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Abstract

The objective of this paper is to identify generalizations of logistic distribution through
various methods for constructing the standard logistic distribution.

Methods considered are based on transformations, Burr differential equation, mixtures and
the difference of two distributed independent Gumbel random variables.

For each method, distributions used are generalized. The generalized logistic distributions
identified by Johnson [6] of Types I, II, III and IV, have their extended versions obtained. A new
generalization namely “extended standard logistic distribution” has been introduced.

1. Introduction

Several different forms of generalizations of logistic distribution have

been proposed in literature.

The question is: Is there any pattern one can follow to identify these
generalizations? The answer to this question, leads to the objective of this
paper which is to identify generalized logistic distributions through various

methods for constructing the standard logistic distribution.

Methods considered are based on transformations, discussed in section 2,
Burr differential equation in section 3, mixtures in section 4 and the
difference of two Gumbel random variables in section 5. For each method,

distributions used are generalized. Concluding remarks are in section 6.

The notations used are GLI, GLII, GLIII and GLIV to represent
generalized logistic distributions of type I, II, IIT and IV respectively.
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2. Generalized Logistic Distributions Based on Transformations
Let
X = oY), (2.1)
where X is the new variable and Y is the old or parent variable.
Y = ¢ N(X) (2.2)
assuming the inverse exists.

If 7(x) and g(y) are the probability density function (pdf) of X and Y

respectively, then by the change of variable technique,
-1 dy
flx) =gl (X)) — | (2.3)
dx

We now apply the transformation formula (2.3) for the case when the old

variable is uniform, Laplace Pareto 1.

2.1. When the parent variable is uniform or exponential

Let
1-U
X:m[ U], 2.4)
where U is uniform [0, 1].
The pdf of X is
f(x):;,—oo<x<oo, (2.5)

1+ e ®)

which is standard logistic distribution. It can be generalized by letting

a.
[~
p
X - UI}, (2.6)
h—UPJ
where U is uniform [0, 1] and p > o.
Then
pe
f(x) = ———————— -0 < x < o, p >0 2.7
@ +e ¥H)PHt
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which is generalized logistic type II (GLII) as obtained by Balakrishnan and
Leung [1].

b.

[, ]

AU ?

X = -In | - [ (2.8)
s
where U is uniform [0, 1], » > 0; p > 0.
Then the pdf of X becomes
o
f(x):L—oo<x<oo,k,p>0, (2.9
1 +e 5Tt
This is extended GLII, according to Olapade [10].
c.
1-Y
X = m[ - j (2.10)
where Y is beta 1 with parameter ¢ and b.
Then
f(x) ! e for —0 < x <0,%>0,a>0,b>0 (2.11)

- ﬂ(a, b) (1 + e—x)a+b

which Yis GLIV distribution as obtained by Prentice [11].

Remark. Uniform distribution is a special case of a beta 1 distribution

with parameters a and b.

2.2, When the parent variable is Laplacian

Let

[1-2e7)

X = In | 2 \

| L,v

) )

Y
= In (2¢° -1), (2.12)
where Y is standard Laplace; i.e.

g = re 7l a0 2.13)
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then X is standard logistic distribution, which can be extended by letting

X =In| | (2.14)
| 2,r |
L2 )
where Y is standard Laplace.
Then
f(x):L,—oo<x<oo,k>O (2.15)
O+ e ™)
we introduce this as the, extended standard logistic distribution.
2.3. When the old variable is Pareto I
Let
X = -In [%_ 1], (2.16)
where Y is Pareto I distributed with parameter a and B; i.e.,
g(y):a1y>[3>0;(x>0. 2.17)
ya+
Then
f(x):L—oo<x<oo,a>O (2.18)
(1 + e—x )a+1

which is GLI as obtained by Blakrishnan and Leung [1].

When o = 1, we have the standard logistic.

