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Abstract 

In this paper, some properties of the bipolar valued multi fuzzy subfield of a field are 

discussed and studied its lower level subsets and related properties. 

Introduction 

The fuzzy set theory domain is a wide range and its information is 

incomplete or inaccurate such as bioinformatics. Initially, the notion of the 

fuzzy sets and its functions are introduced by Zadeh [16] in 1965. Fuzzy sets 

are a kind of useful mathematical structure to represent a collection of objects 

whose boundary is vague. Since then it has become a vigorous area of 
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research in different domains, there have been a number of generalizations of 

this fundamental concept such as intuitionistic fuzzy sets, interval-valued 

fuzzy sets, vague sets, soft sets etc. W. R. Zhang [17], Lee [6] introduced the 

notion of bipolar-valued fuzzy sets. After the introduction of fuzzy subgroups 

many researchers discussed on the expansion of bipolar-valued fuzzy sets 

notion. However, they are distinct each other [2, 4, 5]. Sabu Sebastian and T. 

V. Ramakrishnan [8] discussed multi-fuzzy sets. V. K. Shanthi and G. 

Shyamala [10] discuss about bipolar-valued fuzzy subgroups of a group. K. 

Chandrasekar Rao and V. Swaminathan [3] defined the Anti-homomorphism 

in Fuzzy Ideals. Anitha. M. S et al. [1] defined a homomorphism and 

antihomomorphism of bipolar-valued fuzzy subgroups of a group. B. Yasodara 

and K. E. Sathappan [14, 15] defined the bipolar valued multi fuzzy 

subsemirings of a semiring under homomorpisms, Sivaramakrishna das. P 

[11] studied the Fuzzy groups and level subgroups. This paper confer about 

the notion of bipolar valued multi fuzzy subfield of a field and established 

some results. 

2. Preliminaries 

Definition 2.1 [6]. A bipolar valued fuzzy set (BVFS) A in X is defined as 

an object of the form      ,,, XxxAxAxA    where  1,0:  XA  

and  .0,1:  XA  The positive membership degree  xA  denotes the 

satisfaction degree of an element x to the property corresponding to a bipolar-

valued fuzzy set A and the negative membership degree  xA  denotes the 

satisfaction degree of an element x to some implicit counter-property 

corresponding to a bipolar valued fuzzy set A. 

Example 2.2.  5.0,7.0,,7.0,8.0,,6.0,9.0,  cbaA  is a 

bipolar valued fuzzy subset of  .,, cbaX   

Definition 2.3 [10]. A bipolar valued multi fuzzy set (BVMFS) A in X of 

order n is defined as an object of the form 

             ,,,,,,,,, 2121 XxxAxAxAxAxAxAxA nn     where 

 1,0:  XAi  and   .,,3,2,1,0,1: niXAi   The positive 

membership degrees  xAi
  denote the satisfaction degree of an element x to 
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the property corresponding to a bipolar valued multi fuzzy set A and the 

negative membership degrees  xAi
  denote the satisfaction degree of an 

element x to some implicit counter-property corresponding to a bipolar-valued 

multi fuzzy set A.  

Note: In this paper, the bipolar valued multi fuzzy subfield of a field A 

means .,,,,,,,, 2121
  nn AAAAAAAAA   

Example 2.4.  ,7.0,4.0,1.0,,5.0,6.0,3.0,3.0,6.0,5.0, baA   

3.0,5.0,4.0,8.0,3.0,5.0,,6.0,3.0,7.0  c  is a bipolar-valued multi 

fuzzy subset of order 3 in  .,, cbaX   

Definition 2.5 [13]. Let F be a field. A bipolar valued multi fuzzy subset 

A of F is said to be a bipolar valued multi fuzzy subfield of F if the following 

conditions are satisfied, for all i, 

(i)       yAxAyxA iii
  ,min  for all yx,  in F. 

(ii)        yAxAyxA iii
  ,max  for all yx,  in F. 

(iii)       yAxAxyA iii
  ,min1  for all 0, yx  in F. 

