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Abstract 

Given a graph G with vertex set and edge set, a function defined from vertex set and edge 

set to k,,2,1   is called an edge irregular total k-labeling if for every pair of distinct edges, the 

weight of the edges are all distinct. The minimum k for which G has an edge irregular total k-

labeling is called the total edge irregularity strength of G. The total edge irregularity strength of 

G is denoted by  .Gtes  In our present study we have considered some graphs of the family of 

convex polytopes and have obtained its total edge irregularity strength. 

1. Introduction 

Graph theory has always been an interesting area of research. One of the 

key branches in it is graph labeling. Most graph labeling techniques trace 

their origin to one introduced by Rosa [8]. Rosa identified three types of 

labelings, which he called -labeling, -labeling and -labeling [8]. The -

labeling were later renamed as graceful by Golomb and since then graceful 

labeling has been well studied [8]. 

Labeled graphs have broad range of applications such as coding theory, 

communication network, addressing, database management, secret sharing 

schemes, models for constraint programming over finite domains and 

network passwords [8]. 



   S. TERESA AROCKIAMARY and J. MARIA ANGELIN VISITHRA 

Advances and Applications in Mathematical Sciences, Volume 21, Issue 10, August 2022 

5842 

Baca, Jendrol, Miller and Ryan [9] introduced the total edge irregularity 

strength of a graph. Total edge irregularity strength has been well studied for 

honeycomb mesh networks [6], hexagonal networks [7], butterfly networks [2, 

4], benes networks [2], series compositions of uniform theta graphs [3] and 

generalized uniform theta graph [5]. Umer et al. [12] applied the technique of 

3-total edge product cordial labeling on some classes of convex polytopes. 

Syed Ahtshma Ul Haq Bokhary et al. [11] proved the total irregularity 

strength of convex polytope graphs .,, nnn UTS  

Definition 1.1 [8]. Given a graph  EVG ,  a labeling 

 kEV ,,2,1:    is called an edge irregular total k-labeling if for 

every pair of distinct edges uv  and ,xy  the weights        xvuvu   

   .yxy   The minimum k for which G has an edge irregular total k-

labeling is called the total edge irregularity strength of G. The total edge 

irregularity strength of G is denoted by  .Gtes  

We now begin with some known results on  Gtes  and basic definitions. 

Theorem 1.1 [9]. Let G be a graph with m edges. Then  Gtes  

  .32 m  

Theorem 1.2 [9]. Let G be a graph with maximum degree ∆. Then 

    .32Gtes  

In our study, we have considered some families of convex polytopes. Our 

results on edge irregular total k-labeling applied to these graphs of convex 

polytopes are presented in this paper. Further we have proved that the bound 

on tes is sharp as given in Theorem 1.1. In our paper we call the weight of the 

edges as edge sums. 

Definition 1.2 [1]. For ,5m  convex polytope mD  consists of m2  5-

sided faces and a pair of m-sided faces. For our convenience we call the cycle 

induced by iu  the inner cycle, the vertices iv  are called interior vertices, the 

vertices iw  are called exterior vertices, cycle induced by iz  the outer cycle. 

The number of vertices of mD  is m4  and the number of edges of mD  is .6m   

Notation 1. The vertex set and edge set of mD  are defined as follows: 
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   mizwvuDV iiiim  1,,,,  and    ,,, 111  iiiiiim zzvvuuDE  

  .1,,,,,,,1 1 mizwvwvvumi iiiiiii    See Figure 1. 

