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Abstract 

In this article, we study the Hyers-Ulam stability of Atangana-Baleanu fractional 

differential equations with Mittag-Lefflerkernal is thoughtful of using the lipschitz first 

derivative conditions. Here we extend the Gronwall inequality in the structure of Hyers-Ulam 

fractional integral equations. To illustrate the main results we give an example.  
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1. Introduction 

The Generalized form of an integer order Differential equation is the 

fractional order differential equation. The fractional differential equations 

has accomplished the substantial adoration and decisive, for that many 

research articles have been circulated in this field. Fractional differential 

equations have been developed many new definitions and it is utilized to 

develope many mathematical modeling. The different fractional operators can 

be found in [15] and [21] and it has been showed that the differential 

equation with fractional order is more accurately than the differential 

equations with integer order.  

The theory of fractional calculus itself and its applications can be found in 

various area such as rational differential equations arise in rheology, 

cosmology, fusion low light, Medical area such as HIV/AIDS with treatment 

compartment [11], and also in recently applied the qualitative analysis in the 

time of Covid-19 [5] many other branches of science. So that the fractional 

differential equation is got much more attention in various fields [13, 16, 18, 

23].  

One of the well known derivatives with fractional orders are Riemann-

Liouville, Caputo, Weyl Hadamard and Grunwald-Letnikov, etc., Fractional 

operators are played a vital role for the mathematical modelling and real 

world applications. After that Atangana Baleanu delivered few of the new 

fractional derivatives related to the Caputo and the Riemann Liouville 

definitions of the fractional order derivatives. In few days many researchers 

gave much more attention on ABC derivatives along some circumstances in 

various fields.  

The Atangana Baleanu fractional derivatives is usual to the non 

singularity and the non local conditions of the kernal which is the 

rationalized Mittag-Leffler function. In recent studies on ABC derivatives 

Jarad et al. Here they investigated the ordinary differential equation in the 

form of AB derivative [12]. In [3] give some of the properties of the ABC 

fractional derivative and it is utilized them to solve the heat transfer model. 

The ABC fractional derivative is used in the circuit modeling [2]. The 

fractional diffusion process of circuit board heat dissipation which is simulate 

ABC fractional derivative [1].  
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In this article we investigate the Hyers-Ulam stability of  

             baCttutututftutuDa
ABC ,,21,,,   (1) 

  00 uu   (2) 

where 
Da

ABC
 is the left caputo AB fractional derivative. If 

        .0,,,,,  tutututfbaCf  Consider     ., tututu D  Then (1) 

becomes  

           .21,,  tututftutuDa
ABC D  (3) 

  00 uu   (4) 

The establishment of this article as follows: In section 2 we discuss some 

needful fractional calculus definitions, properties, definitions, propositions 

and lemmas. In section 3 we investigate and proved the existence and 

uniqueness of solutions for AB-fractional derivative results. In final section 4 

illustrate an example numerically solved.  

2. Preliminaries 

In this section we extend some definitions, lemmas and propositions of 

fractional calculus, which will be used throughout this paper.  

Definition 2.1 [14, 17]. For ,0  the left Riemann-Liouville fractional 

integral of order  is given by  

 
 

   
 




t

a dssusttuI
0

1
.

1
  (5) 

Definition 2.2 [14, 17]. For ,10   the left Riemann-Liouville 

fractional derivative of order  is given by  

   
 

    .
1

1

0


















 


t

a dssust
dt

d
tuD   (6) 

Definition 2.3. For ,10    the Caputo fractional derivative of order 

$\alpha$ is given as [14, 17]  
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   
 

    





t
C
a dssusttuD

01

1
  (7) 

Definition 2.4 [3]. Let   ,,,1 babaHu   and  in  .1,0  The Caputo 

Atangana-Baleanu fractional derivative of u of order is defined by  

   
 

 
 

 
 

.
11 0

ds
st

Esu
B

tuD
t

a
ABC

 





















   (8) 

Where E  is the Mittag-Leffler function defined by  zE  

 


 


0 1n

n

n

z
 and   0B  is a normalizing function satisfying 

    .110  BB  The Riemann Atangana-Baleanu fractional derivative of u of 

order  is defined by  

   
 

 
 

 
 

.
11 0

ds
st

Esu
dt

dB
tuD

t

a
ABC

 





















   (9) 

The associative fractional integral is defined by  

   
 

 
 

  tuI
B

tu
B

tuD aa
AB 











1
 (10) 

where Ia  a is the left Riemann-Liouville fractional integral given in (5).  

