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Abstract 

The objective of this paper is to investigate the possible upper bound of third order Hankel 

determinant for q-starlike and q-convex functions with respect to symmetric points associated 

with exponential functions.  

1. Introduction 

Let  denote the class of functions in the open unit disc   zz :  

and .1z  The class has the following Taylor’s series expansion  

   3
2

2
2 zbzbzzf  (1) 

Let P denote the class of functions defined by  

   3
2

2
211 zczczczp  (2) 

which are univalent and analytic in  is denoted by  and maps  onto the 
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right half plane.  

Let hg,  such that ,hg   if there exist a function  analytic in , 

with   00   and   1 z  and such that     .zhzg   If the function h 

is univalent in  then if and only hg   if    00 hg   and    . hg   The 

qth Hankel determinant for 1q  and Nn   is in [20] given as:  

 

2211

1432

321

121











qnqnqnqn

qnnnn

qnnnn

qnnnn

q

kkkk

kkkk

kkkk

kkkk

nH











 

(3) 

Where .11 k  In [18] Inayath determined the rate of growth of  nHq  as 

n  for functions  zf  given in equation (1) in  with bounded boundary. 

The Hankel determinant for exponential polynomials for 2q  and 1n  

was studied by R. Ehrenborg [7]. From the relation (3) we get the Fekete-

Szego functional for 1  i.e.,   .1 2
232 kkH    

 
32

21

2 1
kk

kk
H   

 11
2
231  kkkk  

2
23 kk    (4) 

from (3) we obtain  

 
43

32

2 2
kk

kk
H   

2
342 kkk    (5) 

and 

 
54

43

2 3
kk

kk
H   
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2
453 kkk    (6) 

 12H  is called the third order Hankel determinant and is given by  

 

1 2 3

3 2 3 4

3 4 5

1

k k k

H k k k

k k k

  

     2
2353244

2
3423 kkkkkkkkkkk    (7) 

We note that  12H  is the well-known Fekete-szego functional [7, 8, 9, 10, 

11, and 12]. In recent years many authors studied the second order Hankel 

determinant  22H  and the third Hankel determinant  13H  for various 

classes of function and they can be unified by considering an univalent 

functions with a positive real part symmetric about the real axis and with 

respect to starlike functions. Mendiratta et al., [16] introduced and studied 

the class of q-starlike functions  z
qq e    defined by  

 
 

 


ze
zf

zfz z  

The upper bound of the third Hankel determinant for the function class 


q  is associated with an exponential functions which is given by Hai-Yan 

Zhang et al., [8] in 2018.  

In this paper we investigate the non-sharp upper bounds of  13H  for q- 

starlike and q-convex functions with respect to symmetric points subordinate 

to exponential function.  

The subclasses are defined as.  

Definition 1.1. The q-difference operator introduced by Jackson [3] is 

defined as  

 
   
 

.
1





 z

qz

qzfzf
zfDq   (8) 

In addition, the q-derivative at zero is    00 1fDfD qq   for .1q  
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The q-derivative at zero is defined as  0rf  if it exists. Equivalently (8) can 

be written as  

   




 

2

1 0,1

n

n
nqq zzanzfD  

where,  

 















1,

1,
1

1

qn

q
q

q
n

n

q  (9) 

Definition 1.2. A function  z
q ef    if and only if  

  

   
,

2 zq
e

zfzf

zfzD



 for all z    (10) 

Definition 1.3. A function  z
q eCf   if and only if  

  

   
,

2 2
z

qq

qq
e

zfDzfD

zfzDD



 for all z   (11) 

2. Preliminaries 

The lemmas listed below are needed to prove the desired results.  

Lemma 2.1 [10]. If p  then .,2  npn  

Lemma 2.2 [9]. If    3
3

2
211 zdzdzdzp  is such that 

  0Req z  in  then for some zx,  with 1x  we have 

 2
1

2
12 42 dxdd   for some 1, xx  

       zxdxddxdddd
22

1
22

11
2
11

3
13 1424422    (12) 

Lemma 2.3 [12]. If p  then  12,1maximum2
12  vvdd  for any 

.v  
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3. Main Results 

Theorem 3.1. If  z
q ef    then  

   

          

     qq

qqq

qq

q
kkk

3146

3326316
,

13

1
,

2

1
432 





  

       

       
.

31513

1313313
5

qq

qq
k




  

Proof. As  z
q ef    from (10) and using the principle of subordination 

we have  

  

   
 zq

e
zfzf

zfzD 


2
  (13) 

 Define  
 
 





 3

3
2

211
1

1
zdzdzd

z

z
zp  analytic in  with 

  10 p  and maps  onto the right half of the -plane. Computing  z  in 

terms of  zp  we get  

  3
2
12132

2
121

822422
z

dddd
z

dd
z

d
z





























  















 4

4
12

2
1414

168

3

22
z

dddddd
 

Substituting for  z  in the exponential series 
 ze  we get  

   
        












!4!3!2
1

432
zzz

ze z   (15) 

  2
3
12132

2
121

4842822
1 z

dddd
z

dd
z

d
e z































 















 4

4
12

2
1

2
2414

38416842
z

ddddddd
  (16) 
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Substituting for     zfDzf q,  and  ze  in (13) we get,  

 q

d
k

22
1

2   

  

















8213

1
2
12

3
dd

k
q  

 

   

     

   

     qq

q

qq

q

q

dddd
k

31448

34

3144

32

22

3
1213

4 









 

             qqqq

dd
k

31448251451

1
4
14

5 






  (17) 

Taking modulus on both side of each expression in (17) and applying 

Lemma 2.1 and Lemma 2.2 we get  

   

          

     qq

qqq

qq

q
kkk

3146

3326316
,

13

1
,

2

1
432 





  

       

       
.