(iv)       yAxAyxA iii
  ,max1   for all 0, yx  in F. 

Example 2.6. Let  2,1,03 ZF  be a field with respect to the ordinary 

addition and multiplication. Then  7.0,5.0,6.0,6.0,8.0,5.0,0 A  

6.0,4.0,5.0,5.0,7.0,4.0,2,6.0,4.0,5.0,5.0,7.0,4.0,1    is a bipolar 

valued multi fuzzy subfield of order 3 in F. 

Definition 2.7 [14]. Let  nn AAAAAAA ,,,,,,, 2121   be a bipolar 

valued multi fuzzy subset of X. Then the height      ,, 21
 AHAHAH  

       
nn AHAHAHAH ,,,,, 21   is defined as    xAAH ii

  sup  for all x 

in X and    xAAH ii
  inf  for all x in X and for all i. 

Definition 2.8 [14]. Let  nn AAAAAAA ,,,,,,, 2121   be a 

bipolar valued multi fuzzy subset of X. Then ,,, 2
0

1
00  AAA  
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
nn AAAA 0

2
0

1
00 ,,,,   is defined as        iii AHxAxA0  for all x in X 

and        iii AHxAxA0  for all x in X and for all i. 

Definition 2.9 [14]. Let  nn AAAAAAA ,,,,,,, 2121   be a bipolar 

valued multi fuzzy subset of X. Then ,,, 21   AAA  


nn AAAA ,,,, 21   is defined as        iii AHxAxA  for all x in 

X and        iii AHxAxA  for all x in X and for all i. 

Definition 2.10 [14].  nn AAAAAAA ,,,,,,, 2121   be a bipolar 

valued multi fuzzy subset of X. Then ,,, 21   AAA  


nn AAAA ,,,, 21   is defined as        iii AHxAxA 1  for all 

x in X and        iii AHxAxA 1  for all x in X and for all i. 

Definition 2.11 [14]. Let If  nn AAAAAAA ,,,,,,, 2121   and 

 nn BBBBBBB ,,,,,,, 2121   be any two bipolar valued multi fuzzy 

subsets of sets G and H, respectively. The product of A and B, denoted by 

,BA  is defined as            ,,,,,,, 2211 yxBAyxBAyxBA


  

               yxBAyxBAyxBAyxBA nnnn ,,,,,,,, 2211


   for 

all x in G and y in H} where         yBxAyxBA iiii


 ,min,  and 

        yBxAyxBA iiii


 ,max,  for all x in G and y in H and for all i. 

Definition 2.11 [14]. Let  nn AAAAAAA ,,,,,,, 2121   be a 

bipolar valued multi fuzzy subset in a set S, the strongest bipolar valued 

multi fuzzy relation on S, that is a bipolar valued multi fuzzy relation on A is 

               xyxVyxVyxVyxVyxVyxVyxV nn ,,,,,,,,,,,,,,, 2121
   and 

y in S} given by       yAxAyxV iii
  ,min,  and       yAxAyxV iii

  ,max,  

for all x and y in S and for all i. 

3. Properties 

Theorem 3.1. If A and B are any two bipolar valued multi fuzzy subfield 

of a field 1F  and 2F  respectively, then BA   is a bipolar valued multi fuzzy 

subfield of .21 FF    
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Proof. Let 1x  and 2x  be in 11 , yF  and 2y  be in .2F  Then  11, yx  and 

 22 , yx  are in .21 FF   Now        
 iiii BAyxyxBA 2211 ,,  

            ,minmin,min, 121212121 xAyyBxxAyyxx iii
   

                 2211212 ,min,,minmin,min, yBxAyBxAyByBxA iiiiiii
    

        2211 ,,,min yxBAyxBA iiii


  for all i. Therefore 

             22112211 ,,,min,, yxBAyxBAyxyxBA iiiiii


  

for all  11, yx  and  22 , yx  in 21 FF   and for all i. And 

         21212211 ,,, yyxxBAyxyxBA iiii 


 

