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Abstract 

In this paper we introduce and characterize the prime hyperideal and hyperideal, the 

semiprime hyperideal in ternary semi hyperring. Some properties of them are investigated. 

1. Introduction 

In 1934, Hyper structure theory was born at the Scandinavian 

Mathematicians8th congress, where the hyper group notion was introduced 

by Marty [11] as a generalization of groups. Recently, binary relations were 

studied by Davvaz and Leoreanu-Fotea [4] on ternary semi hyper groups and 

some basic properties of compatible relations on them. The main purpose of 

this paper is to introduce and study prime, semi prime and irreducible hyper 

ideals in ternary semi hyper rings and investigate some basic properties of 

them. We introduce the concepts of hyper filters and hyper semi lattice 

congruence of ternary semi hyper rings. We give some characterizations of 

hyper filters in ternary semi hyper rings. Some relationships between the 
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hyper filters and the prime hyper ideals and hyper semi lattice congruences 

in ternary semi hyper rings are considered. 

2. Preliminaries 

Definition 2.1. Let H be a non-empty set and  HH :  be a 

hyperoperation, where  H  is the family of all non-empty subsets of H. 

The couple  H,  is called a hypergroupoid. For any two non-empty subsets 

A and B of H and Hx   we have 

  
BbAa

xAxAbaBA



,

,  and   .AxAx    

Definition 2.2. A ternary hyper grouped is called the pair   ,H  if 

321 ,, HHH  are the non-empty subsets of H then we define 

   .
332211 ,, 321321  HhHhHh

hhhHHH


  

Definition 2.3. A non-empty set H is called ternary semi hyper ring if for 

all Hhhhhh 54321 ,,,,  and  ,H  is a commutative semi hyper group 

and the ternary multiplication [ ] satisfies the following conditions 

1.          543215432154321 hhhhhhhhhhhhhhh   

2.       4324314321 hhhhhhhhhh   

3.        4314214321 hhhhhhhhhh   

4.       .4213214321 hhhhhhhhhh   

Definition 2.4. Let   ,H  be a ternary hypergroupoid. Then, 

(1)   ,H  is (1, 3)-commutative if for all  321321 ,,, hhhHhhh   

 .123 hhh  

(2)   ,H  is (2, 3)-commutative if for all  321321 ,,, hhhHhhh   

 .231 hhh  

(3)   ,H  is (1, 2)-commutative if for all  321321 ,,, hhhHhhh   

 .312 hhh  
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Definition 2.5. A ternary semi hyper ring is called commutative if 

            ,, 21231123312213132321 hhhhhhhhhhhhhhhhhhhh 

.3 Hh   

Definition 2.6. Let H be a ternary semi hyper ring and G is a non-empty 

subset of H then G is a ternary sub semi hyper ring of H if and only if 

  .GGGG   

Definition 2.7. A ternary hyper semi ring H is said to have a zero 

element if there exist an element H0  such that for all 

       .0000,, 21212121  hhhhhhHhh  

Definition 2.8. An element e of ternary hyper semi ring H is called an 

identity if        1111121 hhehehhehh   for all Hh 1  and it is clear 

that        .1111 heeheeheeh   

Definition 2.9. A non empty additive sub semi hyper group I of a ternary 

semi hyper ring H is called 

1. A left hyper ideal of H if   IHHI   

2. A lateral hyper ideal of H if   IHIH   

3. A right hyper ideal of H if   .IIHH   

If I is both left as well as right hyper ideal of H, then I is called a two sided 

hyper ideal of H. If I is a left, a lateral, a right hyper ideal of H then I is called 

a hyper ideal of H. 

Example 2.10. In example no 2.5, we can easily observe that 

 ZKKI  22  is a hyper ideal of Z. 

