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Abstract

In this review paper, the concept of Statistical Convergence is systematically studied. The
idea of Statistical Convergence was started nearly 68 years ago. The notion Statistical
Convergence was introduced to deal with the issues of series summation. To check the behavior

of the sequence (x,) which does not converge usually, is the basic idea behind finding the

notion Statistical Convergence. So the notion Statistical Convergence is much more generalized
as compared to the Usual Convergence. In this systematic review the notion is studied in the
PN-space also.

Introduction

The notion of Statistical Convergence came into consideration in 1935 in
a monograph of Zygmund [40]. In 1951, formally it was presented by Henry
Fast [8] and Steinhaus [37] in the same year. In fact, Fast [8] got this concept
from Steinhaus [37]. It was introduced by Schoenberg [32]. This notion was
introduced to deal with the issues of series summation. To check the behavior
of a sequence (x,,) which does not converge usually is the basic idea behind

the finding of the notion statistical convergence. So in comparison to usual
convergence, the idea of statistical convergence is more general.

In a book namely Trigonometric Series [40], Statistical Convergence of
Fourier Series was proved for the first time by Antony Zygmund [40], which
was the first edition in 1935. In that book, the term Almost Convergence was
used rather than Statistical Convergence.
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After the papers of Fridy [9] and Salat [27], this concept became an active
area of research. Various extensions, generalizations, variants and

applications of the notionhas been given by several authors in this field.

Further, important generalization of the notion such as Lacunary
Statistical Convergence was given by Fridy and Orhan [10]. Using (V, A)-

summability Mursaleen [21] presented the generalization of Statistical

Convergence as A-Statistical Convergence. The concept of 7-Convergence

was presented by Kostyorko, Salat and Wilcznski [17]. Colak [4] has given the

impression of Statistical Convergence of order a.

Further, the notion of Statistical Convergence for Double Sequences came
into consideration after the work of Bromwich [3]. Double sequences also
were of keen interest of many researchers like Hardy [11], Tripathy [38],
Mursaleen and Edely [6], Mursaleen and Mohiuddine [22, 23], Kostyrko [17,

18] et al., Sava’s and Patterson [28] in the area of Statistical Convergence.

The notion was also studied in different spaces. The generalized metric
space named as Statistical Metric Space was presented by Menger [20]. Now
days, it is known as Probabilistic Metric Space and become an active area of
research. It has so many applications in functional analysis. These types of
sequences have motivated Karakus [13, 14] to define a new concept

Statistical Convergence For Double Sequence in Probabilistic Normed Space.

In the present study we would systematically review all the data about
the notion Statistical Convergence. All the extensions, generalizations,
variants and applications of the notion Statistical Convergence and in the set

up of Probabilistic Normed Space would be presented in this review.

Now lets recall the concept of Natural/Asymptotic Density and Statistical

Convergence:
1.1. Natural Density

The probability to measure “how large is a set?” is termed as the Natural
Density (Asymptotic Density). Suppose A is the subset of N. Then Natural
Density of set A is described as:

3(A) = %Ha € A:a <nj|, when n — oo,
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where | *| denotes cardinality of thin closed set.

Remark. If §(A) =0, then A is known as thin subset of N and if
8(A) # 0 then it is called a non-thin subset of N.

1.2. Statistical Convergence

The notion Statistical Convergence is mainly established using the

concept of natural density for the subsets of natural numbers.

Definition 1.2.1. A sequence x =(xg) is known as Statistical

Convergent to a number L if for each ¢ > 0,
dlg <n:|lxg-L|=¢gf)=0.

Hence, we can write it as S — lim x, = L or x;, — L(S) as g — .
g—>©

The L is known as Statistical Limit for the sequence (xg) and S

represents the collection of those sequences which are statistically
convergent.

1.3. Probabilistic Normed Space PN-space

Firstly, Karl Menger [20] presented probabilistic metric space as the
generalization of a metric space in the category of statistical metric space.
The technique of the PN-Space helps in those circumstances where we are not
able to find exact distance between two different points. He proposed the
probabilistic concept for the distance between the points p, g by the

distribution function Fp,(x) in place of the number d(p, q) In 1962,
Serstnev [36] also proposed PN-space as an important family of PN-Space

Some basic definitions related to probabilistic normed spaces are given as
below:

If Rj ={x e R:x >0}, then the distribution function and triangular

norm are defined as follow:

Definition 1.3.1. A distribution function f : R — R{ is a non-decreasing

and left continuous with inf;_p f(£) =0 and sup;.p f(t) =1. Also, D*

denotes all the collection of all distribution functions on R.
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For example of a unit step function G(x) treated as distribution function:

0 ifx <0
1 ifx > 0.

