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Abstract

The objective of this paper is to investigate the possible upper bound of third order Hankel
determinant for g-starlike and g-convex functions with respect to symmetric points associated

with exponential functions.

1. Introduction

Let B denote the class of functions in the open unit disc & ={z:z e C

and | z| < 1}. The class has the following Taylor’s series expansion

f(2) = z + bpz? + byz® + ... 1)
Let P denote the class of functions defined by
P(2) =1+ ¢z + 92 + ¢z + ... 2)

which are univalent and analytic in U is denoted by S and maps U onto the
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right half plane.

Let g, h e U such that g < h, if there exist a function ® analytic in U,
with ©(0) = 0 and | ®(z)| <1 and such that g(z) = h(w(z)). If the function A
is univalent in U then if and only g < & if g(0) = A(0) and g(i) = h(U/). The

g*h Hankel determinant for ¢ >1 and n € N isin [20] given as:

kn kn—l kn+2 kn+q—1

kn+1 kn—2 kn+3 kn+q
Hq(n) = | kpig Ry—3 Ryt a o kpign
kn+q—1 kn—q kn+q+1 kn+2q—2

3

Where % = 1. In [18] Inayath determined the rate of growth of H,(n) as

n — o for functions f(z) given in equation (1) in S with bounded boundary.

The Hankel determinant for exponential polynomials for ¢ =2 and n =1

was studied by R. Ehrenborg [7]. From the relation (3) we get the Fekete-

Szego functional for pu = 1 i.e., Hy(l) = kg — k3.

Ry ko
Hy(1) =
9 k3
= | kky — k3 | [k =1]
=| k3 — K5 |
from (3) we obtain
k
o k3
Hy(2) =
3 Ry
= | koky —F3 |
and
ks Ry
Hy(3) =
ky ks
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= | kgks — k5 | ®)

Hy(1) is called the third order Hankel determinant and is given by

ky ke kg
Hy(1)=|ky kg Ky
ky Ry ks

= ky(koky — k3) = ky(ky — koks) + ks (kg — 3 ) (7

We note that Hy(1) is the well-known Fekete-szego functional [7, 8, 9, 10,

11, and 12]. In recent years many authors studied the second order Hankel
determinant Hy(2) and the third Hankel determinant Hs(1) for various

classes of function and they can be unified by considering an univalent
functions with a positive real part symmetric about the real axis and with

respect to starlike functions. Mendiratta et al., [16] introduced and studied

the class of g-starlike functions S; = Sy(e?) defined by

Zf'(Z) z
) <ef(zel)

The upper bound of the third Hankel determinant for the function class

Sq

Zhang et al., [8] in 2018.

is associated with an exponential functions which is given by Hai-Yan

In this paper we investigate the non-sharp upper bounds of Hj(1) for g-

starlike and g-convex functions with respect to symmetric points subordinate

to exponential function.
The subclasses are defined as.

Definition 1.1. The g-difference operator introduced by Jackson [3] is

defined as

f(Z) — f(z)_ f(qZ) zelU. (8)

In addition, the g-derivative at zero is D,f(0) = D,_1f(0) for |q| > 1.
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The g-derivative at zero is defined as f"(0) if it exists. Equivalently (8) can

be written as

o0

D,f(z) =1+ Z[n]qanzn_l, z#0

n=2
where,
1-qg"
#1
[n]q = 1- q ’ q
n, q =

Definition 1.2. A function f' € Sy(e®) if and only if

2[zDyf(2)] | .
m<e,forallzeu
Definition 1.3. A function f e C,(e*) if and only if

2 [quDgI‘2 f(2)]
qu(z) - qu(—Z)

<e® forall ze U

2. Preliminaries

The lemmas listed below are needed to prove the desired results.

Lemma 2.1 [10]. If p € P then | p, | <2, Vn e N.

€

(10)

(11

Lemma 2.2 [9]. If p(z)=1+diz+dez® +dsz® +... is such that

Req(z) = 0 in U then for some x, z with | x| <1 we have

2dy = d? + x(4 — d?) for some x, | x| <1

2dy = df +2dy (4 — d?)x —dy(4 —dPx? + 204 —d?) (1 —| x *)z

(12)

Lemma 2.3 [12]. If p € P then |d2—vd12 | <maximum{l,|2v-1|} for any

veC
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3. Main Results

Theorem 3.1. If [ € S;(e®) then

1
|k | < o7 | R3] <

2],

6(1 - [3],) + 6(2 - [3],) + (B8], —9)
6[4]q (1 - [3]q)

~3(1-[3],) - 3(1 - [3],) + 1
3(1 - [5]q ) (1 - [3]q)

1
mr g kel s

(3]

| k5 | <

Proof. As f € S;(ez ) from (10) and using the principle of subordination
we have

2[zD,f(2)] 20()

@ - fl2) (13)

