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Abstract

In this paper, some properties of the bipolar valued multi fuzzy subfield of a field are

discussed and studied its lower level subsets and related properties.

Introduction

The fuzzy set theory domain is a wide range and its information is

incomplete or inaccurate such as bioinformatics. Initially, the notion of the

fuzzy sets and its functions are introduced by Zadeh [16] in 1965. Fuzzy sets

are a kind of useful mathematical structure to represent a collection of objects

whose boundary is vague. Since then it has become a vigorous area of
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research in different domains, there have been a number of generalizations of
this fundamental concept such as intuitionistic fuzzy sets, interval-valued
fuzzy sets, vague sets, soft sets etc. W. R. Zhang [17], Lee [6] introduced the
notion of bipolar-valued fuzzy sets. After the introduction of fuzzy subgroups
many researchers discussed on the expansion of bipolar-valued fuzzy sets
notion. However, they are distinct each other [2, 4, 5]. Sabu Sebastian and T.
V. Ramakrishnan [8] discussed multi-fuzzy sets. V. K. Shanthi and G.
Shyamala [10] discuss about bipolar-valued fuzzy subgroups of a group. K.
Chandrasekar Rao and V. Swaminathan [3] defined the Anti-homomorphism
in Fuzzy Ideals. Anitha. M. S et al. [1] defined a homomorphism and
antihomomorphism of bipolar-valued fuzzy subgroups of a group. B. Yasodara
and K. E. Sathappan [14, 15] defined the bipolar valued multi fuzzy
subsemirings of a semiring under homomorpisms, Sivaramakrishna das. P
[11] studied the Fuzzy groups and level subgroups. This paper confer about
the notion of bipolar valued multi fuzzy subfield of a field and established

some results.
2. Preliminaries

Definition 2.1 [6]. A bipolar valued fuzzy set (BVFS) A in X is defined as
an object of the form A = {(x, A™(x), A™(x))/x € X}, where A" : X — [0, 1]
and A~ : X — [-1, 0]. The positive membership degree A*(x) denotes the
satisfaction degree of an element x to the property corresponding to a bipolar-
valued fuzzy set A and the negative membership degree A™(x) denotes the

satisfaction degree of an element x to some implicit counter-property

corresponding to a bipolar valued fuzzy set A.
Example 2.2. A = {(a, 0.9, -0.6), (b, 0.8, =0.7), (¢, 0.7, -0.5)} is a

bipolar valued fuzzy subset of X = {a, b, c}.

Definition 2.3 [10]. A bipolar valued multi fuzzy set (BVMFS) A in X of
order n is defined as an object of the form

A = {{x, A (x), A (x), ..., Af(x), A7 (x), Ag(x), ..., A, (x))/x € X},  where
A7 : X —>[0,1] and A7 : X ->[-1,0],i=1,2,3,...,n. The positive
membership degrees A; (x) denote the satisfaction degree of an element x to
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the property corresponding to a bipolar valued multi fuzzy set A and the
negative membership degrees A; (x) denote the satisfaction degree of an

element x to some implicit counter-property corresponding to a bipolar-valued

multi fuzzy set A.
Note: In this paper, the bipolar valued multi fuzzy subfield of a field A
means A = (A%, A7) = (A], A, ..., A, A1, Ay, ..., A)).

Example 2.4. A = {(a, 0.5, 0.6, 0.3, -0.3, 0.6, -0.5), (b, 0.1, 0.4, 0.7,
-0.7, 0.3, -0.6), (¢, 0.5, 0.3, 0.8, —0.4, —0.5, —0.3)} is a bipolar-valued multi
fuzzy subset of order 3in X = {a, b, c}.

Definition 2.5 [13]. Let F be a field. A bipolar valued multi fuzzy subset
A of F is said to be a bipolar valued multi fuzzy subfield of F if the following

conditions are satisfied, for all i,
1) A (x —y) > min {4 (x), A (y)} for all x, y in F.
(1) A; (x—y) < max {A; (x), A; (y)} forall x, y in F.
(i) A (xy™!) = min {4 (x), AF(y)} forall x, y = 0 in F.

(iv) A7 (xy ') < max {A7 (x), A7 (y)} forall x, y = 0 in F.

Example 2.6. Let F=Z5={0,1,2} be a field with respect to the ordinary
addition and multiplication. Then A = {(0, 0.5, 0.8, 0.6, —0.6, —0.5, —0.7)
(1,0.4,0.7,0.5, 0.5, 0.4, ~0.6), (2, 0.4, 0.7, 0.5, ~0.5, 0.4, ~0.6)} is a bipolar
valued multi fuzzy subfield of order 3 in F.

