upon. This study can be 

useful for geometers in developing the theory of lightlike hypersurfaces in the 

corresponding odd and even dimensional manifolds and thus adding to its 

significant applications in the theory of general relativity and neural 

networks. 
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