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Abstract

In this work, the effect of an Additive Outlier (AO) on the variance the residuals and series
of a Moving Average model of order 1, (MA (1)), is algebraically derived. The expressions

obtained are split (partitioned) in such a manner that one can see the contribution of an AO to
the variance of the residuals and to the series. Through a simulation study, the contamination
due to the AO in the variance of the series has been obtained for the model. This analysis

reveals that the magnitude of the AO (5), the sample size (») and the sign of the parameter
(0) of the underlying model influences the variance of the residuals and the series. This fact is

vital while drawing inferences from a time series data contaminated by an AO.
1. Introduction

Outliers can result for many external or internal reasons. Measurement
(recording or typing) errors, classification mistakes in sampling or some non
repetitive exogenous interventions can have effects in the form of outliers
(isolated or patchy). Economic and business time series are sometimes subject
to the influence of strikes, outbreaks of wars, sudden change in the market
structure of some group of commodities, technical change or new equipment
In a communication system, or simply unexpected pronounced changes in

weather etc.
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There is abandunt literature which discusses the effects of outliers in
Time series analysis. Its presence has deleterious effects on end results, like
model misspecification, biased parameter estimation, and poor forecasts
(Hillmer [4] and Ledolter [6] studied the effect of additive outliers on
forecasts). Other works of same nature are especially on Sample
Autocorrelation Function. Some of them are due to: Chan [2] who study on
the Sample Autocorrelation Function (SACF) of the series. Further, Maronna
et al. [7] have discussed the effect of a Patch of Additive Outliers on the first
order SACF of the series. The same has been extended by Suresh [8] to higher
orders.

Importance of the variance of the residuals and the variance of the time
series are well known in Time Series Analysis. Some of the main instances
where the variance used are in residual analysis (construction of band),
testing of significance of parameters, Sample Autocorrelation Functions
(SACFs) and Partial Sample Autocorrelation Functions (PACFs), model
selection criteria like Akaike Information Criterion (AIC), Schwarz-Bayesian
Information Criterion (BIC) and in forecasting (point, interval and density).
Having seen the importance of variance in time series analysis, this makes it
relevant to study the effect of outliers on the variance of the residuals and
that of the series along the similar lines as that discussed on the SACF.

2. Variance of the M4 (1) model in the presence of an Additive Outlier

Having known the importance of the variances of the residuals and the
series, the expressions for them in the presence of an AO are obtained in this

section.
Let {x,} be a Moving Average process of order ¢, MA (¢), defined as
X,=606(B)a,, @))
where {a,} is a sequence of independent and identically distributed Gaussian

variables with mean zero and variance o> and the polynomial 6 (B) = 1 - o,

B -0,B% — . - 0,B? is a polynomial in B, which is the backshift operator

such that Bx, = x, ; and 6 (B)=0 have all roots outside the unit circle. The
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MA (g) model is then invertible. Further 6 (B) is assumed to have all distinct

roots. Outliers can take several forms in time series. The formal definitions
and a classification of outliers in a time series context were first proposed by
Fox [3]. One can refer to Tsay [9] to know more about other types of Outliers
in Time Series. When outliers or structural changes occur, {X,} is disturbed

and unobservable. We assume that the series {X,} as defined in (1) follows

Box-Jenkins univariate time series model (Box et al. [1]). In this case, it is

assumed that the observed series {v,} follows the model
Y, = f(¢t)+ X,, @)

where 7(¢) a parametric is function representing the exogenous disturbances
of x,. In practice, f(t) is specified by data analysts based on the substantive
information of the disturbances and the process {v,}. It is assumed that 7(z)
is of the form

) = 8, %Iﬁ 3)

where

4

0 if t =T,

is an indicator variable signifying the occurrence of a disturbance at the time
point 7,0 (B)=1-0;B-w,B> ~...~0,B*... and 6(B)=1-6,B-8,B> —... -5,B’
are polynomials in B of degrees s and r, respectively, and §, is a constant

denoting the initial impact of the disturbance. The model in (2) turns out to
be an Additive Outlier (AO) model in the special case of 7(:) obtained by

o(B) _ 1 (3).

taking §, =8 and 5(8)

It is this type of outliers that affect a single observation X ,. After this

disturbance, the series returns to its normal path as if nothing has happened.
The effect caused by AO at time ¢=7, with the magnitude of the effect

denoted by 5 is given by
Y, =X, +o1]. (5)
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We confine our discussion to the variance of the residuals and series of MA(1)
model in the presence of an AO. Therefore, using (1) equation (5) can be

written as
Y, = 0(B)a, + 81", (6)
where 6 (B) =1 - 0 B.

