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Abstract

In this paper we will present a new estimate for the [F, d;;] matrix method. So we studied
“on approximation of function in the Hélder metric by (C, 1)[F, d,,] means of Fourier series” has

been determined by Rathore Shrivastava and Mishra [15] and again in 2022, Rathore,
Shrivastava and Mishra [17] determined a theorem on “approximation of function in the Holder

metric by (C, 2)(E, q) product summability of Fourier series”. Further we generalize a theorem
“on approximation of continuous function in the Hélder metric by (C, 2)[F, d,,] means of its

Fourier series”.
1. Introduction

Chandra [1] was first to extend the result of Prossdorf’s [12]. In 1983,
Mohapatra and Chandra [11] found the degree of approximation in the
Hoélder metric using matrix transform. In this direction we studied on
approximation of f belong to many classes also Hélder metric by Cesaro,
Norlund, Euler mean has been discussed by several researchers like
respectively Das, Ghosh and Ray [2], Lal and Kushwaha [7], Rathore and
Shrivastava ([13], [14]), Kushwaha [6], Rathore, Shrivastava and Mishra [16]
etc. In 2021, Rathore, Shrivastava and Mishra [15] have been determined “on
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approximation of function in the Hélder metric by (C, 1)[F, d,] product

summability of Fourier series”. Recently Rathore, Shrivastava and Mishra
[17] determined a theorem on “approximation of function in the Holder metric
by (C, 2)(E, q) product summability of Fourier series”. We extend the result

on approximation of function in the Hélder metric by (C, 2)[F, d,,] mean of

its Fourier series, has been proved.
2. Definition and Notation

Let f(x) be periodic with period —2rn and integrable in the sense of

Lebesgue. The Fourier series of f(x) is given by

flx) = % + Z(an cosnx + b, sinnx) (2.1)
n=1

with nth partial sum S, (f; x).

Let Cg, denote the Banach Spaces of all 2mx— periodic continuous
function defined on [-m, n] under “sup” norm. For 0 <a <1 and some

positive constant K, the function space H is given by

Hy ={f € o 1| f(x) - f(¥)| < K| x - y[*} (2.2)

The space H, is a Banach space (see Prossdorf’s [12]) with the norm

[, defined by

I Flly =071+ iupA“[f(x, »h (2.3)
where ’
171, :—ilﬁnl fx)] (2.4)
and
A {f(x, y)f = | f() = f)[|x = [ (x £ ). (2.5)

We shall use the convention that A’f(x, y) =0 the metric induced by

norm (2.3) on the H, is called the Ho6lder metric. If can be seen that
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| £l < @) P f], for 0<B<a<l Thus {(Hy |-|,)} is a family of
Banach spaces which decreases as o increase.

Let d;, ds, ..., d,,, be a fixed sequence of positive number and x be a real

number. The element P, of [F, d,] matrix are defined by the relations

n 0
| ’f:j}f = > Pyt (2.6)

j=1 k=0

and
Py =1. (2.7)
Let
ox(f, %) = D Pu Sp(f; %), (2.8)
k=0

Denote the [F, d,,] mean of the Fourier series of F e L[-n, n] at x, where

Si(f; x) is the kt® partial sum of (2.1).

The [F, d,,] method was introduced by Jakimovsky [4] as generalization
of both the Euler E, method and Stirling-Karamata-Lototsky method. When

d, = @, n=12123,... and ¢, a positive integer, the [F,d,] matrix

reduces to the matrix corresponding to the Stirling-Karamata-Lototsky
method defined by Karamata [5]. The Euler E.(0 < r <1) are obtained with

d, = (1+r)’ n=12,3,.... Lorch and Newman [8] studied the Lebesgue

constant for this method. Several fundamental properties of [F, d,,] matrix

have been discussed in Meir and Miracle [9, 10]

d
S, =2y —“k _ (2.9)
" ; (1 + dk)2
and
n
1
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The [F, d,] matrix is regular by Jakimovsky [4] if U,, — o as n — o
we shall consider only regular matrices and indeed assume that d,, is
bounded away from zero for large n.

The _ is bounded away from zero and S, > as n—>w®

1+d,)>
n+1 = [U,] be the integral part of U,,.

The series Z::o uy, is said to be (C, 2) summable to S is defined as (see

Hardy [3])
HC2)(f + ) = mk_o(n_ k+1)S, > S asn >0 (2.11)

Let {t,(lc’ 2)} denote the sequence of (C, 2) mean of {S,} if

n

tﬁlc’ IIF, d”](f tx) = CEDICED) 1)2(n ) Z(n -k+ 1)t£(a’ 9 5 S as n —o(2.12)

where tﬁf” I, dn] Genote the sequence of (C, 2)[F, d,] product mean of the
sequence S,,, the series Z ;::0 uy, is said to be summable to the number S by
(C, 2)[F, d,,] method.
“The degree of approximation E,(f) be given by
E,(f) = min | T, - |, 2.13)
where T, (x) is a trigonometric polynomial of degree n” by (Zygmund [19]).
We shall use following notation:
o) = flx + 1) + flx — 1) - 2f(x) (2.14)

and O(t) = O, (t) — @, (2). (2.15)
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3. Some Theorems

Chandra [1] obtained the following result:

Theorem 3.1. “Let 0 <P <o <1 andlet f € H,. Then
| EZ(F)~f g = O {nP~* logn}. (3.1)

where El(f, x) denotes (E, q) transform of S,,(f;x)”.