 

Figure 1. Convex Polytope .8D  

Definition 1.3 [10]. Convex polytope mC  consisting of m3  3-sided faces, 

m 4-sided faces, m 5-sided faces and a pair of m-sided faces is obtained by the 

combination of the convex polytope mQ  and graph of an antiprism .mA  The 

convex polytope mC  can also be obtained from the convex polytope mB  by 

adding new edges ii zy 1  and having the same vertex set that is 

   mm BVCV   and      .1:1 mizyBECE iimm    The vertex set 

and edge set of mB  are    mizywvuBV iiiiim  1,,,,,  and 

     ,,,,1,,,, 11111 iiiiiiiiiiiiiiiim ywwvwvvumizzyyvvuuBE     

.1, mizy ii   For our convenience, we call the cycle induced by 

 ,1, miui   the inner cycle, cycle induced by  ,1, mivi   the interior 

cycle, the set of vertices  ,1, miwi   the set of interior vertices, cycle 

induced by  ,1, miyi   the exterior cycle, cycle induced by 

 ,1, mizi   the outer cycle. The number of vertices of mC  is m5  and the 

number of edges of mC  is .10m  

Notation 2. The vertex set and edge set of mC  are defined as follows: 

   mizywvuCV iiiiim  1,,,,,  and    ,,, 111  iiiiiim yyvvuuCE  

  .1,,,,,,1, 111 mizywvzyywwvvumizz iiiiiiiiiiiiii     See 

Figure 2.  
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Figure 2. Convex Polytope .8C  

Definition 1.4 [13]. The graph mG  with 3, 5, 6 and m-sided faces. The 

order, size and faces of mmGm 8,5,  and .23 m  For our convenience, we call 

the cycle induced by  ,1, miui   the inner cycle, cycle induced by 

 ,1, mivi   the central vertices, the set of vertices  miwi 1,  and 

 ,1, miyi   the middle cycle vertices, cycle induced by  ,1, mizi    

the outer cycle. The number of vertices of mG  are m4  and the number of 

edges of mG  is .8m  

Notation 3. The vertex set and edge set of mG  are defined as follows: 

   mizywvuGV iiiiim  1,,,,,  and    ,, 11  iiiim zzuuGE  

  .1,,,,,,1 11 mizyywywwvvuvumi iiiiiiiiiiii    See Figure 3. 

 

Figure 3. Convex Polytope .8G  
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2. Main Results 

Theorem 1. For every 3m  the total edge irregularity strength of convex 

polytope mD  is      .12326  mmDtes m  

Proof of Theorem 1. The vertices and edges of mD  are traversed in the 

anticlockwise direction. First we label the vertices of the inner cycle, the 

interior vertices then the exterior vertices followed by the vertices of the 

outer cycle. The edges are also labeled in the same sequence so that the edge 

sums are consecutive. 

Input. The graph of convex polytope .3, mDm  

Algorithm. 

Step 1.   1iuf  

  1 mvf i  

  1 mwf i   

  .1,12 mimzf i   

Step 2.   11,1  miiuuf ii  

   .1 muuf m   

Thus the edge sums of the inner cycle are .2,,4,3 m  

Step 3. 

  .1, miivuf ii   

Thus the edge sums are 3m  to .22 m  

Step 4. 

  12  iwuf ii  

  miiwvf ii  1,21  

  .21 mwvf m   

Thus the edge sums are from 32 m  to .24 m  
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Step 5.  

  .1, miimzwf ii   

Thus the edge sums are 34 m  to .25 m  

Step 6. 

  miimzzf ii  1,1  

  .21 mzzf m   

Thus the edge sums of the outer cycle are 35 m  to .26 m  

Output.      .12326  mmDtes m  

Proof of Correctness. By the above stepwise procedure we see that the 

edge sums obtained are all unique. Hence mD  is total edge k-irregular. 

Labeling of 5D  is shown in Figure 4. 

 

Figure 4.   .115 Dtes  

Theorem 2. For every 3m  the total edge irregularity strength of convex 

polytope mC  is      .333210  mmCtes m  

Proof of Theorem 2. The vertices and edges of mC  are traversed in the 

anticlockwise direction. First we label the vertices of the inner cycle, interior 

cycle, set of interior vertices then the exterior cycle followed by the vertices of 

the outer cycle. The edges are also labeled in the same sequence so that the 

edge sums are consecutive. 
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Input. The graph of convex polytope mC  for .3m  

Algorithm. 

