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Abstract 

The purpose of this paper is to obtain common fixed point theorems for weakly compatible 

mappings satisfying the property (E.A.) using implicit relation in fuzzy 2-banach space allows 

replacing the completeness requirement of the space with a more natural condition of closeness 

of the range. 

1. Introduction 

The concept of fuzzy sets was introduced by Zadeh in 1965 [25], which 

plays a major role in almost all branches of Science and Engineering. In 2002, 

M. Aamri and D. El Moutawakil [1] defined a property (E.A.) for self maps. 

For the reader convenience, we recall some terminology from the theory of 

fuzzy 2-Banach space. 

2. Preliminaries 

Definition 1 [22]. Let D be a vector space over a field K (where K is R or 

C) and * be a continuous t-norm. A fuzzy set N in   ,02D  is called a fuzzy 

2-norm on D if it satisfies the following conditions: 
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(i) ( ) DqpqpN = ,00,,  

(ii) ( ) 01,, = ttqpN  and at least two among the three points are 

equal 

(iii) ( ) ( )tpqNtqpN ,,,, =  

(iv) ( ) ( ) ( ) ( ) ,,,,,,,,, 321321 qptqpNtrpNtqpNtttrqpN ++++   

Sr   and 0,, 321 ttt  

(v) For every ( ) ,,,, qpNDqp  is left continuous and 

( ) 1,,lim =
→

tqpN
t

 

The triple ( ),, ND  will be called fuzzy 2-normed linear space 

( ).2 NLSF −  

Definition 2 [22]. A sequence  nP  in a ( )− ,,2 NDNLSF  is converge 

to Dp   if and only if ( ) .01,,lim =
→

ttppN n
n

 

Definition 3 [22]. Let ( ),, ND  be a .2 NLSF −  A sequence  nP  in D 

is called a fuzzy Cauchy sequence if and only if ( )tppN nm
nm

,,lim
, →

 

.01 = t  

Definition 4 [22]. A linear fuzzy 2-normed space which is complete is 

called a fuzzy 2-Benach space. 

Definition 5 [22]. Self mappings A and S of a fuzzy 2-Banach space 

( ),, ND  are said to be weakly commuting if ( ) ( )tSpApNtSApASpN ,,,,   

Dp   and .0t  

Definition 6 [22]. Self mapping A and S of a fuzzy 2-Banach space 

( ),, ND  are said to be compatible if and only if ( )tSApASpN nn
n

,,lim
→

 

.01 = t  

Whenever  nP  is a sequence in D such that pSpAp nn →,  for some 

Dp   as .→n  
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Definition 7 [22]. Two self maps A and S are said to be commuting if 

SApASp =  for all .Dp   

Definition 8 [22]. Let A and S be two self maps on a set D, if SpAp =  

for some Dp   then p is called a coincidence point of A and S. 

Definition 9 [22]. Two self maps A and S of a fuzzy 2-Banach space 

( ),, ND  are said to be weakly compatible if they commute at their 

coincidence points. That is if SpAp =  for some Dp   then .SApASp =  

Definition 10 [22]. Suppose A and S be two self mappings of fuzzy         

2-Banach space ( ).,, ND  A point Dp   is called a coincidence point of A 

and S if and only if ,SpAp =  then SpApw ==  is called a point of 

coincidence of A and S. 

Definition 11 [1]. A pair ( )SA,  of self mapping of a fuzzy 2-Banach 

space ( ),, ND  is said to satisfy property (E.A) if there exists a sequence 

 nP  in D such that zSpAp n
n

n
n

==
→→

limlim  for some .Dz   

Definition 12 [1]. Two pairs ( )SA,  and ( )TB,  of a self mapping of a 

fuzzy 2-Banach space ( ),, ND  are said to satisfy the common property (E.A) 

if there exist two sequence    nn qp ,  in D. Such that 

zTqnBqSpAp
n

n
n

n
n

n
n

====
→→→→

limlimlimlim  for some .Dz   

3. Implicit Relations [3] 

Let  0  be the set of all real continuous function ( ) ++ → RR 6:0  

satisfying the following condition: 

(i) ( ) 0,,,,,0  uvvuvu  imply vu   for all  1,0, vu  

(ii) ( ) 0,,,,,0  vuuvvu  imply vu   for all  1,0, vu  

(iii) ( ) 0,,,,,0  uuvvuu  imply vu   for all  .1,0, vu  

Example 1. Let ( ),, ND  be a fuzzy 2-Banach space.  