          ,,maxmax,max 212121 xAxAyyBxxA iiii
   

               221121 max,maxmax,max yBxAyBxAyByB iiiiii
   

       2211 ,,,max yxBAyxBA iiii


  for all i. Therefore 

             22112211 ,,,max,, yxBAyxBAyxyxBA iiiiii


  

for all  11, yx  and  22 , yx  in 21 FF   and for all i. Also 

          1
21

1
21

1
2211 ,,,


 yyxxBAyxyxBA iiii   

          ,,minmin,min 21
1

21
1

21 xAxAyyBxxA iiii
   

               221121 ,min,,minmin,min yBxAyBxAyByB iiiiii
   

       2211 ,,,min yxBAyxBA iiii


  for all i. Therefore 

              2211
1

2211 ,,,min,, yxBAyxBAyxyxBA iiiiii


  

for all  11, yx  and  22 , yx  in 21 FF   and for all i. And 

          1
21

1
21

1
2211 ,,,


 yyxxBAyxyxBA iiii  

          ,,maxmax,max 21
1

21
1

21 xAxAyyBxxA iiii
   

               221121 ,max,,maxmax,max yBxAyBxAyByB iiiiii
   

       2211 ,,,max yxBAyxBA iiii


  for all i. Therefore 

              2211
1

2211 ,,,max,, yxBAyxBAyxyxBA iiiiii


  

for all  11, yx  and  22 , yx  in 21 FF   and for all i. Hence BA   is a bipolar 

valued multi fuzzy subfield of .21 FF   
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Theorem 3.2. Let A be a bipolar valued multi fuzzy subset of a sub field F 

and  nn VVVVVVV ,,,,,,, 2121   be the strongest bipolar valued 

multi fuzzy relation of F. If A is a bipolar valued multi fuzzy subfield of F, 

then V is a bipolar valued multi fuzzy subfield of .FF   

Proof. Suppose that A is a bipolar valued multi fuzzy subfield of F. Then 

for any  21, xxx   and  21, yyy   are in .FF   We have 

          ,min,,, 1122112221 yxAyxyxVyyxxVyxV iiii    

             minmin,min,,minmin 221122   yAxAyAxAyxA iiiii  

                
21212121 ,,,min,min,, yyVxxVyAyAxAxA iiiiii  

    yVxV ii
 ,min  for all i. Therefore       yVxVyxV iii

  ,min  for all 

x and y in FF   and for all i. And      2121 ,, yyxxVyxV ii    

          ,maxmax,max, 122112211 xAyxAyxAyxyxV iiii
   

               ,max,,maxmax,max, 121221 yAxAxAyAxAyA iiiiii
   

           yAxVyyVxxVyA iiiii
  ,max,,,max 21212  for all i. 

Therefore       yVxAyxV iii
  ,max    for all x and y in FF   and for 

all i. Also we have         1
22

1
11

1
2121

1 ,,,
  yxyxVyyxxVxyV iii  

               2211
1

22
1

11 ,min,,minmin,min yAxAyAxAyxAyxA iiiiii
    

               21212121 ,,,min,min,,minmin yyVxxVyAyAxAxA iiiiii
   

    yVxV ii
 ,min  for all i. Therefore       yVxVxyV iii

  ,min1  for all x 

and 0y  in FF   and for all i. And 

           ,max,,,
1

11
1

22
1

11
1

2121
1   yxAyxyxVyyxxVxyV iiii  

             maxmax,max,,maxmax 2211
1

22   yAxAyAxAyxA iiiii  

              21211121 ,,,max,max,, yyVxxVyAyAxAxA iiiiii
   

    yVxV ii
 ,max  for all i. Therefore       yVxVxyV iii

  ,max1  for 

all x and 0y  in FF   and for all i. Hence V is a bipolar valued multi fuzzy 

subfield of .FF   

Theorem 3.3. If A is a bipolar valued multi fuzzy subfield of a field F, 

then A  is a bipolar valued multi fuzzy subfield of a field F. 
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Proof. Let x and y in F. We have        
iii AHyxAyxA 1  