3. Generalized Logistic Distribution Based on Burr Differential

Equation

Burr [3] introduced a system of distributions based on a differential

equation of the form.
y o=yl -y)ex, y) (3.1)
where y = F(x), a cdf of a continuous random variable. y' = f(x), a pdf
g(x, ») is a non negative function of x and y.
When
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g(x, y) = g(x) (3.2)
then 3.1 becomes
y'o= 1 - y)g(x) (3.3)
- y(ld{ ~ - [ #)ax (3.4)
which boils down to
y = Fla) = [ JEOE g (3.5)
which was obtained by Burr [3].
If
g(x) = 1. (3.6)
Then
Flr) e —— —w < x < (3.7)

which is the cdf of a standard logistic distribution.

Furthermore, Burr [3] considered the power of the cdf F(x), i.e.
G(x) = [F(x)]"

=(l+e )% —0 <x < ».
The corresponding pdf is

ae

g(x) = ———— -0 < x < 0, a >0 (3.8)
(1+e—x)a+1

which is GLI according to Johnson, Kotz and Balakrishana [6].

It is also called exponentiated logistic distribution. According to Burr
system of distributions, it is Burr II distribution.

4. Generalized Logistic Distributions Based on Gumbel Mixture

A continuous mixture is defined as

flx) = Iw f(x/2)g(h)dr (4.1)

—©
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where f(x/») is a conditional pdf or pmf, g(x) is a continuous mixing

distribution and f(x) is the mixed distribution or mixture

We are going to look at Gumbel mixtures.

4.1. Gumbel I Distribution and its Mixtures

Let
Yy = ¥,
where Y is standard exponential.
Then the pdf of X is
fx)= e Fexp (e ¥), —m < x < @ 4.2)

which is standard Gumbel distribution or type I extreme value distribution.
Since there is another form of Gumbel distribution discussed in subsection

4.3, we shall call this one standard Gumbel I distribution.
The standard Gumbel I distribution has no parameter.
To introduce a parameter, we suppose
X =-InY
where Y is exponential with a varying parameter A.

Then,
f(x/)») = 2e “exp (-re T), —o < x <0, A >0 (4.3)

and Gumbel I mixture becomes.

0

f(x) = I re “{exp (=he F)g(M)}da. (4.4)

0
Let us consider the following cases of g (&)
(1) When
g)=e*, % >0 (4.5)

which is a standard exponential distribution. Then £(») is a standard logistic

distribution. Generalizing the standard logistic distribution to gamma

distribution with we have;
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(i)

a-1
A "y
- ; 4.6
g(n) I’(a)e ,A>0;a >0 (4.6)

which is a gamma mixing distribution with parameter o.

The mixture becomes,

f(x):Ll, -0 < x < w,a >0 4.7)
(1 + -X )0,+
which is GLI distribution.
(1ii)
g(n) = rB( )e’“x“’l, A>0,0,p>0 (4.8)
o

s f(x)

=
N\
=

+
= |~
®

|

B
Ne—

> 0. (4.9

1
= ————— -0 < x <w,0 >0, p=—
a+1 ﬁ

This is extended type I generalized logistic distribution as given by Olapade
[10].

4.2. Generalized Gumbel I Distribution and its Mixtures.

Let

where Y is a gamma distribution with two parameters o fixed and A varying;

o

g f(x/k) = * e “Texp (-he “)x >0;a >0; % >0 (4.10)
(o)

which is generalized Gumbel I distribution. For the generalized conditional
Gumbel I distribution, we have;

f(x/k) = IO r}»(a)eiax exp (-re “)g(n)dx. (4.11)
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Let us consider the following cases
@ gr)=¢e", 2 >o0.

Then

—oXx
ae

flx) = ——————, -0 < x < w;a >0 (4-12)

(1 4 e—x)a+1

which 1s GLII distribution.

