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Abstract 

A Square Difference Geometric Mean (SDGM) 3-Equitable labeling of a graph  EVG ,  

is a surjective mapping    2,1,0: GVf  such that the induced mapping    2,1,0: GEg  

is defined by        GEuvvfuf 





 ,22  with the condition     1 jviv ff  and 

    1 jeie gg  for all .2,0  ji  A graph is called a Square Difference Geometric Mean 

(SDGM) 3-Equitable graph if there exists a SDGM 3-Equitable labeling. In this paper we define 

the SDGM 3-Equitable labeling and we investigate the SDGM 3-Equitable labeling of certain 

graphs such as Path graph, Cycle graph, Star graph, Bistar graph and Comb graph. 

1. Introduction 

Here we are considering non trivial, simple, finite and undirected graphs. 

An assignment of integers to the vertices or edges, or both subject to certain 

conditions is called graph labeling [5]. The concept of cordial and 3-equitable 

labeling was introduced by Cahit [2]. Ponraj, Sivakumar and Sundaram 

introduced the concept of mean cordial labeling [7]. Geometric mean cordial 
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labeling was introduced by K. Chitra Lakshmi, K. Nagarajan [3]. Meghpara 

Meera et al., points out that the name “Geometric Mean Cordial Labeling” 

should be “Geometric Mean 3-Equitable Labeling” as K. Chitra Lakshmi, K. 

Nagarajan are using      2,1,0 fff eee  [6]. 

Motivated by these definitions, in this paper we define the new notion 

called Square Difference Geometric Mean (SDGM) 3-Equitable labeling. We 

investigate the SDGM 3-Equitable labeling of certain graphs such as Path 

graph, Cycle graph, Star graph, Bistar graph and Comb graph. Terms and 

definitions not defined here are used in the sense of Harary [4].  

2. Preliminaries 

Definition 2.1 [8]. The bistar graph  nnB ,  is the graph obtained by 

joining the center (apex) vertices of two copies of  nK ,1  by an edge. 

Definition 2.2 [1]. Let nP  be a path graph with n vertices and 1n  

edges. The comb graph is defined as .1KPn   The comb is a graph formed by 

joining a pendant edge to each vertices of the path. The comb graph has n2  

vertices and 12 n  edges. 

3. Main Results 

Definition 3.1. A Square Difference Geometric Mean (SDGM) 3-

Equitable labeling of a graph  EVG ,  is a surjective mapping 

   2,1,0: GVf  such that the induced mapping    2,1,0: GEg  is 

defined by        GEuvvfuf 




  ,

22
 with the condition 

    1 jviv ff  and     1 jeie gg  for all .2,0  ji  A graph is 

called a Square Difference Geometric Mean (SDGM) 3-Equitable graph if 

there exists a SDGM 3-Equitable labeling. 

Remarks 3.1. If we consider    1,0: GVf  the definition 3.1 

coincides with that of cordial labeling. Hence we consider 

   .2,1,0: GVf  
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Theorem 3.1. Any Path graph nP  is a SDGM 3-Equitable graph.  

Proof. Let  EVG ,  be a Path Graph .nP  

Let    .1 nivGV i   

Let    .111   nivvGE ii  

Let   lGV   and   .kGE   Then nl   and .1 nk  

The Path Graph nP  is shown below in Figure 1 

 

Figure 1. Path Graph .nP  

Define    .2,1,0: GVf  as follows: 

 

 

 

 















6mod4,3,2

6mod5,2,1

6mod1,0,0

i

i

i

vf i  for all ni 1  

Case (i).  3mod0n  

Let 1,3  ttn  

Here tnl 3  and .131  tnk  

Then       tvvv fff  210  and       .21,10 teete ggg   

Case (ii).  3mod1n   

Let 0,13  ttn   

Here 13  tnl  and .31 tnk   

Subcase (i). t is odd 

      12,10  tvtvv fff  and       .210 teee ggg   

Subcase (ii). t is even  

      tvvtv fff  21,10  and       .210 teee ggg   
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Case (iii).  3mod2n  

Let 0,23  ttn  

Here 23  tnl  and .131  tnk   

Subcase (i). t is odd  

      121,0  tvvtv fff  and       .12,10  tetee ggg  

Subcase (ii). t is even 

      tvtvv fff  2,110  and       .11,20  tetee ggg  

In all the above three cases, we see that     1 jviv ff  and 

    1 jeie gg  for all .2,0  ji  

Hence Path graph nP  is a SDGM 3-Equitable graph. 