Define the two self maps A and S as follows: 
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2

11

2

1
lim

1

2

1
lim =







 −=






 −
→→ n

S
n

A
nn

 

Therefore, E.A property satisfied 
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we obtain .
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 SAAS   

That is A and S are weakly compatible 
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2

1
= p  is the unique coincidence point 








 −=
→→ n

AAp
n

n
n

1
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1
limlim  








=
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1
A  

2

1
=  

2

1
lim =

→
n

n
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 −=
→→ n

ASASp
n

n
n

1

2

1
limlim  








=
2

1
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=
2

1
A  

2

1
=  

.1  

1lim 
→

n
n

ASp  

 A and S are not compatible. 

Thus we can conclude that the property E.A. does not imply 

compatibility. 

Example 2. Let ( ),, ND  be a fuzzy 2-Banach space where  .3,0=D   

Define the self maps A and S as follows: 
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Consider the sequence   1,
1

3 






 −= n

n
pn  








 −=
→→ n

AAp
n

n
n

1
3limlim  

( ) 03 == A  








 −=
→→ n

SSp
n

n
n

1
3limlim  

( ) 03 == S  

Therefore, E.A property satisfied  

( ) ( ) 03,03 == SA  

But ( ) 13 =AS  and ( ) .
3

1
3 =SA  

A and S are not weakly compatible 








 −=
→→ n

AAp
n

n
n

1
3limlim  

( )3A=  

0=  

0lim =
→

n
n

Sp  

we have  








 −=
→→ n

ASAp
n

n
n

1
3limlim  

( )3AS=  

 ( )0A=  

1
3

0
1 =−=  

.1lim =
→

n
n

ASp  

we obtain A and S are compatible. 



FIXED POINT THEOREMS IN FUZZY 2-BANACH SPACE … 

Advances and Applications in Mathematical Sciences, Volume 22, Issue 7, May 2023 

1651 

Thus we can conclude that the property E.A. does not imply weak 

compatibility. 

Example 3. Let ( ),, ND  be a fuzzy 2-Banach space where  .2,0=D  

Define the self maps A and S as follows: 

 

( 

 

( 
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=

2,1if0
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pp
SD
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p
AD  

Consider the sequence   1,
2

1 






 −= n

n
pn  








 −=
→→ n

AAp
n

n
n

2
1limlim  

( ) 11 == A  








 −=
→→ n

SSp
n

n
n

2
1limlim  

( )1S=  

1
2

12
=


=  

1limlim ==
→→

n
n

n
n

SpAp  

We obtain A and S satisfies the property E.A. 

( ) ( ) 11,11 == SA  

( ) ( ) 111 == ASA  

( ) ( ) 111 == SSA  

( ) ( ) 111 == SAAS  

We get A and S are weakly compatible.  

1=p  is the unique common coincidence point. 








 −=
→→ n

ASASp
n

n
n

2
1limlim  
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( )1AS=  

( )1A=  

1=  

We get that A and S are compatible. Thus we can conclude that the self 

maps A and S satisfies the property E.A., and the self maps A and S are 

compatible and weekly compatible. 

Lemma 4[4]. Let ( ),, ND  be a fuzzy 2-Banach space. If there exists 

( )1,0k  such that ( ) ( )tqpNktqpN ,,,,   for all Dqp ,  and 0t  then 

.qp =  

Lemma 5[6]. Let ( ),, ND  be a fuzzy 2-Banach space. Then for all 

( ) ,,, qpNDp  is a non-decreasing function. 

Lemma 6. Let A and S be compatible two self maps of a fuzzy 2-Banach 

space ( ),, ND  and SpAp =  for some Dp   then AApSApASp ==  

.SSp=  

Lemma 7. Two self mapping A and S of a fuzzy 2-Banach space 

( ),, ND  are compatible then ( )SA,  is weakly compatible. 