Rathore, Shrivastava and Mishra [17] obtained the following result.

“On approximation of continuous function in the Hoélder metric by

product summability (C, 2)(E, q) mean of its Fourier series” has been

established.

Theorem 3.2. “If 0 < B <a <1 and f € H, then
| CRES - f(x) |5 = Ol(n + 1P~ log(n + 1)} (3.2)
Where C2EY is the product summability (C, 2)(E, q) mean of S, (f;x)”.

4. Main Theorem

We prove the following theorem

“On approximation of function in the Hoélder metric by mean
(C, 2)[F, d,] of its Fourier series” has been established.

Theorem. “If 0 < B <a <1 and f € H, then
| 25 2] () |y = O[(n + 1P~ log(n + 1)} (4.1)

where tglc’ DIFdnl i the product summability mean (C, 2)[F, d,] of
Sp(f; x)”.

5. Lemmas

We shall use the following lemmas:
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Lemma 5.1. Let ®,(¢) be defined in (2.15) then for f € H,, we have

| ©,(t) - @y (1) | < 4k|x - y[*

0,0~ ,(0) < 4[| 61
It is easy to verify.
Lemma 5.2.
HZ:1W = exp{(Uy, ~1)it/2 = S,t* /4} + O(S,2°). (5.2)

This is due to Lorch and Newman [8].

n sin%ex _Snt2
2y " (n-k+1) 2 )P Ty

Lemma 5.3. Let K,,(t) = (2 Sint/2

_ T
then | K,(t)| = O +1), for 0 <t < D)’

T
+1

Proof. Apply sinnt < nsint for 0 <¢ < - then

n
2 (n-k+1) 9 .
K,(t) = Zkzo exp(_ St J U, sint/2

(n+1)(n+2)m 4 sint/2

n

= 0U,) (n +12)7t - Zk:lgo

_ 2 nn+1)
C(n+2)r 2
=0(n +1). (5.3)
(Ut - 8,2
22 jo—k+1) 51{7) exp( 4 J

Lemma 5.4. Let K, (t) =

(n+1)(n+2)r sint/2

then | K,(t)| = O(%), for —~ _<t<n
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o
sin —2~| <1 for <t<m
n+1

Proof. Using sini < (Lj and
2 i

22 (n-k+1) [—Snt2] 1
exp —_

Knl) =~

2 n
T (n+2)m _Zkl%

_ 2  nn+1)
(n+2) 2t
1
-o[1). (5.4)

2> " (n-k+1) 3
_ k=0 O(Snt )
Lemma 5.5. Let K, (t) = (T2 sint2

T
then O(n+1),for0_t_n+1.

<lforo<i< ™
T n+1

2)" (n-k+1) 3
e O(S,t°)
then K, (t) = o+ 10) (n+2m  t/2

o(S,)
(n+1()(n+2)22 (n—k+1)2

ot Sl

:[ 2 n(n+1)}( T

m+2)t 2t n+1)

Proof. Using

sin t
2

2

=O0(n +1). (5.5)

2 E T (n-k+1) 3
3 k=0 O(S,t°)
Lemma 5.6. Let K,,(t) = D2 sint/2

T
then = O(n +1), for D) S t<m
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t _t

Proof. Using sin- > — for T

(n+1)

222;0 (n—k+1) 3
nrDnron S in

ot S

<t<m

[\
a

then K,(t) =

6. Proof of the Main Theorem

Following Titchmarsh [18], the kth partial sum Si(f;x) of the Fourier

series (2.1) 1s given by
Sulfix) - flx) = L J' Ly (t)sin(k n 1) tdt 6.1)
R n Josint/2 ¥ 2 ' ’
The [F, d,,]| transform tLF’ ] of S.(f; x) is given by

t,[lF’ dn] _ -1 jnd)x(tz iPn sm(k + )tdt (6.2)

sin
2k 0

The (C, 2)[F, d,,] transform of Sj(f;x) by t,(f” IIF. dn] e have

2) " (n-k+1) »
(C, 2)[F, dy] _ k=0 M)
ty - flx) = CES\CESL: j E P, sin (k + jtdt

0 qipn b 4=

(n-k+1) .,
- 2%if)(n+z)+1 e {ZP’* (G D}dt

s1n— =
5 k

Z (n ~k+1) ., & |
(n+ 1)(n T 2)m I 0 ::;(2 Im{eXp(gt) D Pu exp(lkt)} dt
2

k=0
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2) " (n-k+1) n .