Illustration 3.1. SDGM 3-Equitable Labeling of Path graph 14P  is 

shown in Figure 2 

 

Figure 2. Path Graph .14P  

Here       42,510  fff vvv  and       .51,420  ggg eee  

Therefore     1 jviv ff  and     1 jeie gg  for all .2,0  ji   

Theorem 3.2. The Cycle graph nC  is a SDGM 3-Equitable graph except 

for  .6mod3n  

Proof. Let  EVG ,  be a Cycle Graph .nC  

Let    .1 nivGV i   

Let      11 11 vvnivvGE nii    

Let   lGV   and   .kGE   Then nl   and .nk   

The Cycle Graph nC  is shown below in Figure 3 
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Figure 3. Cycle Graph .nC  

Define    2,1,0: GVf  as follows:  

Case (i).  6mod2n  

Let 0,26  ttn  

 

 

 

 















6mod5,0,2

6mod3,2,1

6mod4,1,0

i

i

i

vf i  for all 21  ni  

  11 nvf  

  0nvf  

Here 26  tnl  and .26  tnk  

Then       tvtvv fff 22,1210   and     ,1210  tee gg   

  .22 teg   

Case (ii).  6mod2n  

 

 

 

 















6mod4,3,2

6mod5,2,1

6mod1,0,0

i

i

i

vf i  for all ni 1  

Subcase (i).  6mod0n   

Let 0,6  ttn   

Here tnl 6  and .6tnk    
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Then       tvvv fff 2210   and       .2210 teee ggg    

Subcase (ii).  6mod1n  

Let 0,16  ttn  

Here 16  tnl  and .16  tnk  

Then       tvvtv fff 221,120   and       .221,120 teete ggg    

Subcase (iii).  6mod4n  

Let 0,46  ttn  

Here 46  tnl  and .46  tnk  

Then       222,1210  tvtvv fff  and     ,1210  tee gg  

  .222  teg  

Subcase (iv).  6mod5n  

Let 0,56  ttn  

Here 56  tnl  and .56  tnk  

Then       2221,120  tvvtv fff  and    1,120 gg ete   

  .222  teg  

In all the above cases, we see that     1 jviv ff  and 

    1 jeie gg  for all .2,0  ji  

Hence Cycle graph nC  is a SDGM 3-Equitable graph. 

Illustration 3.2. SDGM 3-Equitable Labeling of Cycle graph 16C  is 

shown in Figure 4 
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Figure 4. Cycle Graph .16C  

Here       62,510  fff vvv  and       .62,510  ggg eee  

Therefore     1 jviv ff  and     1 jeie gg  for all .2,0  ji  

Note. For  ,6mod3n  the cycle graph nC  is not a SDGM 3-Equitable 

graph. 

Theorem 3.3. The Star graph nK ,1  is a SDGM 3-Equitable graph for all 

.1n  

Proof. Let  EVG ,  be a Star Graph .,1 nK  

Let    .1, nivvGV i   

Let    .1 nivvGE i   

Let   lGV   and   .kGE   Then 1 nl  and .nk   

The Star Graph nK ,1  is shown below in Figure 5 

 

Figure 5. Star Graph .,1 nK  
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Define    2,1,0: GVf  as follows. 

  0vf  

 

 

 

 















3mod1,2

3mod2,1

3mod0,0

i

i

i

vf i  for all ni 1  

Case (i).  3mod0n  

Let 0,3  ttn  

Here 131  tnl  and .3tnk   

Then       tvvtv fff  21,10  and       .210 teee ggg   

Case (ii).  3mod1n  

Let 0,13  ttn  

Here 231  tnl  and .13  tnk  

Then       tvtvv fff  1,120  and       .12,10  tetee ggg  

Case (iii).  3mod2n  

Let 0,23  ttn  

Here 331  tnl  and .23  tnk  

Then       1210  tvvv fff  and       .121,0  teete ggg  

In all the above three cases, we see that     1 jviv ff  and 

    1 jeie gg  for all .2,0  ji  

Hence Star graph nK ,1  is a SDGM 3-Equitable graph. 