(11)
g)=pe ™, n>0/B>0 (4.13)
f(x):L—oo<x<oo;a>O;B>O. (4.14)
(B + e—x)a+1

This is extended GLII distribution.
(111)
a-1

eix, A > 0; a > 0. (4.15)
(o)

g(h) =

Then

—oaXx
e

f(x) = , -0 < x < w; a > 0. (4.16)
Bla, a)(l + e_x)za

This 1s GLIII distribution as introduced by Johnson et al [6].
(iv)

AP
g(h) = F(ﬁ)e ,A>0;B >0
() = e (4.17)
B(a, )1 +e * )OHrﬁ
which is GLIV
)
d)ﬁ
g() = me"“xﬁ’l, A>0,¢>0,B>0
¢B e—ax
L fx) = for —w < x < w; o, B, ¢ < 0 (4.18)

Blos B) (¢ + e %) "P
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Which is extended GLIV according to Morais et al. [8].
4.3. Gumbel II distribution and its mixtures

Another form of Gumbel distribution is given by letting

Y = eX,
where Y is a standard exponential.
Then the pdf of X is
f(x) = e exp (me), —0 < x < o (4.19)

we shall call this pdf, standard Gumbel II. To introduce a parameter, we

suppose

where Y is exponential with a varying parameter A.
f(x/k) = te exp (whe”), —o < x < w, A > 0 (4.20)

and Gumbel II mixtures is
flx) = j re® exp (77»ex)g(k)d7\. (4.21)
0

Let us consider the following cases of ¢(i) :

@)

gn) = _—Jj2, -0 < x < ® (4.22)
(1 + e x)

a standard logistic distribution.

(ii)
a-1
g(h) = e A >0,a<0 (4.23)
I(a)
implies that
f(x):L,—oo<x<oo;a>O (4.24)
(1 4 —x)m+1

which is GLII
(1i1)
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g(0) = 2Pl 5 0w B s 0 (4.25)
(o)
implies that
f(x):L,—oo<x<oo;a>O,p:1—. (4.26)
1+ pex)Ot+1 B
This can be expressed further as.
f(x):L,—oo<x<00;oc>0,p>0 (4.27)
(p 4 e—x)(erl

which is extended GLII distribution.
4.4. Generalized Gumbel II Distribution and its Mixtures

Let

where Y is gamma distributed with parameters o and A; i.e.

o

}\‘ ox

f(x/l) = e® exp (-he”)—w; x < w;a >0;A >0 (4.28)
I(o)
which is generalized Gumbel IT mixture. For generalized Gumbel II mixture
we have;
flx) = R e® exp (—re™)g(r)dr (4.29)
i - -l.o r((x) P g ' )

Let us consider the following cases of g (1)

(1) When
gh)=¢e ", n >0
Then
flz) = —=
(1 n x)a+1
:Ll,—oo<x<oo;(x>0 (4.30)
a+e )"

which is GLI distribution.
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(ii) For
g()=pe ™ 1 >o0;p>o0.
Fla) = —E—
(B +e™)
B ape
a + Be_x)OHI

which i1s extended GLI distribution.
(i11) For

}La -1

I'(a)

e n>0,a>0

g() =

ax

1 e
B(a, a) a+ ex)2a

flx) =

—ax

1 e

= fOI‘—oo<x<oo;a>O;B>0.
Bla, a) (1 4 ¢7%)

This is GLIII distribution as obtained by Johnson et al. [6].

(iv) For
APt
g(x)zr(ﬁ)e ,A>0,p>0
Flx) = — ¢

B(a, B) a+ ex)o.+ﬁ

,Bx
1 e
= for

B(OL, [3) (1 + e ¥ )a+B

-0 < x <o;a>0;B>0

this is GLIV distribution as obtained by Prentice [11].

(v) For

d  —gn.p-1
A) = —— A , A 0; o, 0
g() F(B)e > 0; ¢, B >

2381

(4.31)

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)
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¢[3 ax

e

flx) = B(ar B) (g1 o7 )P

¢B e B

= 4.39
B(u,[}) (1+¢e—x)ot+ﬁ ( )

which is extended GLIV.
4.5. Lev-Sev mixture

Villa and Escobar [12] call Gumbel I, largest extreme value (LEV) and
Gumbel II to be smallest extreme value (SEV).