G(x) = {
Definition 1.3.2. A ¢norm is the continuous mapping
0:[0,1]x[0, 1] - [0, 1]. For each x, y, z and d € [0, 1], we have
() x 0 0=ux;
(b) x0y = y0x;
() z0d>x0yifz>ux,d >y
d (x0y)0z=x0(y02)

With the help of above definitions the probabilistic normed space is
defined as follows.

Definition 1.3.3. The triplet (X, F, *) is said to be probabilistic normed

space if X is a vector space and F is a map from X into D* (for x € X, the
distribution function F(x) is represented by F,, F,(t) is the value of F, at

t € R) and # is the #-norm holds the next mentioned properties;
(i) F,(0) = 0.

() Fy(t)=1forallt >0 < x =0.
(ii) Fy,(t) = Fy (|(t1_|j for every a € R - {0}.

(iv) Fyyy(S+1) 2 Fy(S)* F(¢t) forall x, y € X and s,t € R.

Karakus [13] defined Statistical Convergence as well as Statistical
Cauchy in PN-space and gave some important characterization for
statistically convergent sequences, which are given below:

Definition 1.3.4. Let (X, F, *) be a A PN-space sequence x = (x,) 1is

called convergent to L € X w.r.t. probabilistic norm F if for any ¢ > 0 and

A € (0, 1), there is an integer kg > 0 with F, _7(¢) >1 -2 forall n > k.
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Symbolically, F —lim, _,, x,, = L or x, —F Lasnow

2. Literature Survey

In 2008, Sencimen and Pehlivan investigated statistical continuity in PIN-
space in their paper Statistical continuity in PN-space. The authors also

examined the statistical continuity properties of probabilistic norm [33].

In 2009, Rahmat and Harikrishan studied the notions I-convergence of
sequences, I-convergence of sequences of functions and I-Cauchy sequences in
PN-space and proved some important results in their paper On I-convergence
in the Topology Induced by Probabilistic Norms [26].

In 2009, Lafuerza-Guillen and Rafi the notion of Statistical Convergence
and Cauchy’s sequence in PN-space which is endowed in strong topology in

their paper Statistical Convergence in Strong Topology of PN-space [19].

In 2009, Sencimen and Pehlivan studied the notion of Statistically D-
bounded sequences in the setup of PN-space which is endowed in strong

topology in their paper Statistically D-bounded sequences in PN-space [35].

In 2010, Mursaleen and Mohiuddine studied and extended the notion of I-

convergence, I{*}- convergence, I-limit points and I-cluster pointsfor double

sequences in PN-space [23].

In 2011, Esi and Ozdemir generalized the results given by Karakus and
Alotaibi in their paper Generalized Delta (m)-Statistical Convergence in. In
their study the authors defined the concepts of S-Delta m (lambda) —
statistical Convergence and S-Delta m (lambda)-statistically Cauchy in PN-

space in [2].

In 2011, Mursaleen and Lohani studied statistical bounded sequences in
the setup of PN-space in their paper Statistical limit superior and limit
inferior in PN-space [24].

In 2012, Esi studied and explained the important properties of the notion
asymptotically double lacunary statistical convergent sequences in PN-space
in their paper On Asymptotically Double Lacunary Statistical Equivalent
Sequences in PN-space [7].
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In 2012, Mursaleen and Mohiuddine in the setup of PN-space studied the

notion of I-convergence, I{*}- convergence, I-limit points and I-cluster points

in their paper on ideal convergence in PN-space. The authors also defined
relationship between I-convergence and I{*}- convergence. The authors

proved that I{*}- convergence implies the I-convergence in PN-space but
converse 1s not true. [25].

In 2012, Sava and Esi studied the notion of statistical convergence of

triple sequences in PN-space [29].

In 2012, Savas and Mohiuddine studied am important generalization of
statistical convergence in his paper “lambda-Statistically Convergent Double

Sequences in Probabilistic Normed Spaces” [30].

In 2015, Savas and Gurdal introduced a new type of summability notion,
I-statistical convergence and I-lacunary statistical convergence for double
sequences in PN-space in their paper I-Statistical Convergence In PN-space
[34].