Illustration 3.3. SDGM 3-Equitable Labeling of Star graph 16,1K  is 

shown in Figure 6 
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Figure 6. Star Graph .16,1K  

Here       51,620  fff vvv  and       .52,510  ggg eee   

Therefore     1 jviv ff  and     1 jeie gg  for all .2,0  ji   

Theorem 3.4. The Bistar graph  nnB ,  is a SDGM 3-Equitable graph 

for all .1n  

Proof. Let  EVG ,  be a Bistar Graph  ., nnB  

Let    .1,,, nivuvuGV ii   

Let    .1, nivvuuGE ii   

Let   lGV   and   .kGE   Then 22  nl  and .12  nk  

The Bistar Graph  nnB ,  is shown below in Figure 7 

 

Figure 7. Bistar Graph  ., nnB  
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Define    2,1,0: GVf  as follows:  

Case (i).  3mod0n  

Let 1,3  ttn  

    0 vfuf  

 









tit

ti
uf i

31,1

1,0
 and  










tit

ti
vf i

3,2

11,0
 

Here 2622  tnl  and .1612  tnk  

Then       tvtvv fff 21,1220   and      2,210 ggg etee    

.12  t  

Case (ii).  3mod1n  

Let 0,13  ttn  

    0 vfuf  

 









131,1

1,0

tit

ti
uf i  and  










131,2

1,0

tit

ti
vf i  

Here 4622  tnl  and .3612  tnk  

Then       1221,220  tvvtv fff  and      210 ggg eee    

.12  t   

Case (iii).  3mod2n  

Let 0,23  ttn  

    0 vfuf  

 









231,1

1,0

tit

ti
uf i  and  










231,2

1,0

tit

ti
vf i  

Here 6622  tnl  and .5612  tnk  

Then       22210  tvvv fff  and      21,120 ggg eete   

.22  t  
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In all the above three cases, we see that     1 jviv ff  and 

    1 jeie gg  for all .2,0  ji  

Hence Bistar graph  nnB ,  is a SDGM 3-Equitable graph. 

Illustration 3.4. SDGM 3-Equitable Labeling of Bistar graph  8,8B  is 

shown in Figure 8 

 

Figure 8. Bistar Graph  .8,8B  

Here       6210  fff vvv  and       .621,50  ggg eee  

Therefore     1 jviv ff  and     1 jeie gg  for all .2,0  ji  

Theorem 3.5. The Comb graph  1KPn   is a SDGM 3-Equitable graph 

for all n. 

Proof. Let  EVG ,  be a Comb Graph  .1KPn   

Let    ,1, niuvGV ii   where iv  represents the vertices of the 

path and iu  represents the pendent vertices corresponding to each iv  

respectively. 

Let      .1111 niuvnivvGE iiii     

Let   lGV   and   .kGE   Then nl 2  and 12  nk  

The Comb Graph  1KPn  is shown below in Figure 9 
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Figure 9. Comb Graph  .1KPn   

Define    2,1,0: GVf  as follows: 

Case (i).  3mod0n  

Let 1,3  ttn  

,1 ni   

 
 

 








3mod0,2

3mod2,1,0

i

i
vf i  and  

 

 








3mod0,2

3mod2,1,1

i

i
uf i  

Here tnl 62   and .1612  tnk  

Then       tvvv fff 2210   and       .122,210  tetee ggg  

Case (ii).  3mod1n  

Let 0,13  ttn  

,1 ni   

 
 

 








3mod0,2

3mod2,1,0

i

i
vf i  and  

 

 








3mod0,2

3mod2,1,1

i

i
uf i  

Here 262  tnl  and .1612  tnk  

Then       tvtvv fff 22,1210   and      1,210 ggg etee   

.12  t  

Case (iii).  3mod2n  

Let 0,23  ttn  

    2 nn ufvf  
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,11  ni  

 
 

 








3mod0,2

3mod2,1,0

i

i
vf i  and  

 

 








3mod0,2

3mod2,1,1

i

i
uf i  

Here 462  tnl  and .3612  tnk  

Then       222,1210  tvtvv fff  and      210 ggg eee   

.12  t  

In all the above three cases, we see that     1 jviv ff  and 

    1 jeie gg  for all .2,0  ji  

Hence Comb graph  1KPn  is a SDGM 3-Equitable graph. 

Illustration 3.5. SDGM 3-Equitable Labeling of Comb graph  112 KP   

is shown in Figure 10. 

 

Figure 10. Comb Graph .112 KP   

Here       8210  fff vvv  and       .72,810  ggg eee  

Therefore     1 jviv ff  and     1 jeie gg  for all .2,0  ji  

Conclusion 

In this paper we introduced the concept of SDGM 3-Equitable labeling 

and we investigated the SDGM 3-Equitable labeling of certain graphs such as 

Path graph, Cycle graph, Star graph, Bistar graph and Comb graph. The 

future work includes SDGM 3-Equitable labeling of cycle and wheel related 

graphs. 
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