                 iiiiiii AHyAAHxAAHyAxA 1,1min1,min  

    yAxA ii
 ,min  which implies       yAxAyxA iii

  ,min  

for all x and y in F and for all i. And        
iii AHyxAyxA 1  

                 iiiiiii AHyAAHxAAHyAxA 1,1max1,max  

    yAxA ii
 ,max  which implies       yAxAyxA iii

  ,max  

for all x and y in F and for all i. Also        
iii AHxyAxyA 111  

                 iiiiiii AHyAAHxAAHyAxA 1,1min1,min  

    yAxA ii
 ,min  which implies       yAxAxyA iii

  ,min1  

for all x and 0y  in F and for all i. And 

       
iii AHxyAxyA 111  

                 iiiiiii AHyAAHxAAHyAxA 1,1max1,max  

    yAxA ii
 ,max  which implies       yAxAxyA iii

  ,max1  

for all x and 0y  in F and for all i. Hence A  is a bipolar valued multi 

fuzzy subfield of a field F. 

Theorem 3.4. Let A be a bipolar valued multi fuzzy subfield of a field F. 

Then  

(i)   1
iAH  if and only if    xAxA ii

   for all x in F 

(ii)   1
iAH  if and only if    xAxA ii

   for all x in F. 

(iii)   1 xAi  if and only if    xAAH ii
   for all x in F 

(iv)   1 xAi  if and only if    xAAH ii
   for all x in F. 

(v)   .AA    

Proof. It is trivial. 

Theorem 3.5. If A is a bipolar valued multi fuzzy subfield of a field F, 

then A0  is a bipolar valued multi fuzzy subfield of a field F. 
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Proof. For any x in F, we have        
iii AHyxAyxA0   

                  ,min,min,min 0 xAAHyAAHxAAHyAxA iiiiiiii
 

  yAi
0  which implies that       yAxAyxA iii

  000 ,min  for all yx,  in 

F and for all i. And        iii AHyxAyxA0   

                   iiiiiii AHyAAHxAAHyAxA ,max,max  

    yAxA ii
 00 ,max  which implies that       yAxAyxA iii

  ,max0  

for all yx,  in F and for all i. Also        iii AHxyAxyA 110  

                 iiiiiii AHyAAHxAAHyAxA ,min,min  

    .,min 00 yAxA ii
  Therefore       yAxAxyA iii

  0010 ,min  for all 

x and 0y  in F and for all i. And        iii AHxyAxyA 110  

                   iiiiiii AHyAAHxAAHyAxA ,,max,max  

    .,max 00 yAxA ii
  Therefore    10 xyAi      yAxA ii

 00 ,max  for 

all x and 0y  in F and for all i. Hence A0  is a bipolar valued multi fuzzy 

subfield of a field F. 

Theorem 3.6. If A is a bipolar valued multi fuzzy subfield of a field F, 

then A  is a bipolar valued multi fuzzy subfield of F. 

Proof. For any x in F, we have        
iii AHyxAyxA  

                  ,min,min,min xAAHyAAHxAAHyAxA iiiiiiii
   

 yAi
  which implies that       yAxAyxA iii

  ,min  for all yx,  

in F and for all i. And         ,max xAAHyxAyxA iiii
   

                 yAxAAHyAAHxAAHyA iiiiiiii
  ,max,max    

which implies that       yAxAyxA iii
  ,max  for all yx,  in F and for 

all i. Also               
iiiiii AHyAxAAHxyAxyA ,min11  

             .,min,min yAxAAHyAAHxA iiiiii
   Therefore 

      yAxAxyA iii
  ,min1  for all 0, yx  in F and for all i. And 

                 xAAHyAxAAHxyAxyA iiiiiii
  max,max11  
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          .,max, yAxAAHyAAH iiiii
   Therefore    1xyAi  

    yAxA ii
 ,max   for all x and 0y  in F and for all i. Hence A  is a 

bipolar valued multi fuzzy subfield of a field F. 