Remark 2.11. Let   ,, H  be a ternary semi hyper ring for every 

element Hh   then the left, lateral, right, two sided and hyper ideal 

generated by h are respectively shown by 

     HHhhhhL
l

  

        HHhHHHhHhhhM
m

  

     hHHhhhR
m
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          HHhHHhHHHHhhhhT
r

  

            hHHHHhHHHhHHHhhhhJ   

Definition 2.12. Let H be a ternary semi hyper ring and M be a hyper 

ideal of H then M is known as maximal hyper ideal of H if HM   and their 

does not exist any proper ideal of I of H such that .IM   

Lemma 2.13. If CBA ,,  are any three hyperideals of a ternary semi 

hyperring H, then  ABC  is a hyperideal of H. 

Proof. We have        .ABCBCHHAABCHH   Since A is 

hyperideal of H. Therefore  ABC  is a left hyperideal of H. 

Again          ,ABCCHHBHHAHHABCHH   since CA,  are 

hyperideals of H and hence  ABC  is a lateral hyperideal of H and 

       ,ABCCHHABHHABC   since C is a hyperideal of H and hence 

 ABC  is a right hyperideal of H. Therefore,  ABC  is a hyperideal of H. 

3. On Prime left Hyperideals in Ternary Semi Hyperring 

In this section we introduce the concept of prime hyper ideals in ternary 

semi hyperring and characterised prime hyper ideals. 

Definition 3.1. Let H be a ternary semi hyperring. A proper hyperideal P 

of H is called prime hyperideal of H if   PABC   implies PA   or PB   

or PC   for any three hyperideals CBA ,,  of H. 

Definition 3.2. Let H be a ternary semihyperring. A proper hyperideal P 

of H is called semiprime hyperideal of H if   PAAA   implies PA   for 

any hyperideal A of H. 

It is clear that every prime hyperideal of a ternary semi hyperring H is 

also a semiprime hyperideal of H. 

Definition 3.3. Let H be a ternary semihyperring. A proper hyperideal P 

of H is said to be irreducible, if for hyperideals J and K of PKJH ,  

implies that JP   or KP   or equivalently, PKJ   implies that 

PJ   or .PK   



ON PRIME HYPERIDEALS IN TERNARY SEMIHYPERRING 

Advances and Applications in Mathematical Sciences, Volume 21, Issue 11, September 2022 

6389 

Example 3.4. Let  fedcbaH ,,,,,  and     zyxxyz   for all 

,,, Hzyx   where “.” is defined by the table: 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Then, H is a ternary semihyperring. Clearly,    fedcIdcI ,,,,, 21   

and H are left hyperideals of H. It can be easily verified that 2I  and H are 

prime left hyperideals. 1I  is irreducible left hyperideal. 

Theorem 3.5. Let H be a ternary semihyperring, P a semiprime 

hyperideal of H and .Hh   Then, Ph   if and only if   .PHHhHH   

Proof. Assume that P is a semiprime hyperideal of H. 

If ,Pa   then,     .PHHPHHHHhHH   

Conversely, assume that   PHHhHH   where P is a semiprime 

hyperideal of H. Then 

⨁ a b c d e f 

a a {a, b} c {c, d} e {e, f} 

b b b d d f f 

c c {c, d} c {c, d} c {c, d} 

d d d d d d d 

e e {e, f} c {c, d} e {e, f} 

f f f D d f f 

. a b c d e f 

a a b c c e e 

b b b d d f f 

c c d c d c c 

d d d d d d d 

e e f c c e f 

f f f d d f f 
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              hHHHHhHHHhHHHhhhhh   

                HhHHHhhhHHHHhHHHhHHHhh   

       .PHHhHHhHHHHhHH   Since P is a semiprime 

hyperideal, we have Ph   and hence .Ph   

Theorem 3.6. Let H be a ternary semi hyperring and P a hyperideal of H. 

The following statements are equivalent: 

(1) P is a prime hyperideal of H. 

(2)   PHHHaHHbHHcH   implies Pa   or Pb   or .Pc   

(3)   Pcba   implies Pa   or Pb   or .Pc   

Proof. (1)  (2). Assume that P is a prime hyperideal of H and 

  .PHHHaHHbHHcH   Then,      .PHHPHHHHaHHbHHcHH   

This implies      .PcHHHHbHHHHa   Since P is a prime hyperideal of 

H, so   PHHa   or   PHHbHH   or   .PcHH   

Since every prime hyperideal is semiprime, so P is semiprime hyperideal.  