Define p(z) = 1 i ggg = 1+dyz +doz® + dgz® + ... analytic in U with

p(0) =1 and maps U onto the right half of the ®-plane. Computing o(z) in

terms of p(z) we get

2 2
w(z):%z+(%—%Jz2 +[%—%+%}23

2 4

Substituting for w(z) in the exponential series e™?) we get

e®?) =14 o(z) + (0)(22;))2 + (m(32'))3 + (0)(42'))4 +... (15)

2 3
o) 1, %, | _di) 2 |d3_didy di| 2
e 1+22+{2 3 27+ 5 1 +48 z

(16)
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Substituting for f(z), D,(f(z)) and e®?) in (13) we get,

o dy _ hda(2-[3]) d; (4 -[3],)
=R AL -BL)  aelaLa-[BL)
1 d dy
b S ABLE G-BLE a0 Bl an

Taking modulus on both side of each expression in (17) and applying
Lemma 2.1 and Lemma 2.2 we get

1 NIAE 6(1 - [3],) + 6(2 - [3],) + ([3], - 9)
e 6[4](1 (1 - [3]q)

-3(1-[3],)-3(1-[3],) +1

|k2|—[] |k3|—[3]

ks | < (18)
s = B -8l
Theorem 3.2. If [ € Sy (e®) then | ky — k3 | < ] !
q
Proof. From theorem 3.1 and using the equation (18) we have
__4 _ 1 (dy df
kg = 2[2]q and kg = [3]q _1( 5 3 19
Consider
|,&2_%':| dy (2], - 28], -1)df|
2Bk -1 spR(El, -y |

Using lemma 2.3, we get
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| k2 - k% | = [3]q1_ 1 (20)
Theorem 3.3. If f e Sy(e®) then | kokg — Ry |
_ —1808447 + 204851118
B 58956
Proof. From equation (18) of theorem 3.1 we have
o212l ~Bly) | dGR) + (B, -4,

| koks —ky | = | 4[4],(1 - 3L, o4], * 48[4],(1 - [3],) |

Now applying Lemma 2.2, we get
| kokg —ky | =

dy(4 - d3)x?~(4-d3)(1 -] x® )z —(1-[3],)2 - (2 - [2], - [3],) (4 — d)dyx
8[4], af4], 8[4], (1-[3],)

(6(2 - [2], —[3],) - 6(1 - [3],) + 32], + (8], — )i

’ 48[4],(1 - [B3],)

(22)

Denote |x|=ye[0,1] d = p [0, 2] then using triangle inequality,

equation (22) gives

4 - p*)py® (4—192)Jr (1-[3],)2 - (2-[2], - [3],)(4 - p*)py

<!
| ok =Ry | < —grpp a[4], 8[4],(1 - 3],

, (62 [2], -~ [8l) - 6(1 - [3],) + (3[2], + ([3], - 4))p*
48[4],(1 - [3],)

Suppose

4-p2y? (a-p?) (1-[3])2-(2-[2], - [8l,)(4 - p*)py
Flp. 1) = P ) e

. (6(2 - [2], - [3],) - 6(1 - [3],) + (3[2], + ([3], - 4))p*
48[4],(1-[3],)
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Thus, we get

g _ (4 - p2)py (1 - [3]q)2 - (2 - [2]q B [3]q)(4 - pZ)p
o A4 8l4],(1 -[3],)

The function F(p, y) is non-decreasing for any value of y < [0, 1] Hence

F(p, y) has maximum value at

4 - p? 4-p?
MaxF(p, y) = F(p, 1) = o 8[4fc)1 e 4[4ﬁ :

L 1-[Bl)2-(2- (2], - [3],)(4 - p*)p
8[4]q (1 - [3]q)

, (62— [2], ~[3],) - 6(1 —[3],) + (3(2], + (3], - 4))p°
48[4](1 (1 - [S]q)

Let us define

(4-pHp , (4-pH)  -[BL2--[2 -[BL)(4-r")p

M(p) = 8[4]g 4[4]q + 8[4]q(1 - [3]q)

, (62 2], -~ [8l,) - 6(1 - [3l,) + (3[2], + ([3], - 4))p*
48(4],(1 - [3],)

Then,

4-3p (4-3p)A-[3,2-(2-2,-[38,,) p

M(p) = =g~ + 4, -BL) o4,

, (62— [2], - [3];) - 601~ [3],) + (3(2], + (3], - 4))p*
16[4],(1-[3],)

M'(p) vanishes at p = rf = [M(p)]max = w A simple yields that
" . : : * -3+ 2v118
M'(p) <0 which implies [M(p)lh.x at 7 =[M(p)yhax = +1—7

Hence we have
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—1808447 + 204851118
58956

| koks —ky | < M(r") = (23)

Hence the theorem is roved.

[4]q [2]q + ([3]q - 1)2 )
[4]q [2]q ([3]q - 1)2

Proof. From equation (17) of theorem 3.1, we have

d [ di  dido(2-13]
ORI e =

(%4
1-BL 2 8

| ady dd2-BlL)  dBL-4) &
| Alallzly 82l 4l (=18l 96[2]y[4],(1 - [8L) 41 (3], )?