Theorem 3.7. Let A be a bipolar valued multi fuzzy subfield of a field F,  

(i) If   ,1
iAH  then .0   ii AA  

(ii)   ,1
iAH  then .0   ii AA  

(iii)   ,1
iAH  and   ,1

iAH  then .0 AA   

Proof. It is trivial. 

4.  -,  Level Subsets of Bipolar Valued Multi Fuzzy Subfields 

Definition 4.1. Let A be a bipolar valued multi fuzzy subset of X. For 

 ,,,, 21 n   in [0, 1] and   in  ,,,, 21   in  ,0,1  then the 

 -,  level subset of A is the set      ii xAXxA  
 :,  and 

  ii xA   for all i}. 

Example 4.2. Consider the set  .4,3,2,1,0X  Let   ,3.0,6.0,5.0,0A  

    ,4.0,05.0,8.0,4.0,6.0,2,6.0,5.0,3.0,8.0,5.0,4.0,1,7.0,5.0,1.0   

    7.0,6.0,5.0,5.0,4.0,2.0,4,7.0,4.0,2.0,9.0,6.0,45.0,3,5.0   be 

a bipolar valued multi fuzzy subset of X and 

.1.0,2.0,1.0,4.0,3.0,4.0 321321   Then 

    -1.0,2.0,1.0,4.0,3.0,4.0  level subset of A is 

    .3,11.0,2.0,1.0,4.0,3.0,4.0 A  

Definition 4.3. Let A be a bipolar valued multi fuzzy subset of X. For 

  in  ,,,, 21   in [0, 1], the -A level -cut of A is the set 

     ii xAXxAP   :,  for all i}. 

Example 4.4. Consider the set  .4,3,2,1,0X  Let  ,3.0,6.0,5.0,0A  

    ,4.0,05.0,8.0,4.0,6.0,2,6.0,5.0,3.0,8.0,5.0,4.0,1,7.0,5.0,1.0   

    7.0,6.0,5.0,5.0,4.0,2.0,4,7.0,4.0,2.0,9.0,6.0,45.0,3,5.0   be 
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a bipolar valued multi fuzzy subset of X and .4.0,3.0,4.0 321   Then 

-A level  -4.0,3.0,4.0 cut of A is     .3,2,14.0,3.0,4.0, 
iAP  

Definition 4.5. Let A be a bipolar valued multi fuzzy subset of X. For 

  in  ,,,, 211   in [1, 0], the -A level -cut of A is the set 

     ii xAXxAN   :,  for all i}. 

Example 4.6. Consider the set  .4,3,2,1,0X  Let   ,3.0,6.0,5.0,0A  

    ,4.0,05.0,8.0,4.0,6.0,2,6.0,5.0,3.0,8.0,5.0,4.0,1,7.0,5.0,1.0   

    7.0,6.0,5.0,5.0,4.0,2.0,4,7.0,4.0,2.0,9.0,6.0,45.0,3,5.0   be 

a bipolar valued multi fuzzy subset of X and .1.0,2.0,1.0 321   

Then -A level  -1.0,2.0,1.0  cut of A is   1.0,2.0,1.0, 
iAN  

 .4,3,1,0  

Theorem 4.7. Let A be a bipolar valued multi fuzzy subfield of a field F. 

Then for i  in [0, 1] and i  in [1, 0] such that  eAii
  and  eAii

  

for all  ,, Ai  is a  -,  level subfield of F. 

Proof. For all x and y in  ,,A  we have,   ii xA   and   ii xA   

and   ii yA   and   ii yA   for all i. Now       yAxAyxA iii
  ,min  

  ,,min iii   which implies that   ii yxA   for all i. And 

         ,,min,min1
iiiiii yAxAxyA    which implies that 

  ii xyA  1  for all i and for .0, yx  Also  yxAi   

       ,,max,max iiiii yAxA    which implies that   ii yxA   

for all i. And for x and ,0y  we have  1 xyAi  

       ,,max,max iiiii yAxA    which implies that   ii xyA  1  

for all i. Therefore 1,  xyyx  in  .,A  Hence  ,A  is a  -,  level 

subfield of F. 

Theorem 4.8. Let A be a bipolar valued multi fuzzy subfield of a field F. 