Definition 2.7 [14]. Let A=(A{", A5,..., A}, A], Ag, ..., A;,) be a bipolar
valued multi fuzzy subset of X. Then the height H(A)=(H(A; ), H(A3),
o H(AY), H(AT ), H(A3),..., H(A,)) is defined as H(A;")=sup A; (x) for all x
in Xand H(A;)=inf A; (x) for all x in X and for all i.

Definition 2.8 [14]. Let A =(A{, A3, ..., A}, A], A3, ..., 4;) be a

bipolar valued multi fuzzy subset of X. Then OA:<OAf, OA%, s
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04F, %47, YAz, ..., °A;) is defined as C A (x)= A (x)H(A]") for all x in X
and C A7 (x) = —A; (x)H(A;) for all x in X and for all .

Definition 2.9 [14]. Let A=(A{, A3,..., A}, A{, A, ..., A;,) be a bipolar
valued multi fuzzy subset of X. Then “A= <AA1+, AAS, ..,
AAF, BAT, PAg, ..., LAy is defined as 2 A (x) = A (x)/H(A]) for all x in
Xand A7 (x) = —A; (x)/H(4;) for all x in X and for all i.

Definition 2.10 [14]. A=(A{, A3,..., A, A7, Ay, ..., A,) be a bipolar
valued multi fuzzy subset of X. Then ©A-= <®A1+, ®A§, .
©Ar, %A, ®A;, ..., ®A4,) is defined as ® A (x) = A (x)+1- H(A]") for all
xin Xand ® A7 (x)= A7 (x)-1-H(A;) for all x in X and for all .

Definition 2.11 [14]. Let If A=(A{,A;,.., A}, A7, Ay,...,A,) and
Bz(Bf,Bér, ... By,B,B;, ..., B,)) be any two bipolar valued multi fuzzy
subsets of sets G and H, respectively. The product of A and B, denoted by
AxB, is defined as Ax B = {{(x, y), (A; x B;)"(x, y), (A3 x Bg)*(x, ), ...,
(Ap x B,)" (%, y), (Ay x By) (%, ¥), (Ag x By) " (x, y), ..., (A, x B,) (%, y)) for
all x in G and y in H} where (4;xB;)" (x,y)=min{A](x), B (y)} and
(4; x B;) (x, y) = max {A; (x), B; (y)} for all xin G and y in H and for all i.

Definition 2.11 [14]. Let A=(A{,A3,.., A}, A[, A, .., A,) be a

bipolar valued multi fuzzy subset in a set S, the strongest bipolar valued
multi fuzzy relation on S, that is a bipolar valued multi fuzzy relation on A is

V= {<(x7 y)’ ‘/ljL (x’ y)’ V2+(x’ y)’ cee Vr:r (x’ y)’ ‘/li(x’ y)’ V27(x’ y)’ ] Vr;(x’ y)>/x and
yin 8} given by V" (x, y)=min {4/ (x). A/ (y)} and V; (x, y)=max {4; (x), 4; ()}

for all x and y in S and for all i.
3. Properties

Theorem 3.1. If A and B are any two bipolar valued multi fuzzy subfield
of a field Fy and Fy respectively, then Ax B is a bipolar valued multi fuzzy

subfield of F| x Fs.
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Proof. Let x; and x3 be in Fj, y; and yy be in Fy. Then (x;, y;) and

(xg, y2) are in Fy x Fp. Now (4; x B;)'[(x1, y1) — (xg, yo)l = (4; x B;)"
[(c1 = x2), (31 = y2)] = min {A7 (x; - x2), B (31 — y2)} > min {min {47 (x;),

A/ (x2)}, min{B] (), Bf (y2)} =min {min {A;" (x;), B/ (y1 )}, min {A]" (xg), B (y2)}}

= {min {(4; x B;) (1, »1), (4; x B;)"(xg, y9)}  for all i. Therefore

(A; % B;) [y, 1) = (xg, y9)] = min {(A; x B;)" (1, 31), (4; x B;) (a2, y2)}
for all (x1,y) and (xg,y) in F; xFy and for all i. And

(4; x B;) [(xr, 31) = (g, y2)] = (4; x B;) (o) — x9, 31 — ¥2)

= max {4; (x; —x2), By (y1 — y2)} < max {max {A; (x1), Aj (x2)},

max {B; (y1), B; (y2)l} = max {max {4; (x;)B; (y)}, max {A; (x2)B; (y2)}}

_ max {(4; x B.) (1, y1) (A; x By (xg, yo)}  for all i Therefore

(A; x B;) [(x1, 31) = (xg, y2)] < max {(4; x B;)™ (a1, 31), (A; x B;)” (xg, yo)}
for all (x1,y;) and (x9,y9) in F;xFy and for all i Also

(4; x B) (1, 31) (2, ¥2) '] = (4; x B) (w1257, 3195")