Hence, by Theorem 3.5, Pa   or Pb   or .Pc   

(2)  (3).   Pcba   for some .,, Pcba   

Then,          .PcbacHHHHbHHaHHHHHaHHbHHcH   

Thus, by (2) we have Pa   or Pb   or .Pc   

(3)  (1). Let CBA ,,  be three hyperideals of H such that   .PABC   

Let PB   and .PC   Let Bb   and Cc   such that ., Pcb   

Then, for every Aa   we have     .PABCcba   

By (3) we get Pa   or Pb   or ,Pc   but ,, Pcb   so Pa   and 

hence .PA   

Therefore, P is a prime hyperideal of H. 

Corollary 3.7. Let H be a commutative ternary semihyperring and P a 

hyperideal of H. Then, P is a prime hyperideal if and only if   Pabc   

implies Pa   or Pb   or Pc   for all .,, Hcba   
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It can be easily seen that the above result is also valid for (1, 3)-

commutative ternary semi hyperring. 

Theorem 3.8. Any maximal hyperideal of H is a prime hyperideal. 

Proof. Let M be any maximal hyperideal of H.  To show that M is a prime 

let   .MHHHaHHbHHcH   Suppose that ., Mba    HaHHbH  is a 

hyperideal of H which contains ., ba  By M is a hyperideal, 

  .HHaHHbHM    As 
1

1 ,1 ,
n

t t ti
H m s at by


    then   mcc1  

     .
1

MHHHaHHbHHcHMHaHHbHHccMccbyxats
n

i
iiii  

  

Therefore, .Mc   Hence M is a prime hyperideal. 

Definition 3.9. Let H be a ternary semihyperring. A nonempty subset A 

of H is called an m-system if for every Acba ,,  there exist the elements 

Hhhhhhhhh 87654321 ,,,,,,,  such that   .8754321 Ahchbhhahhh   

Theorem 3.10. Let H be a ternary semihyperring and P a proper 

hyperideal of H. P is a prime hyperideal if and only if its complement PH\  is 

an m-system. 

Proof. Let P be a prime hyperideal of H. Assume that .,, Pcba   Then, 

.\,, PHcba   Let assume that PH\  is not an m-system. Then, for all 

  .\,,,,,,,, 8765432187654321 PHhchhbhhahhhHhhhhhhhh   Thus, 

  .87654321 Phchhbhhahhh   Since P is prime hyperideal of H, by Theorem 

3.6, we get Pa   or Pb   or .Pc   It is impossible. Hence, \H P  is a m-

system. 

Conversely, suppose that PH\  is an m-system. Let .\,, PHcba   

Then, there exist Hhhhhhhhh 87654321 ,,,,,,,  such that 

  .\87654321 PHhchhbhhahhh   Thus,   .\87654321 PHhchhbhhahhh    

Hence, if ,,, Pcba   then   .PHHHaHHbHHcH   Thus, by Theorem 3.6, 

P is a prime hyperideal of H. 

Definition 3.11. Let H be a ternary semi hyperring and P a hyperideal of 

H. Then, P is called a completely prime hyperideal of H if   Pabc   implies 

Pa   or Pb   or Pc   for every triplet of elements .,, Hcba   



T. ANURADHA and V. LAKSHMI PRASANNAM 

Advances and Applications in Mathematical Sciences, Volume 21, Issue 11, September 2022 

6392 

Theorem 3.12. Every completely prime ideal of a ternary semi hyperring 

H is a prime hyperideal of H. 

Proof. Suppose that P is a completely prime hyperideal of a ternary 

semihyperring H. 

Let Hcba ,,  and   .Pcba   Then   .Pabc   

Since P is a completely prime, either Pa   or Pb   or .Pc   

Therefore P is a prime hyperideal of H. 

The converse in general may not be true. 

Theorem 3.13. In a commutative ternary semi hyperring a hyperideal is 

completely prime if and only if it is prime hyperideal. 

Proof. Suppose that Q is a prime hyperideal of a ternary semi hyperring 

H. 