31513

1313313
5

qq

qq
k




  (18) 

Theorem 3.2. If  z
q ef  

 
then 

 
.

13

12
22 


q

kk  

Proof. From theorem 3.1 and using the equation (18) we have  

 q

d
k

22
1

2   and 
  


















8213

1
2
12

3
dd

k
q

 (19) 

Consider  

  

    

    1328

1322

132 2

2
122

22








qq

qq d

q

d
kk  

Using lemma 2.3, we get  
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  13

12
22 


q

kk  (20) 

Theorem 3.3. If  z
q ef    then 432 kkk 

58956

1182048511808447 
   

Proof. From equation (18) of theorem 3.1 we have  

     

       

     

     qq

qq

qqq

qq dddd
kkk

31448

4323

423144

322 3
1121

432 







  (21) 

Now applying Lemma 2.2, we get  

 432 kkk  

 
 

   
 

           
     qqqq

xddzxdxdd qqq

3148

1
2
2

44

22
2

48

22
21 4322231144





 

               

     qq

qqqqq d

31448

43233163226 3
1




  (22) 

Denote    2,0,1,0 1  pdyx  then using triangle inequality, 

equation (22) gives  

 
 

 
 

           

     qq

qqq

q

pypp

q

pyp
kkk

3148

4322231

44

4

48

4
2222

432 








  

                

     qq

qqqqq p

31448

43233163226 2




  

Suppose 

 
 

 
 

 

           

     qq

qqq

q

pypp

q

ypp
pF

3148

4322231

44

4

48

4
1,

2222










  

                

     qq

qqqqq p

31448

43233163226 2




  
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Thus, we get  

 
 

           

     qq

qqq

q

pppyp

y

F

3148

4322231

44

4
22









 

The function  ypF ,  is non-decreasing for any value of  .1,0y  Hence 

 ypF ,  has maximum value at  

   
 

 
 

 q

p

q

ppp
pFypF

44

4

48

4
1,,Max

22 



  

           

     qq

qqq pp

3148

4322231 2




  

                

     qq

qqqqq p

31448

43233163226 3




  

 Let us define  

 
 

 
 

 

           

     qq

qqq

q

ppp

q

pp
pM

3148

4322231

44

4

48

4
:

222










  

                

     qq

qqqqq p

31448

43233163226 2




  

Then,  

 
 

           

       qqq

qqq

q

ppp
pM

423148

32223134

48

34
22








  

                

     qq

qqqqq p

31416

43233163226 2




  

 pM  vanishes at    .
17

11823
max


  pMrp  A simple yields that 

  0 pM  which implies   maxpM  at    .
17

11823
max


 pMr  

Hence we have  
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 
58956

1182048511808447
432


 rMkkk  (23)  

Hence the theorem is roved.  

Theorem 3.4. If  z
q ef    then 

      

      
.

1324

1324

2

2
2
332






qqq

qqq
kkk   

Proof. From equation (17) of theorem 3.1, we have  

   

   

     

  

     























13448

43

3144

32
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


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


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   

       
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2
2

4
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2
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q
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q
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

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

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
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       2
2

2
1

2

4
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2
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



  

According to lemma 2.2, we get  

 2
342 kkk  

   
   

 
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4
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       
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1

2
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1

2
1
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4

312416
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qqqqq xdxdd









  

                   

       2

4
1

314296

263131326316

qqq

qqqqq d




  

Denote  1,0 yx  and  2,01  pd  then by using triangle 

inequality we get,  
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Now we consider  
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 
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
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Thus we get,  
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Which gives that  ypF ,  is increasing for any value of y in  .1,0  This 

shows that  ypF ,  has maximum value at .1y   
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If  pM  vanishes at .0p  A simple computation yields that   0 pM  

which implies at   maxpM  at .0p  Hence we have  

 
       

       2

2
2
332

3124

3124
0

qqq

qqq
Mkkk




  (24) 

Theorem  3.5. If  z
q ef    then  

2812608

118389216933071381
13


H  

.275.3  

Proof. Since        .1 2
2353244

2
34233 kkkkkkkkkkkH   

 By applying triangle inequality we get  

  .1 2
2353244

2
34233 kkkkkkkkkkkH    (25)  

Now substituting the equations (20), (23) and (24) in (25) we get  

  .275.313 H  
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Now, we establish some results related to the class defined in Definition 

1.3.  

Theorem 3.6. If  z
q eCf   then  

     qq
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1313313
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Theorem 3.7. If  z
q eCf   then 

 
.

22

12
22

q

kk    

Theorem 3.8. If  z
q eCf   then  

 
.10359.0

63200832

1186984251039504
432 


 kkk  

Theorem 3.9. If  z
q eCf   then 

     
.

3133

12
342

qq

kkk



  

 Theorem 3.10. If  z
q eCf   then   .03756.013 H  

Remark 3.1. As 1q  we get the results of Ganesh K., Bharavi Sharma 

and Rajya Laxmi K.  
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