Then for ii  ,  in  ,1,0   ,0,1  ii  ,  in  ,1,0   ,eAii
  
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      iiiiiiii eAeAeA   ,,,  and ,ii   for all i, the two 

 -,  level subfields  ,A  and  ,A  of A are equal if and only if there is no 

x in F such that   iii xA    and   iii xA    for all i. 

Proof. Assume that    .,,   AA  Suppose there exists x in F such that 

  iii xA    and   iii xA    for all i. Then      ,, AA  implies x 

belongs to  ,, A  but not in  .,A  This is contradiction to    .,,   AA  

Therefore there is no x in F such that   iii xA    and   iii xA    

for all i. Conversely, if there is no x in F such that   iii xA    and 

  .iii xA    Then      ,, AA  (By the definition of  -, level 

subset). 

Theorem 4.9. Let A be a bipolar valued multi fuzzy subfields of a subfield 

F. If any two  -,  level subfields of A belongs to F, then their intersection is 

also  -,  level subfield of A in F. 

Proof. Let ii  ,  in  ,1,0  ii  ,  in  ,0,1   ,eAii
   ,eAii

  

   ,, eAeA iiii
   for all i. 

Case (i). If   iii xA    and   iii xA    for all i, then 

   .,,   AA   

Therefore      ,,,,   AAA    but  ,A  is a  -,  level subfield of A. 

Case (ii). If   iii xA    and   iii xA    for all i, then 

   .,,   AA  

Therefore      ,,,,   AAA   but  ,A  is a  -, level subfield of A. 

Case (iii). If   iii xA    and   iii xA    for all i, then 

   .,,   AA  

Therefore      ,,,,   AAA   but  ,A  is a  -, level subfield of A. 
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Case (iv). If   iii xA    and   iii xA    for all i, then 

   .,,   AA  

Therefore      ,,,,   AAA   but  ,A  is a  -,  level subfield of A. 

Case (v). If ii   and ,ii   then    .,,   AA  

The other cases are true, so, in all the cases, intersection of any two 

 -,  level subfields is a  -,  level subfield of A. 

Theorem 4.10. Let A be a bipolar valued multi fuzzy subfield of a field F. 

The intersection of a collection of  -,  level subfields of A is also a 

 -,  level subfield of A. 

Proof. It is trivial. 

Theorem 4.11. Let A be a bipolar valued multi fuzzy subfield of a field F. 

If any two  -,  level subfields of A belongs to F, then their union is also 

 -,  level subfield of A in F. 

Proof. Let ii  ,  in   ii  ,,1,0  in      ,,,0,1 eAeA iiii
   

   eAeA iiii
  ,  for all i. 

Case (i). If   iii xA    and   iii xA    for all i, then 

   .,,   AA  

Therefore      ,,,,   AAA   but  ,A  is a  -,  level subfield of A. 

Case (ii). If   iii xA    and   iii xA    for all i, then 

   .,,   AA  

Therefore      ,,,,   AAA   but  ,,A  is a  -,  level subfield of A. 

Case (iii). If   iii xA    and   iii xA    for all i, then 

   .,,   AA  

Therefore      ,,,,   AAA   but  ,A  is a  -,  level subfield of A. 
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Case (iv). If   iii xA    and   iii xA    for all i, then 

   .,,   AA  

Therefore      ,,,,   AAA   but  ,A  is a  -,  level subfield of A. 

Case (v). If ii    and ,ii   then    .,,   AA  

In other cases are true, so, in all the cases, union of any two  -,  level 

subfield is a  -,  level subfield of A. 

Theorem 4.12. Let A be a bipolar valued multi fuzzy subfield of a field F. 

The union of a collection of  -,  level subfields of A is also a  -,  level 

subfield of A. 

Proof. It is trivial. 