Explicit expressions for the estimate of the variance of the residuals (67 )

and variance of the series (6§ ) have been derived for the MA (1) model in the

presence of an AO by using the results obtained by Janhavi and Suresh [5].
We know that the variance of the time series {X,} generated by a MA (1)

model is given by
Gi:(1+92)02, @)
where o2 is the variance of the errors {q, }.

The estimate of the variance of the {X,} series which follows an MA (1)

model is therefore
62 = (1+0%)82. (8)

. A2 . .
In the above expression, 6 is calculated using

s2-1L  andg - =L 9
Similarly, let us denote the variance of the contaminated series {v,} as
o = (1+0%)c?, (10)

where o’ is of the variance of the contaminated errors, {¢ , . The estimate of

the variance of the {v,} series is therefore

63 =(1+0%)62. (11)
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As done earlier, ¢” is calculated using the contaminated residuals {e, }.

Z (e, - e_)2 z e,
2 t=1

62 o421 ande - L (12)

€
n n

Note that the errors which are contaminated with an AO are defined as,

Y,

“t7 9(B)

)

where 6(B)=1-0B.

It has been shown by Janhavi and Suresh [5] that for a time series of size
n, the contaminated residuals {e,} can be obtained by using the
uncontaminated residuals {4,} through the relationship (13). Residuals at

time ¢ < T (i.e., before the occurrence of AO) and ¢ > T (i.e., from the time

of occurrence of AO) are as given below.

(a, t < T, (ie,t =11)T -1)
e, ~lsva, c-rT, (13)
667 v, t=T+j (j=11U)n-T).

From the above equation it is clear that in an MA (1) model, the AO affects all
the subsequent residuals from the time of its occurrence. In (13), without loss

of generality, we shall assume that the magnitude of the AO & is known.

Using (13), the mean of the contaminated residuals is

=
5 z 6’
2:5+M. (14)

n

The amount of contamination in the mean of the residuals of a M4 (1) model

which contains an AO is

)
1z
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Consider

62 - =L 22 (15)

From (13), it turns out that the first part of the RHS of (15) is

n

2
pIRY
- N N N N A . 2
1=l :a2+a2+...+a27+8+a 2+ 30 + a
n 1 2 T -1 T T +1

(807 +dp,y) w80

+a,))/n

t=l 4 (5% + 258Gy + 5°0° + 280d,,, + 870"
n
+260%G, .+ +8207" 2T L 956" Ta, )/n.

Plugging (14) and the above in (15), we get

| _ ‘ 82 n-T 25 n-T
. - 2 2 .
il e A WUS IR WS
| | =0
52 (n—T )2 . n-T
o A _ -~ O A
_ZLZGJ ZaHZG. (e¥))
n . .
j=0 j=0
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Using (9) in (17) and further simplifying leads to variance of the
contaminated residuals of M4 (1) model as

( n-T n-T (n—T Wz _n—T ]
af:&i+ila (6%) + 2y 6ap, - > 3 6’ -2dZéfL. (18)
" [ j=0 Jj=0 " tj:o J Jj=0 J

The expression (18) gives the variance of the residuals contaminated by a
single AO in a MA (1) model. Hence the second part of the LHS of (18)

namely,
[ n-T n-T n-T 2 n-T ]
%lg (éz)uzzéfdwg[zéf} 20y ol (19)
{ j=0 j=0 j=0 j=0

is the amount of contamination in the variance of the residuals of a M4 (1)

model due to the presence of an Additive Outlier.

We know that,
63 =(1+6%)62. (20)

Subtituting (18) in (20), we get

|— [ n-T n-T (n—T wz _n—T W-I
62 = (1+92)Ici +% 8 (6%) + 23 0ldg,; - LZ efJ -23 Y éfH
L j=0 j=0 j=0 j=0 JJ

( n-T n-T (n—T )2 _n-T ]

07062 e (1025 (07 42 Y By, S S0 —2a Y 0

" j=0 Jj=0 nLFO J Jj=0 J

[ n-T n-T (n—T 12 _n:T W
82 =62 1 (1+ éz)%lsz (602)’ +2y 607dy, -% 3 07 -23 ) éf'L.
j=0 j=0 LJ’:O J j=0 J