Proof. Suppose SpAp =  for some p in D. Consider a sequence 

  .ppn →  

Now,   ApApn →  and   ( )ApSpApn →  

As A and S are compatible, we have ( ) 1,, =tSApASpN nn  for all 0t  

as .→n  

Thus, nn SApASp =  

SApASp =  for some ,Dp   

i.e. SpAp =  implies SApASp =  for some .Dp   

Therefore, we get that ( )SA,  is weakly compatible. 

Lemma 8. Two self mappings A and S of a fuzzy 2-Banach space 
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( ).,, ND  ( )SA,  is weakly compatible. w is a point of coincidence of A and S 

then the pair ( )SA,  satisfies the property E.A. 

Proof. Let SpAp =  for some Dp   then SApASp =  for some Dp   

(A and S are weakly compatible). 

Let SpAp =  for some Dp   is a coincidence point of A and S then 

SpApw ==  is a point of coincidence of A and S. 

Claim that ( )SA,  satisfies the property E.A. 

Consider a sequence   .ppn →  

We have   ApApn →  and   ( )ApSpApn →  

We obtain   ( )wApApn =→  and   ( )wApSpn =→   

Therefore, 

n
n

n
n

SpwAp
→→

== limlim  

Hence ( )SA,  satisfies the property E.A. 

Theorem 9. Two self mappings A and S of a fuzzy 2-Banach space 

( ).,, ND  

(i) Pair ( )SA,  is weakly compatible. 

(ii) Pair ( )SA,  is compatible. 

(iii) w is a point of coincidence of A and S. 

(iv) Pair ( )SA,  satisfies the property E.A then A and S have a fixed point. 

Proof. Let SpAp =  for some c then SApASp =  for some Dp   (A and 

S are weakly compatible). 

Consider a sequence   .pPn →  

We have  

ApAPn
n

=
→

lim  
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( )wSpApwAPn
n

===
→

lim  

now 

SpSPn
n

=
→

lim  

Ap=  

( )wSpApw ===   

We obtain 

n
n

n
n

SpwAp
→→

== limlim  

wAp =  

( )pPSp n
n

==
→

limsince  

We have SpAp =   

Then SApASp =   

( )SpwApSwAw === Since  

Since A and S are compatible, pSpAp nn →,  for some Dp   as 

.→n  

wAPASPn
n

==
→

lim  (1) 

ASpASPn
n

=
→

lim  

( )SpApAw ==    (2) 

w=  

Comparing equations (1) and (2), we get wAw =  

SwAwASPASPn
n

===
→

lim  (3) 

( )wAw =  

Comparing equations (1) and (3), we obtain wSw =  
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Hence wAw =  and wSw =  

Hence w is a fixed point of A and S. 

Theorem 10. Let ( ),, ND  be a fuzzy 2-Banach space with * continuous 

t-norm. Let TSBA ,,,  be self mappings of D satisfying: 

(i) ( ) ( )DTDA   and ( ) ( )DSDB   

(ii) Pairs ( )SA,  or ( )TB,  satisfies the property (E.A) 

(iii) For some ( )  and for all Dqp ,  and every ,0t  

 ( ) ( ) ( ) ( ),,,,,,,,,,,, tBqTpNtApSpNtTqSpNtBqApN  

( ) ( ) 0,,,,, tApTqNtBqSpN  

(iv) Pairs ( )SA,  and ( )TB,  are weakly compatible, 

(v) One of ( ) ( ) ( )DSDBDA ,,  or ( )DT  is a closed subset of D. 

Then TSBA ,,,  have a unique common fixed points in D. 