They introduced the location and scale parameters. Thus the LEV
distribution is given by

1 - ( 7(x*u))
fLGU (x/“':c): ;e ° exp L_e ° J
for —» < x < ©; —0 < p < w; 6 > 0. (4.40)
The Sev distribution is given by
x - x—p
1
f Sev (x/p, )= —e ° exp (—e °c )
° L)
for —o < x < o0; —0 < p < wo; and ¢ > 0. (4.41)

Fixing ¢ and varying u, we have Lev-Sev mixture given by

©

froo ) = [ fra (¢/0)8 50 () (4.42)
® g _(x—H) ( _x-m
g e L—e ’ Jgs@u (h)du. (4.43)

Put ¢ =1 1n 4.43

frow (2) = [ e e (e g g, (0dn. (4.44)

—©

Consider various cases of gg,, (1)

(a) For gg,, (1) = " exp (-e"), the standard Gumbel II distribution,
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—-X
e

frow (¥) = —————, -0 <x <> (4.45)
1+ e ®)

which is standard logistic.

(b) For gg, (n) = e" “exp (-¢" %), the Gumbel II with location mean &

and variance 1,

fLeU(x):ke—,—oo<x<oo;k:e7F’ >0 (4.46)

1+e®)

which is the extended standard logistic distribution.

(¢) For gg, (n) = 2e" exp (-e™ ), the standard Gumbel II distribution

with parameter A,

re ©

frep (x) = ——————, -0 < x < ® (4.47)
(r+e ™)

which is the extended standard logistic distribution.

Q|
e M

'(a)

exp (—e"), the generalized Gumbel with one parameter

D) g5 (0) =

- X
ae

frep (1) = ————————, a > 0; —©0 < x < © (4.48)

(1 i e—x )a+1

which is GLI, when o = 1 we obtain the standard logistic distribution.

o

(e) For gg, (n) = F}z )e““ exp (-re"), the Gumbel II distribution with
(04
parameters o and A,
kae—x
frew () = ———————, A > 0;a > 0; —©» < x < © (4.49)
(X N e—x )a+1

which is the extended standard logistic distribution.

4.6. Lev-Sev mixture

(@) g, (n) = e exp (-e"), the standard Gumbel II distribution,

X
e

fow () = ———, —0 < & < ®© (4.50)

1+ e")?

which is standard logistic distribution.
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() g4, (1) = " Sexp (~e* %), the Gumbel IT with location mean & and

variance 1,

fsev(x):xe—,k>0;a>0;—oo<x<oo (4.51)
(r+e)?

which is the extended standard logistic distribution.
(©) ggm (n) = 2e" exp (-e™ ), the standard Gumbel II distribution with

parameter A,

fsev(x):ke—,x>0;a>0;—w<x<w (4.52)
(n+ e*)

which is the extended standard logistic distribution.

ap

d) gg, (n) = lf(a) exp (—e"), the generalized Gumbel with one parameter
a
fsun (x)—%,a>0; cw < x < (4.53)
+e
which 1s GLI,
© gg, (1) - rk(:[) ¢™ exp (-n¢"), the Gumbel II distribution with

parameters o and A,

ar®e”
fo () = ———, A > 0;a > 0; —0 < x < © (4.54)
(1+ex)(x+1

when o = 1 we obtain the standard logistic distribution and when o = 3 =1

we obtain the standard logistic distribution.
5. Difference of two Gumbel Random Variables

Let z = x, - X,, where X, and X, are independent random variables.