= min {A] (x12,"), Bf (y155")} = min {min {47 (x1), A (x2)},

min {B; (y1), B (y2)l} = min {min {47 (x;), B (v1)}, min {47 (xz), Bf (y2)}}

= min {(4; x B;)" (xy, y1), (4; x B;) (x9, y9)} for all . Therefore

(4 x By [(x, 31) (x2, ¥2) 7] = min {(4; x B;) (x1, y1). (4; x B;) (22, y2)}
for all (x1,y) and (x9,y9) in F;xFy and for all i. And

(A; % B;) [(x1, 31) (x2, ¥2) '] = (4; x By) (125", 155")

= max {A] (x1x3"), By (y155")} < max {max {A] (x1), A7 (x2)},

max {B; (y1), B (y2)}} = max {max {A4; (v,), Bf (y1)}, max {A; (xz), B (y2)}}

= max {(4; x B;) (x1, »1), (4; x B;) (x3, y9)} for all i.  Therefore

(4; x B) [y, 1) (2, ¥2) '] < max {(4; x B;) (%1, 1), (A; x B;) (%3, ¥2)}
for all (x1, ¥;) and (xg, y9) in F} x Fy and for all i. Hence A x B is a bipolar
valued multi fuzzy subfield of F} x Fj.
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Theorem 3.2. Let A be a bipolar valued multi fuzzy subset of a sub field F
and V =(V{", Vo, ., V., Vi, Vo, ..., V) be the strongest bipolar valued

maulti fuzzy relation of F. If A is a bipolar valued multi fuzzy subfield of F,
then Vis a bipolar valued multi fuzzy subfield of F' x F.

Proof. Suppose that A is a bipolar valued multi fuzzy subfield of F. Then
for any x=(x;,x9) and y=(y,yy) are in FxF. We have

Vi (x =) = Vi (1, 22) = (2, y2)] = Vi (%1 = 31, % — y2) = min {A7 (x1 - ),
Af (g = yo )b 2 min {min{A]" (v,), A7 (y1)}, min {4 (xg), A" (y2)}} = min {min

A7 (1), A (x)b, min {47 (31), A7 (v2)l} = min {V;" (1, x2), Vi (01, y2)} =
min {V;*(x), V;"(y)} for all i. Therefore V" (x — y) > min {V;"(x), V;"(y)} for all
x and y in FxF and for all i. And V; (x—y) =V, [(x1, 29) — (31, ¥2)]
= Vi () = y1, X9 — ¥2) = max {47 (x; — y1), 47 (xg — yg)} < max {max {47 (x),
Ai (y1)}, max {A; (x2), Aj (y2)} = max {max {4; (x), Aj (x2)}, max {A; (v),
A; ()l = max {V; (a1, x2), Vi (31, y2)b = max {V; (x), A; (y)} for all i
Therefore V; (x — y) < max {A; (x), Vi (y)} for allx and yin F x F and for
all i. Also we have Vi'(wy™) = Vi'l(x1, %9) (71, 2) 7] = Vi'[(ery ' 20")
=min {A] (x17, "), Af (x5.55" )} = min {min {A] (x1), A7 (1)}, min {A] (x2), A (72)}
= min {min {A]" () ), 4] ()}, min {A4;" (1), A7 (y2)}} = min {V;" (1, 22), Vi (31, ¥2)}
—min {V;"(x), V" ()} for all i. Therefore V;*(xy)>min{V;"(x), V;"(y)} for all x
and y#0 n FxF and for all . And
V(™) = Vi (1, %2) (01, 92) 7] = Vi [(er0 " 2995") = max {A7 (97 "),

A7 (xgy5")} < max {max {A7 (x;), Af (1)}, max {A] (x3), A7 (v2)}} = max {max
{47 (x1), Aj (x2)), max {4; (y), Ai (0} = max {V; (x1, x2), Vi (31, y2)}

= max {V;(x), V; (y)} for all i. Therefore V; (xy™') < max {V; (x), Vi (y)} for

allxand y # 0 in F x F' and for all i. Hence V'is a bipolar valued multi fuzzy
subfield of F'x F.