Proof. Suppose that ( )TB,  satisfies the property (E.A). Then there 

exists a sequence  nP  in D such that 

zTqBp n
n

n
n

==
→→

limlim  for some Dz   

Since ( ) ( ),DSDB   there exists a sequence  nq  in D 

zSqBp n
n

n
n

==
→→

limlim  

Now we show that  

zAqn
n

=
→

lim  

on putting nqp =  and npq =  in (iii) we have 

 ( ) ( ) ( ) ( ),,,,,,,,,,,, tBpTpNtTqSqNtTpSqNtBpAqN nnnnnnnn  

( ) ( ) 0,,,,, tAqTpNtBpTpN nnnn  
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Proceeding limit ,→n  

 ( ) ( ) ( ) ( ) ( ) ( )tAqzNtzzNtzzNtAqzNtzzNtzAqN nnn ,,,,,,,,,,,,,,,,,   

0  

( ) vuuvvuvu  0,,,,,  

( ) ( ) ( )  0,,,1,1,,,,1,,,  tAqzNtAqzNtzAqN nnn  

we have 

zAqn
n

=
→

lim  

Since ( )DS  is a closed subset of D. 

suz =  for some ,Du   subsequently, we have 

zSuAqSqTpBp n
n

n
n

n
n

n
n

=====
→→→→

limlimlimlim  

From (iii)  

putting npqup == ,  

we have, 

 ( ) ( ) ( ) ( ),,,,,,,,,,,, tBpTpNtAuSuNtTpSuNtBpAuN nnnn  

( ) ( ) 0,,,,, tAuTpNtBpSuN nn  

letting ,→n  in view of , 

we have .SuAu =  

The weak compatibility of A and S implies that  

SAuASu =  and then .szSuSzASuAu ====  

Since ( ) ( )DTDA   therefore, there exists a point Dv   such that 

TvAu =  we claim that BvTv =  putting up =  and vq =  in (iii), we have  

 ( ) ( ) ( ) ( ) ( ),,,,,,,,,,,,,,, tBvSuNtBvTvNtAuSuNtTvSuNtBvAuN    

( ) 0,, tAuTvN  
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i.e. ( ) ( )  01,,,,1,1,,,  tBvAuNtBvAuN  

we obtain ( ) vuvuuvvuTvBvAu == 0,,,,,  

Therefore, .zBvTvSuAu ====  

The weak compatibility of B and T implies that 

TBvBTv =  and BBvBTvTBvTTv ===  

i.e. BzTz =  

Now we prove that ( )zAu =  is a common fixed point of SBA ,,  and T. 

From (iii) it follows that 

 ( ) ( ) ( ) ( ),,,,,,,,,,,, tBvTvNtAzSzNtTvSzNtBvAzN  

( ) ( ) 0,,,,, tAzTvNtBvSzN  

 ( ) ( ) ( ) ( ) ( ),,,,,,,,,,,,,,, tzAzNtzzNtAzAzNtzAzNtzAzN   

( ) 0,, tAzzN  

i.e. ( ) ( ) ( ) ( )  0,,,,,,1,1,,,,,,  tAzzNtzAzNtzAzNtzAzN  

we obtain ( ) vuuvvuvuSuzAu == 0,,,,,  

Hence, SzAzz ==  and z is a common fixed point of A and S. 

Similarly, we can prove that zBz =  is also a common fixed point of B 

and T. 

Therefore, we conclude that z is a common fixed point of SBA ,,  and T. 

The proof is similar when ( )DT  is assumed to be a closed subset of D.  

The cases in which ( )DA  or ( )DB  is a closed subset of D are similar to the 

case in which ( )DT  or ( )DS  respectively is closed. 

Uniqueness. 

suppose wz   be another fixed point, from (iii), 

 ( ) ( ) ( ) ( ),,,,,,,,,,,, tBwTwNtAzSzNtTwSzNtBwAzN  
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( ) ( ) 0,,,,, tAzTwNtBwSzN  

i.e.  ( ) ( ) ( ) ( ) ( ),,,,,,,,,,,,,,, twzNtwwNtzzNtwzNtwzN    

( ) 0,, tzwN  

i.e. ( ) ( ) ( ) ( )  0,,,,,,1,1,,,,,,  tzwNtwzNtwzNtwzN  

we have ( ) vuuvvuvuwz = 0,,,,,  

Hence z is a unique common fixed point of SBA ,,  and T respectively. 

Remark 11. Since two non compatible self mappings of a fuzzy 2-Banach 

space ( ),, ND  satisfy property E.A, we obtain the following Corollary. 