In 2016, Hazarika has given lacunary I-convergence of double Sequences
in PN-space in their paper Lacunary ideal convergence of multiple sequences
in PN-space [31].

In 2016, Sencien and Pehlivan studied the notion statistical cluster point
of a sequence. In their paper the authors investigated some properties of the
set of all strong statistical cluster points of a sequence in PN-space in their

paper Strong Gamma-Statistical Convergence in PN-space [35].

In 2016, Tripathy and Goswami studied multiple sequences and its
statistical convergence in their paper Statistically Convergent Multiple

Sequences in PN-space [39].

In 2017, Aldhaifallah, Nisar, Srivastava et al. defined a new notion
Statistical Lambda-Convergence which is an important generalization in
their paper Statistical Lambda-Convergence in Probabilistic Normed Spaces

[1].

In 2017, Kilicman, Borgohain studied the relationship of lacunary
(lambda)-statistical convergence along with lacunary (lambda)-summable
sequences in their paper some new lacunary statistical convergence with
ideals [16]. The authors also studied the notion (lambda)-lacunary statistical
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convergence in PN-space and discussed some topological properties.

In 2018, Khan, Altaf, Khan motivated by the work of Kizmaz proposed
his paper. A New Type of Ideal Convergence of Difference Sequence in
Probabilistic Normed Space [15].

Conclusion

In this review paper, the notion of Statistical Convergence and Statistical
Convergence in PN-space is systematically reviewed. All the important
papers are considered and analysed till date. Although this notion is being an
active area of research but still there are some gaps in the research in this

direction which can be easier to find with the help of this review.

References

[1] M. Aldhaifallah, K. S. Nisar, H. M. Srivastava and M. Mursaleen, Statistical-
Convergence in Probabilistic Normed Spaces, J. Func. Spaces, 2017.

[2] E. S. I. Ayhan and M. Kemal Ozdemir, Generalized Am-Statistical convergence in
probabilistic normed space, J. Comput. Anal. Appl. (2011), 923.

[8] T. dJ. I. A. Romwich, An introduction to the theory of infinite series Macmillan and
Co. Ltd., New York. (1965).

[4] R. Colak and C. A. Bektasg, A-statistical convergence of order o. Acta Math. Sci., 31(3)
(2011), 953-959.

[6] P. Das, P. Kostyrko, W. Wilczyniski and P. Malik, I and I*-convergence of double
sequences, Math. Slovaca 58(5) (2008), 605-620.

[6] O. H. Edely, Statistical convergence of double sequences, J. Math. Anal. Appl. 288(1)
(2003), 223-231.

[71 A. Esi, On Asymptotically Double Lacunary Statistical Equivalent Sequences in
Probabilistic Normed Space, An. Sti. U. Ovid. Co-Mat. 20(1) (2012), 89-100.

[8] H. Fast, Sur la convergence statistique, Colloq. Math. 2(4) (1951), 241-244.
[9] d. A. Fridy, On statistical convergence, Analysis 5(4) (1985), 301-314.

[10] J. A. Fridy and C. Orhan, Lacunary statistical convergence, Pacific Journal of
Mathematics 160(1) (1993), 43-51.

[11] G. H. Hardy, On the convergence of certain multiple series, Proc. Lond. Math. Soc. 2(1)
(1904), 124-128.

[12] B. Hazarika, Lacunary ideal convergence of multiple sequences in probabilistic normed
spaces, Appl. Math.Comput. 279 (2016), 139-153.

Advances and Applications in Mathematical Sciences, Volume 19, Issue 6, April 2020



586

(13]

(14]

(15]

[16]

(17]
(18]

(19]

(20]
(21]
(22]

(23]

(24]

(25]

(26]

(27)

(28]

(29]

(30]

(31]

(32]

(33]

GURSIMRAN KAUR and MEENAKSHI
S. Karakus, Statistical convergence on probabilistic normed spaces, Math.
Commun. 12(1) (2007), 11-23.

S. Karakus and K. Demirci, Statistical convergence of double sequences on probabilistic
normed spaces, Int. J. Math. Math. Sci. 2007, 14737-1.

V. A. Khan, M. F. Khan, H. Altaf and S. A. Abdullah, On Zweier ideal convergence of
double sequences in probabilistic normed spaces, Transylvanian Review, 1(1).