Let   .,,, QxyzHzyx    Now   QQxyz ,  is a hyperideal of 

  ,QHxyzHHHHHHHH   where H is the ternary semi hyperring with 

ternary multiplication identity. 

Since H is commutative,    zHHHHyHHHHx  

  .QHxyzHHHHHHH   

By theorem 3.6, either Qx   or Qy   or .Qz   

Hence Q is a completely prime hyperideal of H. 

Conversely suppose that Q is a completely prime hyperideal of H. By 

theorem 3.12, Q is a prime hyperideal of H. 

Lemma 3.14. Let H be a ternary semi hyperring. A hyperideal P of a 

ternary semi hyperring H is completely prime if and only if PH\  is ternary 

sub-semi hyperring of H. 

Theorem 3.15. A hyperideal A of a ternary semi hyperring H is 

completely prime if and only if nHxxx n ,,,, 21   is odd natural number, 

  AxAxxx in ,,, 21   for some .,3,2,1 ni   



ON PRIME HYPERIDEALS IN TERNARY SEMIHYPERRING 

Advances and Applications in Mathematical Sciences, Volume 21, Issue 11, September 2022 

6393 

Proof. Suppose that A is a completely prime hyperideal of H. 

Let ,,,, 21 Hxxx n   where n is odd natural number and 

.,,, 21 Axxx n   

If 1n  then clearly .1 Ax   

If 3n  then   AxAxxx  1321  or Ax 2  or .3 Ax   

If 5n  then      AxxxAxxxxx  32154321  or Ax 4  or 

AxAx  15  or Ax 2  or Ax 3  or Ax 4  or .5 Ax   

Therefore by induction of n is an odd natural number, then 

AxAxxx in ,,, 21   for some .,,3,2,1 ni   The converse part 

is trivial. 

Theorem 3.16. Let H is a ternary semihyperring with identity. Then, 

every maximal hyperideal of H is a prime hyperideal of H. 

Proof. Let P be a maximal hyperideal of H. Let CBA ,,  be three 

hyperideals of H such that   .PABC   Suppose that ., PBA   Then, 

HPA   and .HPB   Since ,He   we have PAe   and 

.PBe   Thus, Ae   or Pe   and Be   or .Pe   Since ,Pe   we 

have Ae   and Be   implies HA   and .HB   Now since ,He   we 

have     PABCHHCC   implies .PC   Therefore, P is a prime 

hyperideal of H. 

Theorem 3.17. Let H be a ternary semi hyperring, P be a m-system and Q 

be a hyperideal of H such that .0QP   Then, there exists a maximal 

hyperideal M of H containing Q and .0QM   Further, M is also a prime 

hyperideal of H. 

Proof. Let  BBP :  is a prime hyperideal of 

.,,  PBBQH   Since .,  PPQ  P  is partially ordered set 

by set inclusion. Let  iM  be an arbitrary chain in .P  Since union of 

hyperideals is a hyperideal,  Ii iM


 is a hyperideal of H. Since iMQ   

for all ,Ii   we have . Ii iMQ


  Assume that   .


PM
Ii i   
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Then, there exist some Ha   such that   .PMa
Ii i  

  This implies 

 Ii iMa


  and .Pa   Thus, iMa   for some Ii   and .Pa   

Thus, .PMi   It is impossible. Hence,   .


PM
Ii i   Thus, 

 Ii iM


 is an upper bound of  .iM  Since  iM  is an arbitrary chain, we 

have that every chain in P  has an upper bound in .P  Hence, by Zorn’s 

Lemma the family P  contains a maximal element M. We will show that M is 

a prime hyperideal of H. Let CBA ,,  be three hyperideals of H such that 

  .MABC   Assume that MBMA  ,  and .MC   Then, there exist 

BbAa  ,  and Cc   such that .,, Mcba   Now MbMa  ,  and 

Mc   are hyperideals of H properly containing M, so 

     PMbPMa  ,  and   .PMc   Let 

    PMbyPMax   ,  and   .PMcz   Since Pzyx ,,  

and P is m-system, we have   Phhhhhhhh 87654321  for some ,,, 321 hhh  

.,,,, 87654 Hhhhhh   Also      432187654321 hhMahhhhhhhhhh   

    .8754 hhMchhMb   We have. 