Corollary 12. Let SBA ,,  and T be self mappings of a fuzzy 2-Banach 

space ( ),, ND  satisfying: 

(i) ( ) ( )DTDA   and ( ) ( )DSDB   

(ii) Pairs ( )SA,  and ( )TB,  satisfies the property (E.A) 

Suppose that ( )SA,  or ( )TB,  are noncompatible and the pairs ( )SA,  

and ( )TB,  are weakly compatible. If the range of one of SBA ,,  and T is 

closed then SBA ,,  and T have a unique common fixed point in D. 

Theorem 13. Let ( ),, ND  be a fuzzy 2-Banach space with * continuous 

t-norm. Let TSBA ,,,  be self mappings of D satisfying: 

(i) For some ( )  and for all Dqp ,  and every ,0t  

 ( ) ( ) ( ) ( ),,,,,,,,,,,, tBqTqNtApSpNtTqSpNtBqApN  

( ) ( ) 0,,,,, tApTqNtBqSpN  

(ii) Pairs ( )SA,  or ( )TB,  are weakly compatible  

(iii) ( )DT  and ( )DS  are closed subsets of D. 

(iv) Pairs ( )SA,  and ( ),, TB  satisfy common property (E.A) 

Then TSBA ,,,  have a unique common fixed points in D. 
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Proof. Suppose that ( )SA,  and ( )TB,  satisfy common property (E.A), 

then there exists two sequences  np  and  ,nq  such that 

zAqSqTpBp n
n

n
n

n
n

n
n

====
→→→→

limlimlimlim  in D. 

Since ( )DT  and ( )DS  are closed subsets of D, therefore TvSuz ==  for 

some ,, Dvu   

we claim that ,zAu =  

Replacing p by u and q by np  in (i) we have 

 ( ) ( ) ( ) ( ),,,,,,,,,,,, tBpTpNtAuSuNtTpSuNtBpAuN nnnn  

( ) ( ) 0,,,,, tAuTpNtBpSuN nn  

Letting →n   

we have ( ) vuuvvuvuSuzAu == 0,,,,,   

Now we prove that TvBv =  

Put up =  and vq =  in (i) we have 

 ( ) ( ) ( ) ( ),,,,,,,,,,,, tBvTvNtAuSuNtTvSuNtBvAuN  

( ) ( ) 0,,,,, tAuTvNtBvSuN  

i.e.  ( ) ( ) ( ) ( ) ( ),,,,,,,,,,,,,,, tBvTvNtBvTvNtTvTvNtTvTvNtBvTvN    

( ) 0,, tTvTvN  

i.e. ( ) ( ) ( )  01,,,,,,,1,1,,,  tBvTvNtBvTvNtBvTvN  

we have ( ) vuuvvuvuBvTv = 0,,,,,  

Hence TvBvSuzAu ====  

The rest of the proof follows from the above theorem. 

Example 14. Let  2,0=D  equipped with the ( ),, ND  is a fuzzy        

2-Banach space. 
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Define the self maps SB,A,  and DDT →:  by 







=
=







=
=

,0if45.0

0if0

,0if25.0

0if0

d

d
Bd

d

d
Ad  









−



=

=








−



=

=

6.0if25.0

6.00if25.0

0if0

,

6.0if45.0

6.00if40.0

0if0

dx

d

d

Td

dx

d

d

Sd  

( ) ( ).75.1,35.025.0,55.1,15.00,45.0,25.0 UOTDUSDBDAD ====  

Let us consider the sequence   ,
1

60.0
n

Pn +=  then ,25.0→nAp  

nnnnnn BTpSApASpTpSpBp ,40.0,25.0,35.0,15.0,45.0 →→→→→  

.25.0,45.0 →→ nTBp  

Pairs ( )SA,  and ( )TB,  are non compatible. 

If we take 1=t  then SB,A,  and T satisfy all the conditions of the 

Theorem 3.10 and 0 is the unique common fixed point of SB,A,  and T. 

4. Conclusion 

The aim of this paper is to strengthen the results and to emphasize the 

role of property E.A. in the existence of common fixed points and prove our 

main results for the pair of weakly compatible mappings along with property 

E.A. Our improvements in this paper are given below: 

(i) to weaken the completeness requirement of the space. 

(ii) to minimize the commutativity requirement of the maps to the point 

of coincidence. 
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