A. Kilicman and S. Borgohain, Some new lacunary statistical convergence with ideals, J.
Inequal. Appl. (1) (2017), 15.

P. Kostyrko, T. Salat and W. Wilczynski, Real Anal. Exchange 26(669) (2000), 2001.

P. Kostyrko, M. M4c¢aj, T. Salat and M. Sleziak, $\Cal I $-convergence and extremal
$\Cal I $-limit points, Math. Slovaca 55(4) (2005), 443-464.

B. Lafuerza Guillén and R. S. Rahmat, Statistical convergence in strong topology of
probabilistic normed spaces. (2008).

K. Menger, Statistical metrics, Proc. Nat. Acad. Sci. U.S.A. 28(12) (1942), 535.
M. Mursaleen, A-statistical convergence, Math. Slovaca 50(1) (2000), 111-115.

M. Mursaleen and S. A. Mohiuddine, Statistical convergence of double sequences in
intuitionistic fuzzy normed spaces, Chaos, Solitons & Fractals 41(5) (2009), 2414-2421.

M. Mursaleen and S. A. Mohiuddine, On ideal convergence of double sequences in
probabilistic normed spaces, Math. Rep. 12(62) (2010), 359-371.

M. Mursaleen and Q. D. Lohani, Statistical limit superior and limit inferior in
probabilistic normed spaces, Filomat 25(3) (2011), 55-67.

M. Mursaleen and S. Mohiuddine, On ideal convergence in probabilistic normed
spaces, Math. Slovaca 62(1) (2012), 49-62.

M. R. S. Rahmat and H. Kanthen, On $\mathcal {I} $-convergence in the Topology
Induced by Probabilistic Norms, Eur. J. Pure Appl. Math. 2(2) (2009), 195-212.

T. Saldt, On statistically convergent sequences of real numbers, Math. Slovaca 30(2)
(1980), 139-150.

E. Savas and R. F. Patterson, Lacunary statistical convergence of multiple
sequences, Appl. Math. Lett. 19(6) (2006), 527-534.

E. Savas and A. Esi, Statistical convergence of triple sequences on probabilistic normed
space, An. Univ. Craiova Ser. Mat. Inform. 39(2) (2012), 226-236.

E. Savas and S. Mohiuddine, $\bar\lambda $-statistically convergent double sequences
in probabilistic normed spaces, Math. Slovaca 62(1) (2012), 99-108.

E. Savas and M. Girdal, I-statistical convergence in probabilistic normed spaces, Sci.
Bull. Politeh. Univ. Buchar., Ser. A, Appl. Math. Phys. 77(4) (2015), 195-204.

I. J. Schoenberg, The integrability of certain functions and related summability
methods, Amer. Math. Monthly 66(5) (1959), 361-775.

C. Sen¢imen and S. Pehlivan, Statistical continuity in probabilistic normed spaces, Appl.

Advances and Applications in Mathematical Sciences, Volume 19, Issue 6, April 2020



(34]

(35]

(36]

(37)

(38]

(39]

[40]

SYSTEMATIC REVIEW ON GENERALIZED CONVERGENCE ... 587

Anal. 87(3) (2008), 377-384.

C. Sencimen and S. Pehlivan, Statistically D-bounded sequences in probabilistic normed
spaces, Appl. Anal. 8(8) (2009), 1133-1142.

C. Sencimen and S. Pehlivan, Strong I'-Statistical Convergence in Probabilistic Normed
Spaces, Acta Math. Vietnam. 41(4) (2016), 595-606.

A. N. Serstnev, Random normed space: Questions of completeness, Kazan Gos. Univ.
Fluchen. Zap. 122(4) (1962), 3-20.

H. Steinhaus, Sur la convergence or dinaireet la convergence asymptotique, Colloqg.
Math. 2(1) (1951), 73-74.

B. C. Tripathy, Statistically convergent double sequences, Tamkang J. Math. 34(3)
(2003), 231-237.

B. C. Tripathy and R. Goswami, Statistically convergent multiple sequences in
probabilistic normed spaces, Politehn. Univ. Bucharest Sci. Bull. Ser. A Appl. Math.
Phys. 78(4) (2016), 83-94.

A. Zygmund, Trigonometric Series, Cambridge, Press, Cambridge, (1959).

Advances and Applications in Mathematical Sciences, Volume 19, Issue 6, April 2020