Theorem 3.3. If A is a bipolar valued multi fuzzy subfield of a field F,
then ®A isa bipolar valued multi fuzzy subfield of a field F.
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Proof. Let x and y in F. We have ®Af (x — y) = A (x —y)+1 - H(A}) >
min {A]"(x), A7 ()} +1 - H(A]") = min {A] (x) + 1 - H(A]"), A (y) +1 - H(A)}
= min { ®A/ (x), ®A7(y)} which implies ®Af (x - y) = min { ®Af (x). ®A/ (7))
for all x and y in F and for all i. And ®A7 (x —y) = A7 (x —y) -1 - H(4]) <
max {A; (x), A; (y)} -1 - H(A;) = max {A; (x)-1-H(A;), A; (y)-1- H(A; )]
= max { ®A; (x), ®A;7(y)} which implies ® A7 (x — y) < max {® A7 (x), ®A7(y)}
for all x and y in F and for all i. Also ®A (xy™) = A (wy 1) +1- H(A]) >
min {A] (x), A7 (y)} +1 - H(A]") = min {4 (x) + 1 - H(A]"), A7 (v) +1- H(A])}
= min { ®Af (x), ®A/(y)} which implies ©A;(oy)=min {®Af (x), “A/ (v)}
for all x and y=0 in F and for all i And
® A7 (o) = A7 () 1- H(4]) <
max {A; (x), A; (v)} -1- H(A;') = max {A; (x)-1- H(4;), A; (y)-1-H(A; )}
= max {®A; (x), ®4;(y)} which implies ® A (xy ') < max {® A7 (x), A7 (y)!
for all x and y #0 in F and for all i. Hence ® A is a bipolar valued multi
fuzzy subfield of a field F.

Theorem 3.4. Let A be a bipolar valued multi fuzzy subfield of a field F.
Then

() H(A) =1 if and only if ®Af(x) = Af (x) forallxin F
(i) H(A;) = -1 if and only if ® A7 (x) = A; (x) for all x in F.
(iii) ®Af(x) = 1 if and only if H(A') = Af(x) for allx in F
(iv) ®A7(x) = -1 if and only if H(A;) = A; (x) for all x in F.
W) (F4) = %A

Proof. It is trivial.

Theorem 3.5. If A is a bipolar valued multi fuzzy subfield of a field F,
then °A isa bipolar valued multi fuzzy subfield of a field F.

Advances and Applications in Mathematical Sciences, Volume 18, Issue 11, September 2019



1364 C. YAMINI, K. ARJUNAN and B. ANANDH

Proof. For any x in F, we have YAf(x-y)= Af(x — y)H(4]) >
min {4 (x), Af ()} H(4]) = min {A] (x) H(A]), A} (y)H(A})} = min {°A] (x),
O Af(y)} which implies that ° A (x—y)>min { A’ (x), °’Af ()} for all x,y in
F and for all i And VA7 (x —y) = A7 (x — y)H(A)
< (-)max {4; (x), A7 (n)IH(A;") = max {~4; (x) H(A; ), - A; (y)H(A; )}
= max { A7 (x), A7 (y)} which implies that °A7(x—y)<max{A; (x), A7 (y)}
for all x,y in F and for all i. Also CAf(xy™!)= Af(xy 1) H(A)
> min {A] (x), A7 ()} H(A]") = min {A (x) H(A]), A7 (v)H(A])}
= min {"A (x), A/ (y)}. Therefore ® A} (xy™")>min {°A] (x), °AS (y)} for all
x and y#0 in F and for all i. And %A (xy™) = A7 (xy V) H(A)
< (ymas {47 (x), AT} H(AT) = max (A7 (x), H(AT), ~A7 (y) H(AT),
= max {°A7(x), A7 (y)}. Therefore YAf(xy™!) < max {4 (x), A7 (y)} for

all x and y # 0 in F and for all i. Hence 4 isa bipolar valued multi fuzzy
subfield of a field F.

Theorem 3.6. If A is a bipolar valued multi fuzzy subfield of a field F,
then A isa bipolar valued multi fuzzy subfield of F.

Proof. For any x in F, we have “Af(x—y)= A'(x—y)/H(A') >
min {A] (x), A7 (y)}/ H(A') = min {47 (x)/ H(A"), Af (y)/H(A)} = min {*A] (x),
A Af(y)! which implies that 2 A7 (x — y) > min {2A] (x), 2A/ (y)} for all x, y
in F and for all i. And 2A; (x —y) = —A; (x — y)/H(4;) < max {A; (x),
A7 (0} H(AD)=max {=A7 ()/ H(A] ).~ A7 (y)/H(A] )} =max {*A] (x), A7 (v)}
which implies that * A; (x—y)<max{*A; (x), *A; (y)} for all x, y in F and for
all i Also “Af (o) = A7 (w7 H(A) 2 min {A]f (x). A7 (y)}/H(A) =
min {A7 (x)/ H(AT), Af (y)/ H(A7)} = min {2Af (x), “Af (»)}- Therefore
AAF(xy)zmin {2 Af (x), 2A (y)} for all x, y #0 in F and for all i. And
AA7 () = A7 (o H(AT ) < (()max {A] (x), A7 ()} H(A]) = max (A (x)
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JH(A7), —A7 ()/H(A7 )} = max {*A7 (x), “A7 (y)}. Therefore *Af(xy™) <
max { 2A; (x), 2A;7(y)} for all x and y = 0 in F and for all i. Hence * A is a
bipolar valued multi fuzzy subfield of a field F.