Lemma 2.5 [3]. Let  ,,1 baHu   and [0, 1]. Then the following relation 

holds  

       
 

 
   

 
 

.
11























 st

Esuau
B

tuDtuD a
ABC

a
ABC   (11) 

Lemma 2.6 [12]. Suppose that and  
 

1
1

1,0















B
tca  is a non-

negative, non-degreasing and locally integrable function on  ,, ba  

   

1
1

1


















dt

BB

dt
 is non-negative and bounded on  ba,  and  tu  is non-

negative and locally integrable  ba,  with  
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         ,tuItdtctu a
AB    (12) 

then  

 
   

   
 

   
.

11















  dtB

atdt
E

dtB

Btc
tu  (13) 

Theorem 2.7 (Ascoli-Arzela Theorem) [7]. Let S be a compact metric 

spaces. Then   cM  is relatively compact iff M is uniformly bounded and 

uniformly equicontinuous.  

Theorem 2.8 [7]. (Krasnoselskii Fixed Point Theorem) Let S be a closed, 

bounded and convex subset of a real Banach space X and let and be operators 

on S satisfying the following conditions.  

     SSTST  21  

 1T  is a strict contraction on S, (i.e.) there exists  baak ,  such that  

    SvuvukuTuT  ,21  

 2T  is continuous on S and  ST2  is relatively compact subset of X.  

Then there exists a $u \in S$ such that     .21 uuTuT    

Preposition 2.9 [20]. For 10     

                



 




 tEutEauaututuDI a

ABC
a

AB
1,1

 

   .autu   

Preposition 2.10 [8, 10].   Duf   satisfy the Lipschitz condition, (i.e.,) 

There exist a constant 0k  such that  

      ,,, Dvuvukvfuf    (14) 

Definition 2.11. A continuous function   bau ,:  is called a mild 

solution of the Atangana-Baleanu fractional derivative equation in the sense 

of Caputo 

       

 







0

21

uau

tftutuDa
ABC
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for all    tubaCt ,,  satisfies the following integral equation.  

       .0 tfItuauutu a
AB    

3. Existence and Uniqueness 

Let us give some assumptions to solve the existence and uniqueness 

solutions of the problem (3) and (4) by using Banach contraction principle.  

A1 Let us define a continuous function    ,, baCf  and 

 baCu ,  and there exists a positive constants 21, MM  and such that  

     212112211 ,,,, vvuuvutfvutf  M  

for each 2121 ,,, vvuu  in  0,0,max, 2 tfY RtM  and  .,max 21 MMM   

Let  XCY ,  be the set of continuous functions on  with in the Banach 

space X values.  

A2 Let  baCu ,  satisfy the Lipschitz condition. i.e., There exists a 

positive constants 21, NN  and N such that 

     ,,, 1 vuvtut  NDD  

for all vu,  in  0,max2 tY Dt DN   and  .,max 21 NNN   

A3 For each ,0  let   YuYuB  :  where 

   0
1

1 u


  and take  is  .tNM     

A4 For each 00   let   YuYuB  0:
0

 then 
0

B  is 

clearly bounded, closed and convex subset in   .,, baC  

Lemma 3.1. If (A1) and (A2) are satisfied, then the estimate 

        vuttvtuuttu  NDDNND ,21  are satisfied for any 

Rt   and ., Yvu    

Theorem 3.2. Let  baCu ,  such that      ., baCtuDa
ABC     

Suppose that    ,, baCf  satisfies (A1) and (A3). Then iff 

     0,, auaua D  and  
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 
 

 
   

1
1


























B

ab

B
 

then the problem (3) and (4) has a unique solution.  

