
 

Advances and Applications in Mathematical Sciences 
Volume 21, Issue 8, June 2022, Pages 4371-4387 
© 2022 Mili Publications, India 

 

2020 Mathematics Subject Classification: 05C78. 

Keywords: Geometric mean cordial labeling; Geometric mean cordial graph; Butterfly graph; 

Fusion; Duplication. 

Received January 10, 2022; Accepted March 2, 2022 

GEOMETRIC MEAN CORDIAL LABELING OF 

BUTTERFLY GRAPH 

V. ANNAMMA and M. I. JAWAHAR NISHA  

L. N. Government College 

Ponneri, 601204, Tamil Nadu, India 

Department of Mathematics 

Justice Basheer Ahmed Sayeed  

College for Women (Autonomous)  

Teynampet, Chennai, 600018, Tamil Nadu, India  

E-mail: nishabdul@gmail.com 

Abstract 

We consider a graph  ., EVG   Let    2,1,0: GVf  be a surjective function. For 

each edge uv designate the label      fvfuf ,  is called a geometric mean cordial (GMC) 

labeling if     1 jviv ff  and     ,1 jeie ff  where  xvf  and  xef  denote the number 

of vertices and edges labeled with  .2,1,0, xx  A graph with a geometric mean cordial 

labeling is called geometric mean cordial (GMC) graph [3]. In this research paper we investigate 

the GMC labeling of Butterfly graph and also we establish the GMC labeling of some graph 

operations on Butterfly graph such as Fusion and Duplication. 

1. Introduction 

In this research paper we consider only finite, simple, connected and 

undirected graphs. A graph labeling is an assignment of integers to the 

vertices or edges, or both subject to some conditions. The concept of geometric 

mean cordial labeling was developed by K. Chitra Lakshmi and K. Nagarajan 

[2]. Geometric mean cordial labeling has various applications, one of its 

prominent application being the communications network addressing. The 

vertices of the graph can be considered as the nodes of the communication 
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network, which helps in transmission of messages over the links of 

communication. In this research article we investigate the GMC labeling of 

Butterfly graph and also we establish the GMC labeling of some graph 

operations on Butterfly graph such as Fusion and Duplication. 

2. Preliminaries 

Definition 2.1 [4]. A shell graph is formed from a cycle ,nC  by choosing 

a particular vertex as an apex vertex and connecting all the non-adjacent 

vertices of the cycle to the chosen apex vertex. 

Definition 2.2 [4]. A butterfly graph is obtained by appending two 

pendent edges at the apex of a double shell graph which consists of two 

disjoint shells with a common apex where each shell is of any order. 

Definition 2.3 [6]. For every vertex  ,GVv   the open neighbourhood 

set  vN  is the set of all vertices adjacent to v in G. 

Definition 2.4 [3]. Let u and v be two distinct vertices of a graph G. A 

new graph G  is constructed by identifying (fusing) two vertices u and v by a 

single vertex x is such that every edge which was incident with either u or v 

in G is now incident with x in .G  

Definition 2.5 [3]. The duplication of vertex u is obtained by introducing 

a new vertex w in such a way that the vertex w becomes adjacent to those 

vertices which are adjacent to the vertex u. 

3. Results 

Theorem 3.1. The Butterfly graph    nmnmBF ,,  is a GMC graph if 

 3mod1,0m  for 1 mn  and if  3mod2m  for .2 mn  

Proof. Let G be a Butterfly graph    nmnmBF ,,  with vertex set 

   njmivuwvuGV ji  1,1:,,,,  and edge set    ,, vwuwGE   

   11:1,1,, 1   miuunjmiwvwu iiji  

 .11:1  njvv jj  

Let   kGV   and   .lGE   Then 3 nmk  and .22 nml   
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Then the Butterfly graph  nmBF ,  is as in figure 3.1 (a)  

 

Figure 3.1 (a). Butterfly Graph  ., nmBF  

Define    2,1,0: GVf  as below: 

Case (i)  3 mod0m  and 1 mn   

Let 1.3  tt,m  

Here  .3 mod21  nmn   

Let .0,23  ssn   

      1,0  wfvfuf   

 









tit

ti
uf i

32,2

121,0
 and  










2332,2

221,1

sjs

sj
vf j  
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Here   233 mod2  xkk  and   .133 mod1  yll   

So             .21,10,2,110 yeeyexvxvv ffffff    

Case (ii)  3 mod1m  and 1 mn   

Let 1.13  t,tm  

Here  .3 mod01  nmn  

Let .1,3  ssn  

      1,0  wfvfuf  

  