Theorem 3.7. Let A be a bipolar valued multi fuzzy subfield of a field F,

() If H(A') <1, then YAF < A},

(i) H(A7) > -1, then YA7 > A;.

(i) H(A) <1, and H(A;) > -1, then °A < A.

Proof. It is trivial.

4. (», n)- Level Subsets of Bipolar Valued Multi Fuzzy Subfields

Definition 4.1. Let A be a bipolar valued multi fuzzy subset of X. For
A= (A1, Mg, ooy Ap), in [0, 1] and p=(u;,p9,...,1p ), 1; in [-1, 0], then the
(A, u)-level subset of A is the set Ay ,)={reX:A (x)>%; and
A; (x) < ; for all i}.

Example 4.2. Consider the set X ={0,1,2,3,4}. Let A ={(0,0.5,0.6,0.3,

~0.1, -0.5, —0.7), (1, 0.4, 0.5, 0.8, 0.3, —0.5, —0.6), (2, 0.6, 0.4, 0.8, —0.05, —0.4,
~0.5), (3, 0.45, 0.6, 0.9, —0.2, —0.4, —0.7), (4, 0.2, 0.4, 0.5, 0.5, —0.6, —=0.7)} be

a bipolar valued multi fuzzy subset of X and
?\,1 = 04, 7\/2 = 03, 7»3 = 04, W = —0.1, Ho = —0.2, Hg = -0.1. Then
((0.4,0.8,0.4),(-0.1,-0.2,-0.1))- level subset of A is

A((0.4,0.3,0.4,-0.1,-0.2,0.1)) = 11, 3}

Definition 4.3. Let A be a bipolar valued multi fuzzy subset of X. For
A=y, Ags ooy Ay ) A; in [0, 1], the A*-level A-cut of A is the set
P(A",)) ={x € X : A (x) > &; for all i}.

Example 4.4. Consider the set X={0,1,2,3,4}. Let A={(0,0.5,0.6,0.3,

~0.1, -0.5, -0.7), (1, 0.4, 0.5, 0.8, —0.3, —0.5, —0.6), (2, 0.6, 0.4, 0.8, —0.05, —0.4,
~0.5), (3, 0.45, 0.6, 0.9, —0.2, —0.4, —0.7), (4, 0.2, 0.4, 0.5, 0.5, —0.6, —=0.7)} be
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a bipolar valued multi fuzzy subset of X and Ay =0.4,19 =0.3,A3 =0.4. Then
A" -level (0.4,0.3,0.4)-cut of Ais P(A;, (0.4, 0.3, 0.4) = {1, 2, 3}.

Definition 4.5. Let A be a bipolar valued multi fuzzy subset of X. For
= (U1 Moy o5 Mp), By In [-1, 0], the A -level p-cut of A is the set
NA,p)={x e X: A (x) <y foralli.

Example 4.6. Consider the set X={0,1,2,3,4}. Let A={(0,0.5,0.6,0.3,
-0.1, -0.5, -0.7), (1, 0.4, 0.5, 0.8, 0.3, -0.5, —0.6), (2, 0.6, 0.4, 0.8, -0.05, —0.4,

-0.5), (3, 0.45, 0.6, 0.9, —0.2, -0.4, —0.7), (4, 0.2, 0.4, 0.5, —0.5, 0.6, —0.7)}  be
a bipolar valued multi fuzzy subset of X and p; = -0.1, py = -0.2, ug = -0.1.
Then A~ -level (=0.1, -0.2, —0.1)-cut of A is N(4;, (0.1, -0.2, -0.1))
=10, 1, 3, 4}.

Theorem 4.7. Let A be a bipolar valued multi fuzzy subfield of a field F.
Then for A; in [0, 1] and n; in [-1, 0] such that L; < A (e) and p; > A; (e)
for all i, A, ) is a (A, p)-level subfield of F.

Proof. For all x and y in A ), we have, Af(x)>2; and A; (x) <,
and Af(y) > %; and A7 (y) < ; for all i. Now A (x-y)>min{A; (x), A ()}
>min {A;,A;}=2%;, which implies that A (x—-y)>2; for all i. And
Af(xy ™) = min {Af (x), A7 (y)} = min {A;, A;} = &;, which implies that
Af(xyt)y=2a; for all i and for x,y=0. Also A (x—y)
< max {4; (x), 4; (y)} < max {y;, u;} = p;, which implies that A; (x — y) < w;
for all i And for x and y=#0, we have A (wy})
< max {A; (x), A7(y)} < max {u;, u;} = p;, which implies that A7 (xy™) <
for all i. Therefore x —y, xy ! in Aq,n)- Hence Ag ) 1s a (A, p)-level
subfield of F.