Therefore the cdf of Z is

G(z) = Prob {Z < z}
= Prob {X; - X, < z}
= Prob {X; < z+ x,}

Advances and Applications in Mathematical Sciences, Volume 20, Issue 10, August 2021



GENERALIZED LOGISTIC DISTRIBUTIONS BASED ON ... 2385
= Prob {X; < z+ x5}, —0 < xy < ®

0 Z+x

S]] A,

© [ Z+xg

- I,m %LJ:OO fl(x)dxl]%fz(x)dxz

0

= j Fi(z + xy)fy(x)dx (5.1)

©

. g(z):ia(z): j fi(z + xg)fy(x)dx . (5.2)
dx

5.1. Suppose x, is Standard Gumbel I
Then
Fi(x) = exp (-e 1)
and
fix) = e “exp (—e 7).

(@) If x, is also standard Gumbel I distributed, then

©

G(x) = I Fi(z + x9)fy (x)dx 4

—©
©

= J exp (_e—(z+x2))lefx2 exp (—€7x2 )dx2

o0
-z —X —X —-X
:'[ exp (—e “e "2 —e "2)e "Zdx,
— 00

©
r4

= J exp (—(1 + e “)e "2)e "2dx,.
— o

- X - X
Let y = e ™ = dy = —¢ "%dx,

and
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-2

g(z) = e—z’ -0 < z < ® (5.3)

1 +e 7)

which is standard logistic.

Remark. We now wish to obtain the standard logistic distribution by

generalizing the distribution of Xx,. That is to determine various cases of f,x

in the formula ¢(z) = J'w fi(z + xy)fy (x)dx 5.
(a) If x, is Gumbel with parameter A, then

g(z) = I e (Z+22) exp (e_(erxz))ke_x2 exp (—re “2)dx,

—®

©
z 4

nog(z) = e KJ. e "2 exp ((A + e “))e “2dx,

© -z
= ke_z.[ ye_“”e )ydy
0

re ©
= ————  —w<z< o, A>0 (5.4)

(r+e )
which is an extended standard logistic distribution.
(b) If x, is generalized Gumbel with parameter a, then

© — X
e 2

g = [ T e (TN e (ce T ary

= ;(a) J‘i00 e "2 exp (-1 +e “e T2)e “2dx,
972 * o —(1+eiz)y

= d
l"(a).[,ocy ¢ Y

B e © I(a +1)
l"(oc) a+ e—z)u+1

:L,—o@<z<w,k>0 (5.5)
(1 i e—z)u+1

which is GLI.

(c) If x, is generalized Gumbel I with two parameters o and A.
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Then

g(z) = J e (Z¥¥2) exp (767(Z+xz))%eﬂ”2 exp (-re “2)dx,

o L _ -

= -[ e "2 exp (~(h +e “))e Zdx,
I(a)J o
7\‘(1,

7 —(L+e %)y
= e d.
F(a)J,wy Y

o

A . Mo +1)
e

F(q) (7» + e—z)a+1
o e ?
B A a+1
1 _
1+ —e Zj
A
ape - 1
= —, -0 <z <o,a >0, p=—>0
1+ pe”) *

this 1s an extended GLI distribution.

5.2. Suppose x, is Gumbel I with parameter A

(a) If x, is standard Gumbel, then

© x

_ _ a2
L ogl(z) = I Le (Zﬂcz)exp (=ne #T*2)e " 2o7¢ dx o

0

= xefzj. e "2 exp (~(re T +1)e "2)e Zdx,

— e ZJ‘ ye—(l+ae )ydy
—©
re ©
1+ re ?)?
re ©

Advances and Applications in Mathematical Sciences, Volume 20, Issue 10, August 2021
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L -2
—e
_ A
= ) .
(o)
A
:Be—,—oo<z<oo,[3:1—>0 (5.7)
B+e?) M

which is an extended standard logistic.

(b) If x, is generalized Gumbel I with one parameter o, then.