132,2

121,0

tit

ti
uf i  and  










sjs

sj
vf j

322,2

121,1
 

Here   133 mod1  xkk  and   .233 mod2  yll  

So             .121,0,11,20  yeeyexvxvv ffffff  

Case (iii)  3 mod2m  and 2 mn  

Let 1.2,3  ttm   

Here  .3 mod02  nmn   

Let .1,3  ssn   

      1,0  wfvfuf   

 









2312,2

21,0

tit

ti
uf i  and  










sjs

sj
vf j

322,2

121,1
 

Here   233 mod2  xkk  and   .133 mod1  yll   

So             .21,10,2,110 yeeyexvxvv ffffff   

We observe from all the above cases that     1 jviv ff  and 

     2,1,0,1  jijeie ff  and hence  nmBF ,  is a GMC graph. 

Illustration 3.1.   
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GMC Labeling of Butterfly graph  33,34BF  is shown in figure 3.1 (b) 

 

Figure 3.1 (b). 

Here       241,2320  fff vvv  and       .4521,440  fff eee   

Therefore     1 jviv ff  and      .2,1,0,1  jijeie ff   

Theorem 3.2. The graph formed by fusing two pendent vertices u and v of 

Butterfly graph    nmnmBF ,,  is a GMC graph if  3mod0m  for 

 3mod1,1  mmn  for mn   and  3mod2m  for .2 mn  

Proof. Let fG  be the graph formed by fusing two pendent vertices u and 

v as one vertex u  in a Butterfly graph  ., nmBF  Then the vertex set 

   njmivuwuGV jif  1,1:,,,  and edge set   fGE  

    11:1,1:,, 1   miuunjmiwvwuwu iiji  

 .11:1  njvv jj  

Let   kGV   and   .lGE   Then 2 nmk  and ml 2  

.12  n  The graph formed by fusing two pendent vertices u and v as one 

vertex u  in the Butterfly graph  nmBF ,  is as in figure 3.2 (a) 
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Figure 3.2 (a) Fusion of pendent vertices u and v of Butterfly Graph 

 ., nmBF  

Define    2,1,0: GVf  as below:  

Case (i)  3 mod0m  and 1 mn   

Let 1.,3  ttm  

Here  .3 mod21  nmn  

Let .0,23  ssn  

    1,0  wfuf  

 









tit

ti
uf i

32,2

121,0
 and  










2332,2

221,1

sjs

sj
vf j  

Here   133 mod1  xkk  and   .33 mod0 yll   

So             .210,12,20 yeeexvxvv ffffff   

Case (ii)  3 mod1m  and mn   

Let 1.1,3  ttm  

Here  .3 mod1 nmn  
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Let .1,13  ssn  

    1,0  wfuf  

  









1312,2

21,0

tit

ti
uf i  and  










1322,2

121,1

sjs

sj
vf j  

Here   133 mod1  xkk  and   .33 mod0 yll   

So             .21,0,11,20 yeeyexvxvv ffffff   

Case (iii)  3 mod2m  and .2 mn  

Let 1.2,3  ttm  

Here  .3 mod02  nmn  

Let .1,3  ssn  

    1,0  wfuf   

 









2312,2

21,0

tit

ti
uf i  and  










sjs

sj
vf j

322,2

121,1
 

Here   133 mod0  xkk  and   .33 mod0 yll    

So             .210,11,20 yeeexvxvv ffffff    

We observe from all the above cases that     1 jviv ff  and 

    1 jeie ff  for all  2,1,0, ji  and hence the graph formed by fusing 

two pendent vertices u and v as one vertex u  in the Butterfly graph 

 nmBF ,  is a GMC graph.  

Illustration 3.2.   

Fusion of pendent vertices u and v of Butterfly Graph  34,34BF  and its 

GMC Labeling is shown in figure 3.2 (b) 
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Figure 3.2 (b). 