Proof. Initially we have to prove that  tu  satisfies the (3) and (4) if and 

only if  tu  satisfies the integral equation.  

          tututfItuauutu a
AB D,,0

  (15) 

Take  tu  satisfy equation (3). Now both sides of (3) we apply the 

Atangana-Baleanu fractional integral, we get  

           tututfItuItuDI a
AB

a
AB

a
ABC

a
AB D,,    (16) 

By using (2.9) we formulate the equation we get  

          tututfItuIautu a
AB

a
AB D,,     (17) 

After all   0uau   from (4) and      0,, tututf D  then the equation 

(15) satisfied. If  tu  satisfies (15), it is obvious that   0uau   because by 

using that      .0,, tututf D   

In equation (15) apply the Atangana-Baleanu fractional derivative both 

sides and exploit that       tutuID a
AB

a
AB   we get 

                 tuDtDautuDutuD a
ABR

a
ABR

a
ABR

a
ABR   10  

         .,, tututftID a
ABR

a
ABR D   (18)  

As follows we have 

        
 
 

    tututf
at

EauututuDa
ABR D,,

10 






















  (19) 

Later, the result is attained by promote from theorem (3.2) in [3]. Here 

we define the operator 

          tututfItuauutTu a
AB D,,0

  
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By assumption (A3). u  we get  

 
 

    
 

     tututfI
B

tututf
B

uuuTu a DD ,,,,
1

0










  

 
    

 
      









 Itututf

B
tututf

B
u aDD ,,,,

1
0  

 
 

 
   

 utu
B

ab
utu

B
u NMNM 












1

0  

 
 

 
   

 utu
B

ab

B
NM 


























1

1  

  

 (i.e.,)   .tTu  Next we have to prove the uniqueness  

            tututfItuauuvTuT a
AB D,,0

  

        tvtvtfItvauu a
AB D,,0

  

 
    

 
     tututfI

B
tututf

B
vu a DD ,,,,

1 









  

 
    

 
     tvtvtfI

B
tvtvtf

B a DD ,,,,
1 









  

 
         tvtvtftututf

B
vu DD ,,,,

1





  

 
           tvtvtftututfI

B a DD ,,,, 



   

 
 vutvu

B
vu 




 NM

1
 

 
   

 vutvu
aB

ab









NM  

 
 
   

  vut
aB

ab

B
vu 



























NM
1

 



EXISTENCE SOLUTION ON HYERS-ULAM STABILITY … 

Advances and Applications in Mathematical Sciences, Volume 21, Issue 7, May 2022 

3749 

  vu   

vu   

As   1  we have     .vuvTuT   Hence, the operator 

  ,,  BttTu  showed that the existence and uniqueness conditions and has a 

fixed point by Banach contraction principle in Banach spaces X. □ 

Consequently, we investigate the problem (3) and (4) has a fixed point by 

using another fixed point technique. Krasnoselskii’s fixed point theorem.  

Theorem 3.3. If (A1) and (A4) are satisfied and  

            121212 tututtututtq  NM  

then the problem (3) and (4) has a solution.  

Proof. Here we define the two operator 1T  and 2T  for any constants 

00   $\l and ,
0

 Bu  as follows  

       tuauutuT  01    (20) 

        tututfItuT a
AB D,,2

  (21) 

Clearly, u is a solution (3) and (4) if and only if the operator 

uuTuT  21  has a solution 
0

 Bu  the proof will divide into three steps. 

Step 1. ,021  uTuT  whenever .
0

 Bu  

For all 
0

 Bu   

            tututfIuutuTtuT a
AB

D,,021
  

 
    

 
     tututfI

B
tututf

B
uu a DD ,,,,

1
0











  

 
 

 
   

 utu
B

ab
utu

B
u NMNM 












1

00  

 
 

 
   

  ut
B

ab

B
NM 


























1

1  

0  
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Therefore 

        021  tuTtuT  for all .
0

 Bu  

Step 2. 1T  is a contraction on 
0

B  for all .
0

B  Based on the assumption 

(A4) and (20) we have  

           000021 1 vuRvuvutuTtuT   

Since 1R  where   vu 1  this shows that is a contraction.  