Theorem 4.8. Let A be a bipolar valued multi fuzzy subfield of a field F.
Then for A;y; in [0,1], [-1,0], n; &; in [0,1], A; < Af(e),
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v, < Af(e), w; = Aj(e), 8; = A (e), v; <A; and p; <§;, for all i, the two
(X, p)- level subfields A(X, W and A(y75) of A are equal if and only if there is no
x in F such that L; > A (x) > v; and p; < A; (x) < §; for all i.
Proof. Assume that A ) = A(y,5)- Suppose there exists x in F such that
A > Af(x)>y; and p; <A;j(x)<d; for all i. Then Ay )< Ay 5) implies x
belongs to A, 5), but not in A ). This is contradiction to Ag, ) = Ay, 5)-
Therefore there is no x in F such that A; > A (x) > y; and py; < A7 (x) < §;
for all i. Conversely, if there is no x in F such that %; > A (x) > y; and
u < A;(x) <8;. Then Agy )= A5 By the definition of (1, un)-level
subset).

Theorem 4.9. Let A be a bipolar valued multi fuzzy subfields of a subfield
F. If any two (A, p)- level subfields of A belongs to F, then their intersection is

also (A, p)- level subfield of A in F.

Proof. Let A;, y; in [0,1], p;, §; in [-1, 0], A; < Aff(e), y; < Af(e),
W = A (e), 8; = A; (e), for all i.

Case (i). If &; > Af(x)>y; and p; < A7 (x)<§; for all i, then
A S Agr.o):

Therefore Ag; )N A(y,s5) = Ap,u)> but Ag ) is a (&, p)-level subfield of A.

Case (ii). If &; < Af(x)<y; and p; > A7 (x)>§; for all i, then
Aw.s) < Ay

Therefore A )N A(y,5) = A(y,5) but Ay 5) isa (A, u)-level subfield of A.

Case (iii). If A; < Af(x)<vy; and p; < A; (x) <d; for all i, then
A < An)

Therefore A, )N A, 5)=A(,u) but A ) isa (&, p)-level subfield of A.
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Case (iv). If A; > A(x)<y; and p; > A7 (x)>§; for all i, then
An.8) S Al
Therefore A 5 Afy,u) = A,5), but Ag 5) is a (&, p)-level subfield of A.
Case (v). If &; =v; and p; =3;, then Ag ) = Ay, 5)-

The other cases are true, so, in all the cases, intersection of any two
(X, p)-level subfields is a (A, p)-level subfield of A.

Theorem 4.10. Let A be a bipolar valued multi fuzzy subfield of a field F.

The intersection of a collection of (A, p)-level subfields of A is also a

(X, p)- level subfield of A.

Proof. It is trivial.

Theorem 4.11. Let A be a bipolar valued multi fuzzy subfield of a field F.
If any two (A, n)- level subfields of A belongs to F, then their union is also

(X, w)-level subfield of A in F.

Proof. Let %;,v; in [0,1], n;, §; in [-1, 0], ; < Aj (e), y; < A (e),
W = A; (e), 8; = A; (e) for all i.

Case (i). If A; > Af(x)>y; and p; < A;(x)<§; for all i, then
A < Ao

Therefore Ag )UA(, 5)=4(,5), but A 5) isa (A, n)-level subfield of A.

Case (ii). If A; < A(x)<y; and p; > A;(x)>3; for all i, then

Ap,5) € Apn)

Therefore A, ) UA(y,s5)=A0,n)> but Ay ), is a (&, p)-level subfield of A.

Case (iii). If A; < Af(x)<y; and p; < A7 (x) <8; for all i, then
A < A5y

Therefore A(, ,)UAn 5)=A4n,5) but A 5) isa (X, p)-level subfield of A.
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Case (iv). If %; > A (x)>y; and p; > A; (x) >9; for all i, then
An.8) S Al

Therefore A 5)UAq, ) =Aq,), but Ap ) isa (A, p)-level subfield of A.
Case (v). If &; =y; and y; =§;, then Ay ) =4 5).

In other cases are true, so, in all the cases, union of any two (A, u)-level

subfield is a (A, p)-level subfield of A.

Theorem 4.12. Let A be a bipolar valued multi fuzzy subfield of a field F.
The union of a collection of (A, n)-level subfields of A is also a (A, w)- level

subfield of A.
Proof. It is trivial.

Theorem 4.13. The homomorphic image of a (A, w)- level subfield of a
bipolar valued multi fuzzy subfield of a field F is a (\, p)- level subfield of a
bipolar valued multi fuzzy subfield of a field F".