Here       241,2320  fff vvv  and       .45210  fff eee  

Therefore     1 jviv ff  and     1 jeie ff  for all  .2,1,0, ji  

Theorem 3.3. The graph formed by the duplication of pendent vertex u or 

v of Butterfly graph    nmnmBF ,,  is a GMC graph if  3mod1,0m  for 

1 mn  and if  3mod2m  for .2 mn  

Proof. Let dG  denote the graph formed by the duplication of pendent 

vertex u or v of Butterfly graph    .,, nmnmBF   Then the vertex set 

   njmivuwvuuGV jid  1,1:,,,,,  and edge set   fGE  

     11:1,1,,,,, 1   miuunjmiwvwuvwwuuw iiji  

 .11:1  njvv jj  

Let   kGV   and   .lGE   Then 4 nmk  and .122  nml  

The duplication of pendent vertex u of Butterfly graph  nmBF ,  is as in 

figure 3.3 (a) 
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Figure 3.3 (a) Duplication of pendent vertex u of Butterfly Graph  ., nmBF   

Define    2,1,0: GVf  as follows:  

Case (i)  3 mod0m  and 1 mn  

Let 1.3  tt,m  

Here  .3 mod21  nmn  

Let .0,23  ssn  

        2,1,0  ufwfvfuf  

 









tit

ti
uf i

32,2

121,0
 and  










2332,2

221,1

sjs

sj
vf j  

Here   xkk 33 mod0   and   .233 mod2  yll  

So             .1,120,210 yeyeexvvv ffffff   

Case (ii)  3 mod1m  and 1 mn  

Let 1.1,3  ttm  

Here  .3 mod01  nmn  

Let .1,3  ssn  
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        1,0u  wfufvff  

  









132,2

121,0

tit

ti
uf i  and  










sjs

sj
vf j

322,2

121,1
 

Here   233 mod2  xkk  and   .33 mod0 yll   

So             .210,2,110 yeeexvxvv ffffff   

Case (iii)  3 mod2m  and .2 mn  

Let 1.2,3  ttm  

Here  .3 mod02  nmn  

Let .1,3  ssn  

        2,1,0  ufwfvfuf  

 









2312,2

21,0

tit

ti
uf i  and  










sjs

sj
vf j

322,2

121,1
 

Here   xkk 33 mod2   and   .233 mod2  yll  

So             .1,120,210 yeyeexvvv ffffff   

We observe from all the above cases that     1 jviv ff  and 

    1 jeie ff  for all  2,1,0, ji  and hence the duplication of pendent 

vertex u or v at the apex of Butterfly graph  nmBF ,  is a GMC graph. 

Illustration 3.3.   

Duplication of pendent vertices u of Butterfly Graph  33,34BF  and its 

GMC Labeling is shown in figure 3.3 (b) 
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Figure 3.3 (b). 

Here       232,2410  fff vvv  and       .45210  fff eee  

Therefore     1 jviv ff  and     1 jeie ff  for all  .2,1,0, ji  

Theorem 3.4. The graph formed by duplication of vertex 1v  or nv  of 

Butterfly graph    nmnmBF ,,  is a GMC graph if  3mod0m  for 

 3mod1,  mmn  for 1 mn  and  3mod2m  for .1 mn  

Proof. Let dG  denote the graph formed by the duplication of a vertex 1v  

of a Butterfly graph    .,, nmnmBF   Then the vertex set 

   njmivuvwvuGV jif  1,1:,,,,, 1  and edge set   fGE  

   iuunjmiwvwuvvvwwuvwuw iiji   1:1,1:,,,,,,, 12111   

  .11:1 1   njvvm jj   

Let   kGV   and   .lGE   Then 4 nmk  and .222  nml  

The graph formed by the duplication of vertex 1v  of a Butterfly graph 

 nmBF ,  is as in figure 3.4 (a) 
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Figure 3.4 (a). Duplication of vertex 1v  of Butterfly Graph  ., nmBF  

Define    2,1,0: GVf  as follows: 

Case (i)  3 mod0m  and mn   

Let 1.3  tt,m  

Here  .3 mod0 nmn   

Let .0,3  ssn  

        1,01  wfvfvfuf  

 









tit

ti
uf i

312,2

221,0
 and  










sjs

sj
vf j

322,2

121,1
 

Here   133 mod1  xkk  and   .233 mod2  yll  

So             .121,0,11,20  yeeyexvxvv ffffff  

Case (ii)  3 mod1m  and .1 mn  

Let 1.13  t,tm  

Here  .3 mod01  nmn  
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Let .1,3  ssn  

        1,01  wfvfvfuf  

  









132,2

121,0

tit

ti
uf i  and  










sjs

sj
vf j

322,2

121,1
 

Here   233 mod2  xkk  and   .133 mod1  yll  

So             .21,10,2,110 yeeyexvxvv ffffff   

Case (iii)  3 mod2m  and 1 mn  

Let 1.23  t,tm  

Here  .3 mod11  nmn  

Let .1,13  ssn  

        1,01  wfvfvfuf  

 









232,2

121,0

tit

ti
uf i  and  










1332,2

221,1

sjs

sj
vf j  

Here   133 mod1  xkk  and   .233 mod2  yll  

So             .121,0,11,20  yeeyexvxvv ffffff  

We observe from all the above cases that     1 jviv ff  and 

    1 jeie ff  for all  2,1,0, ji  and hence the graph formed by the 

duplication of vertex 1v  of a Butterfly graph  nmBF ,  is a GMC graph. 