—Q0Xg

¢() = | re ) e (—xe‘<2*”)>er<a>

exp (e “2)dx,

re T 0 L e -
= I e T exp (=(1 + ne “)e Z)dx,
o) J_o

_ A e—ZJ'wyae—(lJr)»e_z)ydy
I'(a) o

A I'(a +1)
' (o) a+ xe—z)ou-l

4
ok e

_ (5.8)
1+ re )t
which is extended GLI distribution.
5.3. Suppose X, is generalized Gumbel I with parameter a
Then
fi(x) = ‘;}:x) exp (e %), 0 < z < 0, 0 >0 (5.8)

(a) If x, is standard Gumbel, then

a(z+x
o g olztxy)

g(z) = J‘,m Wexp (-e

7(z+x2))e7x2 exp (—e “2)dx,

az
e

I'(a)

J' e "2 exp (-1 + e “)e T2)dx,

‘;(u)J.o Y
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—oaz

e Mo +1)
I'(a) a+ e—z)a+1

—az
ae

(1 i e—z)a+1

which is GLII distribution.
(b) x, is Gumbel with parameter A

—alz+x
o gmo(zray)

L og(z) = I,m Texp (7ei(z+x2))7»e7x2 exp (—he — xy)dx

s _ ®© _ _ -z —x3 _
_ e aZJ' e %¥2, (h+e e e x2dx2
F((x) —©

- * _ -z
-, azJ‘ yae (A+e )ydy
r — o0

L (o +1)

T(a) (4 e %)

-z
ok e
= ————, -0 < 2 < ®; A,a >0

(7\ te -z )a +1
which is extended GLII distribution.
(c) If x, is also generalized Gumbel with parameter o, then

© —a(z+xq9) —axy

g(z) = J. erTeXp (—e_(2+x2))' el"(on)

exp (—e 2)dx,

-z
e

o0 (1 -z
—Z0Xx - +e -X
= —I e 2e Je "Zsxg.
— 0

(o) ((a))
-x -x —dy
Let y =e ™ = dy = ¢ "dxy = dxy = —
Yy
. _ e*OtZ * 2a —(1+e_z)y di
SO T L y

—az

e r2a)
Fa)T(a) (1 4 o7%)2¢

2389

(5.10)

(5.11)
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e*(}(Z
= -0 < z < o; o >0 (5.12)
z \2a

Bla, a)(1 +e 7)

which is GLIII distribution as was obtained by Davidson [3].

(d) If x, is generalized Gumbel with one parameter §, then,

© e—a(z+x2) C(zexy) e—ﬁxz .
g(z) = J‘ineXP (e 27 (o) exp (-e "?)dx,
L g(z) = LJ. ’ o (aP)ry exp (-(1 + e “)e “2)dx
M(a)r(p)d ?

e u+Be—(1+e72)y di

e o0
e o ? y

e %% I'(a + B)
C(a)T(B) (1 4 %)

= ! ¢ ,—©0 < z < o, a,pf >0 (5.13)

Blas B) (1 4 ¢72)**P

this i1s GLIV distribution.

(e) If x, is generalized Gumbel with two parameter ¢ and m then

* e—a(z+x2) —(z+xy) ¢m -—mx -x
g(z) = j,w Texp (—e 2 me Zexp (—¢ "2)dx,
= MJ‘ ) e T2 e (<(p + e e T )dx o
F(a)r(m)J_o
_ ¢me—x2 ® aum —(p+e 7))y di
- l"(a)l"(m).[_my ¢ y
B o"e *F o + m)
F@)(T(m) (g 3 o Fyirm
¢m e*az
o g(z) = , -0 <z <o, 0, ¢, m>0 (5.14)

Blom) (g4 e72)erm
which is extended GLIV distribution as suggested by Morais et al. [8].

Advances and Applications in Mathematical Sciences, Volume 20, Issue 10, August 2021



GENERALIZED LOGISTIC DISTRIBUTIONS BASED ON ... 2391

6. Conclusion

Using Gumbel mixture or the difference of two Gumbel random variables,
we have obtained; the standard logistic, extended standard logistic, GL I,
extended GL I, GL II, extended GL II, GL III, GL IV and extended GL IV

distributions.

The Burr differential equation approach gives us only the standard

logistic and GL I distributions.

The transformation technique requires appropriate choice of

transformations for generalizing the standard logistic distribution.
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