Case I. If  ,,, CczBbyAax   then  4321 hhhh  

        .8765 MABCCHHHHBHHHHAhhhh   

Case II: If ,Mx   then   87654321 hhhhhhhh  

       .MMMMMHHHHMHHHHM   

Similarly, if My   or ,Mz   then   87654321 hhhhhhhh  

     MHMHHHHMHHH   and   87654321 hhhhhhhh  

     .MHHMHHHHHHHHMHHHH   Hence, , MP   it is 

impossible. Thus, MA   or MB   or .MC   Therefore, M is a prime 

hyperideal of H. 

4. Semi Prime Hyperideals 

In this section, we introduce the concepts of “semi prime hyper ideals in 
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ternary semi hyper tings”. We give some characterizations of “prime hyper 

ideals in ternary semi hyper tings”. Some relationships between the “semi 

prime hyper ideal”, “prime hyperideals and completely semiprime hyper 

ideals in ternary semi hyper tings” are considered. 

Theorem 4.1. Let H be a ternary semi hyperring and P a hyperideal of H. 

The following statements are equivalent: 

(1) P is a “semiprime hyperideal” of H. 

(2)   PHHHaHHaHHaH   implies .Pa   

(3)   Paaa   implies .Pa   

Proof. (1)  (2). Assume that P is a semiprime hyperideal of H and 

  .PHHHaHHaHHaH   Then,    HHaHHaHHaHHHH  

  .PHHPHH   This implies      .PaHHHHaHHHHa   Since P is a 

semiprime hyperideal of H, so   PHHa   or   PHHaHH   or 

  .PaHH   

Hence, by Theorem 3.5, .Pa   

(2)  (3).   Paaa   for some .Pa   

Then,          .PaaaaHHHHaHHaHHHHHaHHaHHaH    

Thus, by (2) we have .Pa   

(3)  (1). Let A be a hyperideal of H such that   .PAAA   Let .PA   

Let Aa   such that .Pa   Then, for every Aa   we have 

    .PAAAaaa   

By (3) we get ,Pa   but Pa   which is impossible and hence .PA   

Therefore, P is a semiprime hyperideal of H. 

Corollary 4.2. Let H be a commutative ternary semi hyperring and P a 

hyperideal of H. Then, P is a semi prime hyperideal if and only if   Paaa   

implies Pa   for all .Ha   

Proof. Let H be a commutative ternary semihyperring and P a semi 

prime hyperideal of H and   Paaa   for all .Ha   Then we have 
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        .PHHPHHHHHHaaaHHHH   Since H is a commutative 

ternary semi hyperring which implies that,   .PHHHaHHaHHaH   By 

theorem 4.1, P is semiprime hyperideal of H implies that .Pa   

Conversely suppose that   Paaa   implies Pa   for all .Ha   Let A 

be a hyperideal of H such that   .PAAA   Let .PA   Let Aa   such that 

.Pa   Then, for every Aa   we have     PAAAaaa   implies that 

Pa   which is contradicts to our assumption. Therefore PA   and hence P 

is a semiprime hyperideal of H. 

Definition 4.3. Let H be a ternary semihyperring. A nonempty subset A 

of H is called an p-system if for every Aa   there exist the elements 

Hhhhhhhhh 87654321 ,,,,,,,  such that   .87654321 Ahhhhhhhh   

Note 4.4. It is clear that in a ternary semi hyperring H every m-system is 

a p-system and union of p-systems is again a p-system too. 

Theorem 4.5. Let H be a ternary semi hyperring and P a proper 

hyperideal of H. P is a semi prime hyperideal if and only if its complement 

PH\  is an p-system. 

Proof. Let P be a prime hyperideal of H. Assume that .Pa   Then, 

.\PHa   Let assume that PH\  is not an p-system. Then, for all 

  .\,,,,,,,, 8765432187654321 PHhahhahhahhhhHhhhhhhhh   

Thus,   .87654321 Phahhahhahhhh   Since P is semi prime hyperideal of H, 

so by Theorem 3.4, we get .Pa   It is impossible. Hence, PH\  is a p-

system. 