Theorem 4.13. The homomorphic image of a  -,  level subfield of a 

bipolar valued multi fuzzy subfield of a field F is a  -,  level subfield of a 

bipolar valued multi fuzzy subfield of a field .F   

Proof. Let  .AgU   Here  nn AAAAAAA ,,,,,,,, 2121   

is a bipolar valued multi fuzzy subfield of F, and 

 nn UUUUUUU ,,,,,,,, 2121   is a bipolar valued multi fuzzy 

subfield of .F   Let x and y in F. Then  xg  and  yg  in .F   Let  ,A  be a 

     -,,,,,,,, 2121 nn   level subfield of A. That is, 

  ii xA   and     iiii yAxA   ;  and     ,; iiii yxAyA    

      iiiiii xyAxyAyxA   11 ,,  for all i. We have to prove that 

   ,Ag  is a  -,  level subfield of U. Now      iii xAxgU    which 

implies that    ;ii xgU   and      iii yAygU    which implies that 

   ii ygU   for all i. Then           ,iiii yxAyxgUygxgU    

which implies that      ii ygxgU   for all i. And      iii xAxgU    

which implies that    ;ii xgU   and      iii yAygU    which implies 

that    ii ygU   for all i. Then        yxgUygxgU ii    
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  ,ii yxA    which implies that      ii ygxgU   for all i. And for all 

   ii xgU    and    ii ygU   for all         11
,   yxgUygxgUi ii  

  ,1
ii yxA    which implies that       ii ygxgU 

 1
 for all i. And for all 

   ii xgU   and    ii ygU   for all         11
,   xygUygxgUi ii  

  ,1
ii xyA    which implies that       ii ygxgU 

 1
 for all i. Hence 

   ,Ag  is a  -,  level subfield of a bipolar valued multi fuzzy subfield U 

of .F   

Theorem 4.14. The homomorphic pre-image of a  -,  level subfield of a 

bipolar valued multi fuzzy subfield of a field F   is a  -,  level subfield of a 

bipolar valued multi fuzzy subfield of a field F. 

Proof. Let  .AgU   Here  nn UUUUUUU  2121 ,,,,,  is a 

bipolar valued multi fuzzy subfield of ,F   and  

 nn AAAAAAA  2121 ,,,,,  is a bipolar valued multi fuzzy subfield 

of F. Let  xg  and  yg  in .F   Then x and y in F. Let    ,Ag  be a 

 -,  level subfield of U. That is    ii xgU   and 

      iiii ygUxgU   ;  and         ,; iiii ygxgUygU    

                 iiiiii ygxgUygxgUygxgU 
 11

,,  for all i. We have 

to prove that  ,A  is a  -,  level subfield of A. Now      iii xgUxA    

implies that        iiiii ygUyAxA   ;  implies that   ii yA   for 

all i. Then           ,iiii ygxgUyxgUyxA    which implies that 

  ii yxA   for all i. And      iii xgUxA    implies that 

       iiiii ygUyAxA   ;  implies that   ii yA   for all i. 

          ,iiii ygxgUyxgUyxA    which implies that 

  ii yxA   for all i. And for   ii xA   and   ii yA   for all 

           iiii ygxgUxygUxyAi 
 111,  which implies that 

  ii xyA  1  for all i. Also for all   ii xA   and   ii yA   for all 
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           ,,
111

iiii ygxgUxygUxyAi 
  which implies that 

  ii xyA  1  for all i. Hence  ,A  is a  -,  level subfield of bipolar 

valued multi fuzzy subfield A of F.  

Theorem 4.15. The anti-homomorphic image of a  -,  level subfield of 

a bipolar valued multi fuzzy subfield of a field F is a  -,  level subfield of a 

bipolar valued multi fuzzy subfield of a field .F   

Proof. Let  .AgU   Here  nn AAAAAAA  2121 ,,,,,  is a 

bipolar valued multi fuzzy subfield of F, and 

 nn UUUUUUU ,,,,,,,, 2121   is a bipolar valued multi fuzzy 

subfield of .F   Let x and y in F. Then  xg  and  yg  in .F   Let  ,A  be a 

 -,  level subfield of A. That is   ii xA   and     iiii yAxA   ;  