Theorem 3.4. If [ € Sy(e*) then | kokg — k3| <

~— ~—

di (3], - 4)

4 2did
64(1-[3],* 1601 -[3],)

According to lemma 2.2, we get
2
| koky — k5 | =

(4-di)(L-|x e (4-df)dix’
8l4],[2], 164], 2],

A4 -di(1-[Bl )Y - (2-Bl) A -BL)LM4L)  (4-dP)P s
16[4](1 [2](1(1 - [3]q )2 16(1 - [3]q )2

~(6(1-[3],) — 6(2 ~ [3],) (1 - [3],) — (1 - [3],) - 6[2], )t
96[2], [4], (1 - [3],

Denote |x|=ye[0,1] and d; = p €[0, 2] then by using triangle

inequality we get,
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- (4_ 2) (4_ 2) 2 2
| ko = K5 | < T o]~ Tl o]

. p*(4 - p* (23], ~1) + (3], - 2) - 2[4], +[4],) L 4-p*Py’
16[4]q [2]q([3]q - 1)2 16([3]q - 1)2

, (63l -1) - 6((3], —2) - (4 - [3),) - 6[4], - 3(2], +3[4], )p*
96[2]q [4]q([3]q - 1)2

Now we consider

PP PPl )+ (Bl - 2)- 204, + (1) (4o PP
16[4]q [2]q ([3]q - 1)2 16([3]q - 1)2

(60 [3l) - 62 - [3,) - 0 -Bl) - (3], - 90 - [3,) - 6021, )"
96[2]q [4]q (1 - [3]q )2

Thus we get,

oF _ (4 - pZ)pZy p2(4 - p2)((1 B [3]q)2 - (2 B [3]q)(1 - [3]q) - [Z]q[4]q)

oy 8Ll 16[2],[4], 1 - [3], )
+ (4 — p2)2y >0
8(1-[3],)”

Which gives that F(p, y) is increasing for any value of y in [0, 1]. This

shows that F(p, y) has maximum value at y = 1.

p*(4 - p*)[1 -], - @-[8,) (1 - 8],) - [2],[4],]
16[2]q[4]q (1 - [3]q )2

Max F(p, y) = F(p,1) =

(4-p*p? (4-p")p* | (4-p%)
1604] 2L, 160 -[3), 7 44k,
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[6(1 - [3],) - 6(2 - [3],) (0 - [3],) - (3], - 4) @ - [3],) - 6[2], ]p*
96[2]q [4]q (1 - [3]q )2

+

we define

Mwyz@—p%+p%4—ﬁxa—ma?wz—mga—my—mbma
- 4dll2, 16[2], [4], (1 - [3],

4-p") (61 -[3],) - 6(2 - [3],) (1 - [3],) - ([3], - 4)(1 - [3],) - 5[2],)p"

.
16(1 - [3],) 96[2],[4],( - [3],

then

_(e2p?)  (@p(a-p?)-2p")(@-[8],) - (2-[3],) Q- [3],) - [2],[4],)
MP) = gt * 16[2], [4], (1 - [3], )2

L 24-p?)(-2p) (60-[8],)-6(2-[3],)1-[3],)- (], ~4)(1-[3],)-6[2], )4p*
16(1 - [3]q )2 96[2]q [4]q (1 - [3]q )2

If M'(p) vanishes at p = 0. A simple computation yields that M"(p) < 0
which implies at [M(p)],.x at » = 0. Hence we have

[4]q [2]q + (1 - [3]q )2

koka — k2 | < M(0) =
| 23 3 | ( ) [4]q[2]q(1_[3]q)2

(249)

— 33071381 + 3892169118
2812608

Theorem 3.5. If f e Sy(e®) then | H3(1)| <
= 3.275.

Proof. Since Hy(1) = ky(koky — k3) — ky(ky — koks) + ks(ks — B3).
By applying triangle inequality we get

| HyU)| = | by || Roky = k3 | +| By || by ok | | s || By K3 | (25)
Now substituting the equations (20), (23) and (24) in (25) we get

| Hy(1) | < 3.275.
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Now, we establish some results related to the class defined in Definition
1.3.

Theorem 3.6. If [ € Cy(e*) then

1 -1
|k2 |Sm’|k3|s—3(1_[3]q)
< 6(1 - [3],) +6(2 - [3],) + (8], - 4)

ha < WAL -[l,) ’
ks | < -3(1 - [3],)-3(1-[3],) +1

>3 -[6,) - [3],)05],
Theorem 3.7. If [ € C,(e*) then | ky — kS| < 2[§] )

q

Theorem 3.8. If [ € Cy(e*) then

— 1039504 + 698425 /(118)

63200832 = 0.10359.

| Roks — Ry | <

Theorem 3.9. If [ € Cy(e*) then | koky — K3 | < 3[3] (1_1_ B])°
q q

Theorem 3.10. If f € C,(e*) then | H3(1)| < 0.03756.

Remark 3.1. As ¢ — 1 we get the results of Ganesh K., Bharavi Sharma
and Rajya Laxmi K.
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