Conversely, suppose that PH\  is a p-system. Let .\PHa   Then, there 

exist Hhhhhhhhh 87654321 ,,,,,,,  such that 

  .\87654321 PHhahhahhahhhh   Thus,   .87654321 Phahhahhahhhh   

Hence, if ,Pa   then   .PHHHaHHaHHaH   Thus, by Theorem 4.1, P is 

a semiprime hyperideal of H. 

Definition 4.6. Let H be a ternary semi hyperring and P a hyperideal of 

H. Then, P is called a completely semi prime hyperideal of H if   Paaa   

implies Pa   for every element .Ha   
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Theorem 4.7. An hyperideal A of a ternary semi hyperring H is 

completely prime if and only if nHx ,  is odd natural number, 

  .AxAxn   

Proof. Suppose that A is a completely semi prime hyperideal of H. 

Let Hx   where n is odd natural number and   .Axn   

If 1n  then clearly .Ax   

If 3n  then   .xAxxx   

If 5n  then      AxxxAxxxxx   or .xAx   

Therefore by induction of n is an odd natural number, then 

  .AxAxn   

The converse part is trivial. 

Theorem 4.8. Every completely prime hyperideal of a ternary 

semihyperring H is a completely semi prime hyperideal of H. 

Proof. Let A be a completely prime hyperideal of a ternary semi 

hyperring H. 

Suppose that Hx   and   .Axxx   Since A is a completely prime 

hyperideal of ., AxH   

Therefore, H is a completely semiprime hyperideal. 

Theorem 4.9. Let H be a ternary semi hyperring, P be a p-system and Q 

be a hyperideal of H such that .QP   Then, there exists a maximal 

hyperideal M of H containing Q and .QM   Further, M is also a 

semiprime hyperideal of H. 

Proof. Let  BBP :  is a semiprime hyperideal of 

.,,  PBBQH   Since .,  PPQ  P  is partially ordered set 

by set inclusion. Let  iM  be an arbitrary chain in .P  Since union of 

hyperideals is a hyperideal,  Ii iM


 is a hyperideal of H. Since iMQ   for 

all ,Ii   we have . Ii iMQ


  Assume that   .


PM
Ii i   Then, 
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there exist some Ha   such that   .PMa
Ii i  

  This implies 

 Ii iMa


  and .Pa   Thus, iMa   for some Ii   and .Pa   Thus, 

.PMi   It is impossible. Hence,   .


PM
Ii i   Thus,  Ii iM


 is 

an upper bound of  .iM  Since  iM  is an arbitrary chain, we have that 

every chain in P  has an upper bound in .P  Hence, by Zorn’s Lemma the 

family P  contains a maximal element M. We will show that M is a 

semiprime hyperideal of H. Let A is a hyperideals of H such that 

  .MAAA   Assume that .MA   Then, there exist Aa   such that 

.Ma   Now Ma   is hyperideals of H properly containing M, so 

  .PMa   

Let   .PMax   Since Px   and P is p-system, we have 

  Phxhxhhxhhh h 87654321  for some .,,,,,,, 87654321 Hhhhhhhhh   Also 

         .8765432187654321 hhMxhhMxhhMahhhxhxhhxhhh h    

We have 

 Case I. If ,Aax   then   87654321 hxhxhhxhhh h  

       .MAAAAHHHHAHHHHA   

Case II. If ,Mx   then   87654321 hxhxhhxhhh h  

       .MMMMMHHHHMHHHHM   

Similarly,   MHMH   and   .MHHMHH   Hence, ,MP   it is 

impossible. Thus, .MA   Therefore, M is a semi prime hyperideal of H. 

5. Conclusion 

The “ternary semihyperring” is a generalization of the concepts of a 

“semiring”, a “semihyperring”. Since, the notions of “prime hyperideals”, 

“semiprime hyperideals”; in a “ternary semihyperring” are introduced, and 

several examples given and characterized those hyperideals. 
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