Proof. Let U = g(A). Here A = (A, A;, ..., A}, ..., A1, Ay, ..., A,)
is a  bipolar valued multi  fuzzy  subfield of F, and
U=U,Us,..U,..,U,Us,..,U,) is a bipolar valued multi fuzzy
subfield of F'. Let x and y in F. Then g(x) and g(y) in F'. Let A ) be a
A 1) = (A, Aoy ooy Ay ), (19, Koy -ovs 1y ))-level subfield of A. That is,
A2 A and AT() < g AT()> 2 and A7() < AT (- 3) > 0,
A7 (x —y) < pj, A (y™) = &, A7 (xy™h) < p; for all i. We have to prove that
8(Ap, ) is a (A, p)-level subfield of U. Now U; (g(x)) = A/ (x) = &; which
implies that U; (g(x)) > A;; and U; (g(y)) > A (y) > A; which implies that
Ui (g(y) > & for all i Then Uf(g(x)-g())=Uy (8(x-)2 A (v—3)2h,
which implies that U; (g(x) — g(y)) > A; for all i. And U; (g(x)) < A7 (x) < y;
which implies that U; (g(x)) < n;; and U; (g(y)) < A; (y) < p; which implies

that U (g(y))<u; for all i Then U;(glx)-g(y)=U;(glx-y)
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<A; (x—y)<p;, which implies that U; (g(x)— g(y)) < p; for all i. And for all

Uf (g(x)) = 2; and Uj(g(y)) = &; for all i, U (g(x)g(»)!) = U (glxy™))
> A (xy~')=2;, which implies that U; (g(x)g(y)™") = ; for all i. And for all

Ui (g)) < n; and Ui (g(y)) <y for all i, Ui (g(x)g(»)™) = Ui (gl ™))
< A7 (xy™') < p;, which implies that U; (g(x)g(y)™") < u; for all i. Hence
g(Ap, ) is a (A, p)-level subfield of a bipolar valued multi fuzzy subfield U
of F".

Theorem 4.14. The homomorphic pre-image of a (A, n)- level subfield of a

bipolar valued multi fuzzy subfield of a field F' is a (A, n)- level subfield of a
bipolar valued multi fuzzy subfield of a field F.

Proof. Let U = g(A). Here U =(Uy, Uy, ...,U,, Uy, U; ...U,) is a
bipolar valued multi fuzzy subfield of F', and
A=(A], A3, ..., A, AT, A5 ... A;)) is a bipolar valued multi fuzzy subfield
of F. Let g(x) and g(y) in F'. Then x and y in F. Let g(A( ) be a

(A, n)-level  subfield of U. That is U (g(x))>2; and
U (g() < ws U (gy) 2 2 and Uy (2(y) < s Uf (8(x) - 8(v) = &,
Ui (g(x)-g(v)) <. Uf (2(x)8(y) )2 4, Us (g(x)g(y) )<y for all i. We have
to prove that A ) is a (A, p)-level subfield of A. Now A;(x)=U; (g(x))=1;
implies that A (x) > 2;; A (y) = U (g(y)) > A; implies that A;(y)>; for
all i. Then A; (x-y)=U](g(x—y))=U; (g(x)-g(y))>%;, which implies that
Af(x—y)=2; for all i. And A;(x)=U; (g(x))<p; implies that
A (x)<p; A7 (v)=U; (g(y))<p; implies that A;(y)<p; for all i
A (x-y)=Uj (gx - y) =U; (g(x) - g(»)) <n;, which implies that
A7(x—y)<p; for all i. And for A (x)>%; and Af(y)>x; for all
i, Af (™) = Ui (gy™)) = Uf (g(x)g(») ") = %;  which implies that
Af(xy)=n,; for all i. Also for all A7 (x)<p; and A7 (y)<p; for all
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i, A7 (y™") = U (glay™) = Uy (g(x)g(y) ') < p;,  which  implies  that
A7 (xy ™) < p; for all i. Hence Ap,w is a (A, p)-level subfield of bipolar
valued multi fuzzy subfield A of F.

Theorem 4.15. The anti-homomorphic image of a (A, p)- level subfield of
a bipolar valued multi fuzzy subfield of a field F is a (A, n)- level subfield of a
bipolar valued multi fuzzy subfield of a field F".