and   ii yA   for all i. And   ii xyA   and   ii yxA  1  and 

  ,ii xyA     ii yxA  1  for all i. We have to prove that    ,Ag  is a 

 -,  level subfield of U. Now      iii xAxgU    which implies that 

   ;ii xgU   and      iii yAygU    which implies that    ii ygU   

for all i. Also           iiii xyAxygUygxgU    which implies 

that      ii ygxgU   for all i. And      iii xAxgU    which implies 

that    ;ii xgU   and      iii yAygU    which implies that 

   ii ygU   for all i. Also           iiii xyAxygUygxgU    

which implies that      ii ygxgU   for all i. For    ii xgU   and 

   ii ygU   for all i, And           111
,   yxAyxgUygxgUi iii  

i  which implies that       ii ygxgU 
 1

 for all i. Also For    ii xgU   

and    ii ygU   for all i. And         11   yxgUygxgU ii  

  ii yxA   1  which implies that       ii ygxgU 
 1

 for all i. Hence 

   ,Ag  is a  -,  level subfield of bipolar valued multi fuzzy subfield U of 

.F   
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Theorem 4.16. The anti-homomorphic pre-image of a  -,  level 

subfield of a bipolar valued multi fuzzy subfield of a field F   is a  -,  level 

subfield of a bipolar valued multi fuzzy subfield of a field F. 

Proof. Let  .AgU   Here  nn UUUUUUU  2121 ,,,,,  is a 

bipolar valued multi fuzzy subfield of ,F   and 

 nn AAAAAAA  2121 ,,,,,  is a bipolar valued multi fuzzy subfield 

of F. Let  xg  and  yg  in .F   Then x and y in F. Let    ,Ag  be a 

 -,  level subfield of U. That is    ii xgU   and    ;ii xgU   

   ii ygU   and              ,,; iiiiii xgygUxgygUygU     

            iiii xgygUxgygU 
 11

,  for all i. We have to prove that 

 ,A  is a  -,  level subfield of A. Now      iii xgUxA    which implies 

that   ii xA   and      iii ygUyA    which implies that   ii yA   

for all i. Then           iiii xgygUyxgUyxA    which 

implies that   ii yxA   for all i. And      iii xgUxA    which 

implies that   ii xA   and      iii ygUyA    which implies that 

  ii yA   for all i. Also           iiii xgygUyxgUyxA    which 

implies that   ii yxA   for all i. For   ii xA   and   ii yA   for all 

           iiii ygxgUyxgUxyAi 
 111,  which implies that 

  ii xyA  1  for all i. And   ii xA   and   ii yA   for all 

           ,,
111

iiii xgygUxygUxyAi 
  which implies that 

  ii xyA   for all i. Hence  ,A  is a  -,  level subfield of bipolar valued 

multi fuzzy subfield A of F. 

Theorem 4.17. Let A be a bipolar valued multi fuzzy subfield of a field F. 

Then for i  in [0, 1] for all -, 
iAi level -cut   ,iAP  is a -iA level -cut 

subfield of F. 

Proof. For all x and y in  ,,
iAP  we have   ii xA   and   ii yA   for 
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all i. Now          ,,min,min iiiiii yAxAyxA    which implies that 

  ii yxA   for all i. And          ,,min,min1
iiiiii yAxAxyA    

which implies that   ii xyA  1  for all i. Therefore 1,  xyyx  in  ., 
iAP  

Hence   ,iAP  is a -iA level -cut subfield of F. 

Theorem 4.18. Let A be a bipolar valued multi fuzzy subfield of a field F. 

Then for i  in  0,1  for all -, 
iAi level -cut   ,iAN  is a -iA level -cut 

subfield of F.  

Proof. For all x and y in  ,, 
iAN  we have   ii xA   and   ii yA   

for all i. Now          ,,max,max iiiiii yAxAyxA    which implies 

that   ii yxA   for all i. And       yAxAxyA iii
  ,max1  

  ,,max iii   which implies that   ii xyA  1  for all i. Therefore 

1,  xyyx  in  ., 
iAN  Hence   ,iAN  is a -iA level -cut subfield of F. 
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