Step 3. 2T  is completely continuous operator.  

Initially, we have to prove that 2T  is continuous on .
0

B  For all 

,3,2,1,,
0

  nBuun  with ,0lim  uunn  then we get 

   ,lim tutunn   for  bat ,   

Thus by (A1), we have  

         tututftututf nn
n

DD ,,,,lim 


 

for  bat ,  we conclude that  

            0,,,,sup ,  tututftututf nnbas DD  as n  

On the other hand, for  bat ,  

                 tututfItututfItuTtuT a
AB

nna
AB

n DD ,,,,21
   

 
           tututftututf

B nn DD ,,,,
1





  

 
              tItututftututf

B ann





 DD ,,,,  

             tututftututf
B nnbas DD ,,,,sup
1

, 



   

 
               tututftututf

B

ab
nnbas DD ,,,,sup , 




 


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 
 
               tututftututf

B

ab

B nnbas DD ,,,,sup
1

, 






















 



 

Therefore,         021  tuTtuT n  as .n  Hence 2T  is continuous 

on .
0

B   

Let 
02  BuuT  we have to prove that it is relatively compact which is 

agreeable to prove that the function 
02  BuuT  uniformly bounded and 

equicontinuous, and for each  ., bat    

,02 uT  for all 
0

 Bu  Hence    
0

,2  ButuT  is bounded 

uniformly. Instantly we prove that    
0

,2  ButuT  is equicontinuous, For 

all 
0

 Bu  and ,21 ttta   we get  

                 1112221222 ,,,, tututfItututfItuTtuT a
AB

nna
AB

n DD    

 
           111222 ,,,,

1
tututfItututf

B
a

AB
nn DD 




  

 
             111222 ,,,, tututftututfI

B nna DD 



   

 
         1212

1
tututtutu

B





 NM  

 
               12111222 ,,,, ttItututftututf

B ann 



 DD  

             tututftututf
B nnbas DD ,,,,sup
1

, 



   

 
 

 
 

 
 








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



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1 tt

ttq
B
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 
 
   

 12
121

ttq
B

tt

B















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





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

 

        01222  tuTtuT n  as .12 tt   Hence the operator 2T  is a 

equicontinuous on 
0

B  Thus 2T  is relatively compact on .
0

B   
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Hence 2T  is relatively compact subset of X by theorem (2.7) and by 

theorem (2.8) we conclude that 2T  has at least one fixed point. Therefore the 

operator T has a fixed point u which is the solution of (3) and (4).  □ 

4. Example 

Consider the given problem  

     
   

 tu

tutu

e

t
tutuD

t
a

ABC








131

22

3

 

Here consider  

    
   

 
,

131

2
,,,1,1,

2

3

tu

tutu

e

t
tututfb

t 




 D  

  1B  (22) 

  10 u  (23) 

we have that  

     00,0, uutf D   

and  

   1,0Ctu   

Now the given problem satisfy the Lipschitzconditions.  Let  

   1,0,
131

2
,, 






 t

u

vu

e

t
vutf

t
 

Now 

     22112211
31

2
,,,, vuvu

e

t
vutfvutf

t



  

for all    2121 ,,,,1,0 vvuut  

vu 
2

1
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Hence ,
2

1
  Then  

 
 
      


































1

1
2

11

B

b

B
 

From the theorem (16), and equation (22) and (23) has a unique solution. 

It can be written as 

   tutu n
n 

 lim  

 Where  

         ,2,1,0,
2

1

2

1
1 101  


 nttuItutu n

AB
nn  

Otherwise  

   
 

    






 




t

nnn ndssfstttutu
0

1
1

11 ,3,2,1,
22

1

2

1
1   

we solve the equation (22) and (23) we apply the method proposed by 

Mekkaoui and Atangana in [22], utilizing from the two-step Lagrange 

polynomial interpolation. 
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