Proof. Let U = g(A). Here A= (A, A3, ..., A, A7, Ay ... 4;) is a
bipolar valued multi fuzzy subfield of F, and
U=U,U;3,..U,..,U,Us,..,U,) is a bipolar valued multi fuzzy
subfield of F". Let x and y in F. Then g(x) and g(y) in F". Let A ,) be a
(A, p)-level subfield of A. That is A (x) > A; and A; (x) < p;; A (y) > 2,
and A7 (y)<p; for all i. And Af(y-x)>2%; and Af(yx')=x; and
A7 (y—x) < p;, A7 (yx') < p; for all i. We have to prove that g(Ap, ) isa
(A, p)-level subfield of U. Now Uj (g(x)) > A (x) > A; which implies that
Uf (g() > 2 and U (g03)) = AF (3) > 2 which implies that Uy (¢(»)) > %,
for all i. Also U; (g(x) - g(y)) = Uj (g(y — x)) = A (y — x) > &; which implies
that U (g(x) — g(y)) > A; for all i. And Uj (g(x)) < A; (x) < n; which implies
that U;(g(x)) <p;; and U; (g(y) < 4; (y) <p; which implies that
U; (8(y)) < w; for all i. Also U; (g(x) - g(y)) = U; (8(y —x)) < A; (y —x) < 1
which implies that Uj (g(x)- g(y)) < p; for all i. For U;j (g(x)) > %; and
U (g(y) 2 2 for all i, And i, Uy (g(x) €00 = UF (glox ) = 47 ()
> }; which implies that U7 (g(x)g(y)™) = 1; for all i. Also For U; (g(x)) < u;
and  Ui(e0) < for all i And  Ur(g()g() ™) = Ui (g(a™)
< A7(yx ') < p; which implies that U;(g(x)g(y)™") < p; for all i. Hence
g(Ap, ) is a (&, p)-level subfield of bipolar valued multi fuzzy subfield U of
F'.
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Theorem 4.16. The anti-homomorphic pre-image of a (X, p)-level
subfield of a bipolar valued multi fuzzy subfield of a field F' is a (A, n)- level
subfield of a bipolar valued multi fuzzy subfield of a field F.

Proof. Let U = g(A). Here U =(Uy,Us, ..., U,, Uy, U; ...U,) is a
bipolar valued multi fuzzy subfield of F', and
A= (A, A5, ..., A}, AT, Ay ... A;) is a bipolar valued multi fuzzy subfield
of F. Let g(x) and g(y) in F'. Then x and y in F. Let g(A( ) be a
(A, p)-level subfield of U. That is Uj(g(x))>2; and Uj(g(x)) < w;;
Uf(g) 22, and U (g()<n; Ui (8(y)-8(@)22, Ui (8(y)-gx)=<p;,
Ui (g(y) g(x)™) = &, U (g(y) g(x)™) < p; for all i. We have to prove that
Ap, ) is a (&, p)-level subfield of A. Now A; (x)=U; (g(x))=2; which implies
that A; (x) > &; and A (y) = U (g(y)) > &; which implies that A (y) > A;
for all i. Then A (x-y)=U(g(x-y)=U(g(y)-g(x))>%; which
implies that Af(x —y)>2; for all i. And A; (x) = U; (g(x)) < n; which
implies that A; (x) <p; and A; (y)=U; (g(y)) <n; which implies that
A; (y) < w; for all i. Also A; (x—y)=U; (8(x-y))=U; (8(y)-g(x))<p; which
implies that A; (x—y)<p; for all i. For A; (x)>2; and A (y) > A; for all
i, 47 (y™) = U (gey™) = Uf (s()g(y) ) 2 2;  which  implies  that
Af(xy )= a; for all i. And A7 (x)<p; and Aj(y)<p; for all
i, A7 (xy") = Ui (gly™") = Ui (2()8(x) ') < p;,  which  implies  that
A; (xy) <y, for all i. Hence A ) is a (A, p)-level subfield of bipolar valued
multi fuzzy subfield A of F.

Theorem 4.17. Let A be a bipolar valued multi fuzzy subfield of a field F.
Then for A; in [0, 1] for all i, A]-level L-cut P(A;, \) is a A -level h-cut
subfield of F.

Proof. For all x and y in P(A;,1), we have A (x)>2; and A (y)>2,; for
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all i. Now A (x—y)>min{A] (x), A (y)}>min {A;,%;}=%;, which implies that

E)
Af (x—y)=n; for all i. And A (xy™)=min{A; (x), A ()} =min {&;,;} =1,
which implies that A (xy)>A; for all i. Therefore x — y, xy ™! in P(A], 1).
Hence P(A;, L) isa A; -level A-cut subfield of F.

Theorem 4.18. Let A be a bipolar valued multi fuzzy subfield of a field F.
Then for y; in [-1, 0] for all i, A; - level p-cut N(A;, n) is a A; -level p-cut
subfield of F.

Proof. For all x and y in N(4;, n), we have A; (x) < p; and A; (y) < y;
for all i. Now A; (x—y)<max{A; (x), A; (y)} <max{u;,u; }=p;, which implies
that A7 (x—y)<p; for all i. And A7 (xy ™)< max {A7 (x), A (y)}
< max {u;, u;} = u;, which implies that A7 (xy)<p; for all i. Therefore
x —y, xy " in N(4;, n). Hence N(A;, p) isa A; -level p-cut subfield of F.
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