Illustration 3.4.  

Duplication of vertex 1v  of Butterfly Graph  30,30BF  and its GMC 

Labeling is shown in figure 3.4 (b) 



V. ANNAMMA and M. I. JAWAHAR NISHA 

Advances and Applications in Mathematical Sciences, Volume 21, Issue 8, June 2022 

4384 

 

Figure 3.4 (b). 

Here       221,2120  fff vvv  and       .4121,400  fff eee   

Therefore     1 jviv ff  and     1 jeie ff  for all  .2,1,0, ji  

Theorem 3.5. The graph formed by the duplication of a vertex  2ivi  or 

3 or…or 1n  of Butterfly graph    nmnmBF ,,  is a GMC graph if 

 3mod0m  for  3mod1,  mmn  for 2 mn  and  3mod2m  for 

.1 mn  

Proof. Let dG  denote the graph formed by duplication of a vertex 

 2ivi  or 3 or…or 1n  of a Butterfly graph    .,, nmnmBF   Then the 

vertex set      2:1,1:,,,,  ivnjmivuwvuGV ijid   or 3 

1n  and edge set    njmiawvwuvwuwGE jif  1,1:,,,   

     2:11:11: 11   ivwnjvvmiuu ijjii   or 3 oror   

  .1oror3or2:,1 11   nivvvvn iiii   

Let   kGV   and   .lGE   Then 4 nmk  and .322  nml  

The graph formed by the duplication of vertex  2ivi  or 3 or…or 1n  of a 

Butterfly graph  nmBF ,  is as in figure 3.5 (a) 
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Figure 3.5 (a). Duplication of vertex  2ivi  or 3 or…or 1n  of Butterfly 

Graph  ., nmBF  

Define    2,1,0: GVf  as follows: 

Case (i)  3 mod0m  and mn   

Let 1.3  tt,m  

Here  .3 mod0 nmn  

Let .1,3  ssn  

      1,0  wfvfuf  

  1or or 2,0  nivf j   

 









tit

ti
uf i

3112,2

221,0
 and  










sjs

sj
vf j

322,2

121,1
 

Here   133 mod1  xkk  and   .33 mod0 yll   

So             .21,0,11,20 yeeyexvxvv ffffff   

Case (ii)  3 mod1m  and .2mn  

Let 2.13  t,tm  
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Here  .3 mod22  nmn  

Let .123  ssn  

      1,0  wfvfuf  

  2,0  ivf i  or 3 or … or 1n  

  









1312,2

221,0

tit

ti
uf i  and  










sjs

sj
vf j

342,2

321,1
 

Here   133 mod1  xkk  and   .33 mod0 yll    

So             .210,11,20 yeeexvxvv ffffff   

Case (iii)  3 mod2m  and 1 mn   

Let 1.23  t,tm  

Here  .3 mod11  nmn  

Let .1,13  ssn  

      1,0  wfvfuf  

  2,0  ivf i  or 3 or … or 1n  

 









232,2

121,0

tit

ti
uf i  and  










1332,2

221,1

sjs

sj
vf j  

Here   133 mod1  xkk  and   .33 mod0 yll    

So             .21,0,11,20 yeeyexvxvv ffffff   

We observe from all the above cases that     1 jviv ff  and 

    1 jeie ff  for all  2,1,0, ji  and hence the graph formed by the 

duplication of vertex  2ivi  or 3 or…or 1n  of a Butterfly graph 

 nmBF ,  is a GMC graph. 

Illustration 3.5.   

Duplication of vertex 5v  of Butterfly Graph  15,15BF  and its GMC 

Labeling is shown in figure 3.5 (b)  
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 Figure 3.5 (b). 

Here       121,1120  fff vvv  and       .21210  fff eee  

Therefore     1 jviv ff  and     1 jeie ff  for all  .2,1,0, ji  

4. Conclusion 

In this research paper we investigated the GMC labeling of Butterfly 

graph and also we established the GMC labeling of some graph operations on 

Butterfly graph such as Fusion and Duplication. Similar results on various 

graphs is an open area of research. 
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