Step 1. 

  1iuf  

  1 mvf i  

  3 mwf i  

  myf i 3  

  .1,33 mimzf i   

Step 2. 

  11,1  miiuuf ii  

  .1 muuf m   

Thus the edge sums of the inner cycle are .2,,4,3 m  

Step 3. 

  miivuf ii  1,  

Thus the edge sums are 3m  to .22 m  

Step 4. 

  11,1  miivvf ii  

  .1 mvvf m   

Thus the edge sums of the interior cycle are 32 m  to .23 m  

Step 5. 

  111  mwvf  

    12,23  miimwvf ii  

  mwvf 12  
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    22,221  miimwvf ii  

  .231  mwvf m  

Thus the edge sums of the alternating band of triangles are from 33 m  

to .25 m  

Step 6. 

    .1,1 miimywf ii   

Thus the edge sums are 35 m  to .26 m  

Step 7. 

  11,21  miiyyf ii  

  .21  myyf m  

Thus the edge sums of the exterior cycle are 36 m  to .27 m  

Step 8.  

  mzyf 11  

    12,23  miimzyf ii  

  112  mzyf  

    22,211  miimzyf ii  

  .131  mzyf m  

Thus the edge sums of the alternating band of triangles are from 37 m  

to .29 m  

Step 9. 

  11,431  miimzzf ii  

  .441  mzzf m  

Thus the edge sums of the outer cycle are 39 m  to .210 m  

Output.      .333210  mmCtes m  
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Proof of Correctness. By the above stepwise procedure we see that the 

edge sums obtained are all unique. Hence mC  is total edge k-irregular. 

Labeling of 5C  is shown in Figure 5. 

 

Figure 5.   .185 Ctes  

Theorem 3. For every 3m  the total edge irregularity strength of convex 

polytope mG  is      .13328  mmGtes m  

Proof of Theorem 3. The vertices and edges of mG  are traversed in the 

anticlockwise direction. First we label the vertices of the inner cycle, the 

central vertices, then the middle cycle vertices followed by the vertices of the 

outer cycle. The edges are also labeled in the same sequence so that the edge 

sums are consecutive. 

Input. The graph of convex polytope mG  for .3m  

Algorithm. 

Step 1. 

  1iuf  

  1 mvf i  

  3 mwf i  

  22  myf i  
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  .1,13 mimzf i   

Step 2. 

  11,1  miiuuf ii  

  .1 muuf m   

Thus the edge sums of the inner cycle are .2,,4,3 m  

Step 3. 

  miivuf ii  1,12  

  miivuf ii  1,21  

  .21 mvuf m   

Thus the edge sums of the alternating band of triangles are form 3m  

to .23 m   

Step 4. 

    .1,2 miimwvf ii   

Thus the edge sums are 33 m  to .24 m  

Step 5. 

  1211  iywf  

  miiywf ii  1,221  

  .221  mywf m   

Thus the edge sums are from 34 m  to .26 m  

Step 6. 

  .1,6 miizyf ii   

Thus the edge sums are 36 m  to .27 m  

Step 7. 

    11,41  miimzzf ii   



TOTAL EDGE IRREGULARITY STRENGTH OF SOME … 

Advances and Applications in Mathematical Sciences, Volume 21, Issue 10, August 2022 

5851 

  .421  mzzf m  

Thus the edge sums of the outer cycle are 37 m  to .28 m  

Output.      .13328  mmGtes m  

Proof of Correctness. By the above stepwise procedure we see that the 

edge sums obtained are all unique. Hence mG  is total edge k-irregular. 

Labeling of 5G  is shown in Figure 6. 

 

Figure 6.   .145 Gtes  

Conclusion 

From the above mentioned findings discussed we have proved that some 

polytope structures mmm GCD ,,  satisfies the conditions of edge irregular 

total k-labeling. Our future study is extended to other families of convex 

polytopes. 
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