Futher simplification gives us variance of the mMa (1) series contaminated by a

single AO as
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n-T+1

~ 9 n-T An-T +1
o 5 | [1-(6 5(1-6
52 = 62 +(1+92)—j5 - c23 0ag,, -S|
n 1-6° n
j=0

. g{i] l 1)

Let
6% = &% + 63, (22)

where, 2 (the second term on RHS of (21)) is the estimate of the amount of
contamination in the estimate of the variance of contaminated MA (1) series

{y, .
3. Simulation Study

The effect of an AO on the variance of an MA (1) model, which was
algebraically derived in the previous section depends on the length (n) of the
time series data, parameter of the model (6) and the magnitude of the AO
(3). In order to evaluate these variances for specific values of
n (100 , 200 , 300 ), 6(| 6| < 1) and & (5, 10, 15 ), simulation study was carried

out. The results obtained are presented in this section. The contaminated
variances and the uncontaminated variances across the values n, 0 and &
are presented in the form of graphs in figure: 1. Further, table: 1 has been
presented in a format that would reveal clearly the contaminated variances

and the amount of contamination in it across different sets of values », 6 and

5.
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Figure 1. Estimate of the variance of M4 (1) model in the presence of an AO.
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6 i and Amount of Contamination (&§ )

0
S , | 098 | 065 | -0.30 | 005 | 030 | 065 | 0.98
and G5
) 253 | 174 | 131 | 108 | 153 | 142 | 209
Gy
5
B 003 | og9 | 024| 010 | 031 [ 019 |
G35
100 B 308 | 257 | 2.6 1.686% 2323 210210 26426
Gy
10
B 058 | 112 | 099 | 070 | 110 | 087 | 071
G35
) 413 | 387 | 331 | 279 | 360 | 331 | 370
Gy
15
r 163 | 242 | 224 | 181 | 238 | 208 | 177
S35
. 247 | 169 | 115 | 112 | 102 | 147 | 198
Gy
5
B 026 | 025 | 011 | 015 | 005 | 012 | 0.16
G35
200 . 287 | 212 | 151 | 152 | 139 | 1.86 | 237
Gy
10
B 066 | 068 | 047 | 055 | 035 | 051 | 055
G35
. 351 | 281 | 213 | 217 | 187 | 250 | 3.01
Gy
15
B 130 | 137 | 1.09 | 120 | 090 | 115 | 1.19
G35
. 220 | 157 | 109 | 115 | 1.09 | 154 | 193
Gy
5
B 009 | 014 | 009 | 013 | 007 | 005 | 012
G35
300 2 244 | 180 | 1.37 | 144 | 133 | 179 | 223
2
10
r 033 | 037 | 037 | 042 | 031 | 030 | 042
S5
. 282 | 221 | 181 | 189 | 174 | 220 | 268
Gy
15
B 071 | 078 | 081 | 087 | 072 | 071 | 087
o3

Table 1. Estimates of the variance and amount of contamination in the

MA (1) model.
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4. Conclusions

As can be expected, for a fixed 8, the contamination variance decreases as
n increases and for a fixed n, the contamination variance increases as &
increases. A similar feature is also observed with regard to the contribution to
the contamination variance. The contamination variance as well as the
contribution to the contamination variance increase as |6 | increases when
we fix & and n, and both are minimum when 0 is nearer to zero. The table-1
clearly exposes the influence of the model parameter on both the
contaminated variance and the magnitude of contamination over fixed values
of 8 and n. Further, the relative contribution in the presence of an outlier
decreases as the contamination variance decreases as n increases and for a
fixed n, the contamination variance increases as 8 increases. Interestingly
when 8 is closer to —1, both the magnitude of the contamination variance and

the amount of contamination is larger than when 0 is closer to 1.
5. Discussion
Several points of interest emerge from the conclusions arrived for ma (1)
model presented above.

e The point to be noted is the effect of the model parameter on these two
quantities apart from the values of » and 5. The relevant table is formatted

in such a way that the role of parameter gets highlighted for easy readability.
e The accompanying graphs for MA (1) model support the information in

the table.

e A striking feature of these graphs is the parabolic figure they exhibit in
all cases, with the parabola for the contaminated variance being above the
uncontaminated one even when the parameter is close to 0.

¢ This information takes its importance while assessing the reliability of
the estimates of the parameter(s), testing of hypothesis, goodness of fit of the
model and forecasting techniques when outliers are present.
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