3 k=0 T, (t) it exp(it) + dj,

S T J Lt I’"{eXp(EjH—l +d }dt' 63)
2

Writing I,(x) = tﬁLC’ AIF, dn] _ f(x), we have

| Ly(x) | = | £GP dnl _p()

Z (n—k+1) T i\ 77 explit) + d
(n+1)(n+2)n .[o ¢X(tt) Im{exp(%)H Ii(f)dk k}dt’

sin&
2

| 1(x) = 1,(9) |

|22k [re0- 80, m{exp(z)ﬁexp(uwk} B

(n+1)(n+2)n 0 gnt 2 1+d

2

22 oo R D) g 1) - 0,0)] i\ T explit) + d
< (n+1)(n+2)7c .[0 Siniy‘ Im{exp(gt)lj[ Ii(f)dz k}dt
g .

using Lemma 5.2

22 (n-k+1)

(n+ 1) (n+2)m

|’ 4&2 { I {exp(i_;) {exp {(Un “Uit_ 5, }} N O(SntS)H at
2

sin

2) kY x Uyt Syt
- (n]jrlo)(n+2)n J-O (I)( ) {sm( 3 )exp[ i J+O(Snt3)}dt

Sin—

NN.

(n+1)(n+2)m

) 2Zk O(n k+1J' o(x) sm( ZnJeXp(—SL'lnﬂjdt
2
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222_ (n-k+1)
N

(n+1)(n+2)r

j ¢(x) 10(8,4%)\dt
ng

=[ L[+ 12| (6.5)

23" (n-k+1) ., 5
then 11| - 2o [RECIPNE tjexp[-snt J Ny

n+)(n+2)r Jo siné

Applying Lemma 5.3

| = [ 6| Ky )t

([T e

| L=[ha|+] Ll (6.6)

Now

By | = 740 | K ()

T
=O0(n + 1)J.0n+1 | £|*dt using Lemma 5.1 and 5.3

— O(n +1)™ (6.7)

Now

(hal= [Ty 16K, @a

n+l

= j dt using Lemma 5.1 and 5.4

n+l
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T
-1
= I Lt Tde
nil
=0(n+1)"
Then
n
2 -k+1
AR )j” ) jo(s,0) e
2 r+D)(n+2 Jo sint "
/n+1 .
- US i j:/n+1| @) | Kn(t)dt) using Lemma 5.5
=[Ioq [+] 22 |
Now

[T | = [ 7710)| Ka(0)at

T
=O0(n + 1).fon+1 | £|*dt using Lemmas 5.1 and 5.5

=0(n+1)*
Similarly
| Ino | = O(n +1)*. Using Lemma 5.6
Now combining (6.10) and (6.11), we have
| I | =O(n+1)".
Now using | ©()] = | () - ,(0)|
=O0(x-y[*),

we obtain
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L= (noﬁic ny+| 2)rn Z(n ko 1)j

—
@
o
T
|
(2]
3
~
to
~
U
=~

(L
_ o, )%ZZ O(nk+1)J'0"Sin((£2)
)

(x=y]") n il - S,t?
+O—(nn|L1)(r3L/n|L2)nZk=o(n_k+1)J‘OfeXp[ 1 Jdt

=0(x-y[*)+O(x - y[*)log(n +1)

=0(x-y|*)+1log(n+1) (6.14)
and

mZ(n k1) f(””“I AT jo(s,ar

(n+1) sin E

(x-y*) Nn ) 0(8,t%) TS,
_(n+|1)(ny+|2) Do kr 0y [V s [ 20 a

2 R
=O0(x-y|%) (6.15)
Now for k=1,2, andfor 0 <B<a <1,
we observe that
| T | = | 2 [P 1, PP (6.16)

By using (6.12) and (6.15) respectively above identity (6.16) for k =2

gives

Iy = O{x — yP(n+ 1P} (6.17)
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Again using (6.7), (6.8), (6.14) and identity (6.16) for 2 = 1, we obtain
| I, | = Of x — y P(n+ 1P~ log(n + 1)}. (6.18)

Thus from (6.17) and (6.18), we get

L)1
Sup(x,y)| ABIn(x, y)| = Sup(y, ) M
Y xy (x =)

= O{(n+ 1P *log(n +1). (6.19)

Now using the fact that fe H, => ¢,.(¢) = O(t*) and proceeding as above,

we obtain

| L ll, = Sup | 66D d] _ fxy |

—n<x<n
= Of(n +1) *log(n + 1)}. (6.20)
Combining the results (6.18) and (6.19) and using (6.20), we derive
| £ DU ]~ f(x) |y = Of(n + 1P log(n + 1)}
Hence proof of the main theorem is completed.
7. Application

We can derive the following corollary.

Corollary 7.1. If f € Lipa, when 0 < a <1. Then for n >1
| 4% 2 ) f(@) | = O(n) * logn.
If we put B = 0 then Theorem 3.2 is particular case of main Theorem.
8. Conclusion

We would like to mention that from our result some newer method of

summability like F(a, q), (f, d,,)(e, ¢) and Norlund mean can be used to sum

infinite series. Further the result of our theorem is more general rather than
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the result of any other previous proved theorems. Also our results play an

important role in application in pure and applied mathematics.
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