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Abstract 

In this paper is to discuss generalized fuzzy e separation and regularity axioms in the sense 

of Šostak’s. Also the relationships between these axioms are discussed and investigate some 

properties of them.  

1.Introduction and Preliminaries 

Kubiak [14] and Šostak [17] introduced the fundamental concept of a 

fuzzy topological structure, as an extension of both crisp topology and fuzzy 

topology [3], in the sense that not only the objects are fuzzified, but also the 

axiomatics. In [18, 19] Šostak gave some rules and showed how such an 

extension can be realized. Chatopadhyay et al., [4] have redefined the same 

concept under the name gradation of openness. A general approach to the 

study of topological type structures on fuzzy power sets was developed in [8]-

[10], [14]-[15]. The notion of fuzzy topology on fuzzy sets was introduced by 

Chakraborty and Ahsanullah [2] as one of treatments of the problem which 

may be called the subspace problem in fuzzy topological spaces. One of the 
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advantages of defining topology on a fuzzy set lies in the fact that subspace 

topologies can now be developed on fuzzy subsets of a fuzzy set. Later 

Chaudhury and Das [5] studied several fundamental properties of such fuzzy 

topologies. The concept of separation axioms is one of the most important 

concepts in topology. In fuzzy setting, it had been studied by many authors 

such as [6, 7, 11, 12, 16]. Later, Kim [13] introduces the separation axioms in 

Šostak’s fuzzy topoogical spaces and investigate some properties of them. The 

aim of this paper is to introduce the concepts of generalized fuzzy separation 

and regularity axioms in fuzzy topological spaces.  

Throughout this paper, nonempty set will be denoted by YX ,  etc.,

 1,0I  and   .1,00 I  For    xI ,
 
for all .Xx   A fuzzy point

tx  for 0It   is an element of X
I  such that    .xxoifytyyx t   The set of 

all fuzzy points X of is denoted by  .XPt  The family of all fuzzy subsets of a 

fuzzy set  will denoted by A  i.e.   .:  UIUA
X  The set

    0:  xXxS  is said to be the support of . If , AU  then the 

complement of U referred to , denoted by .U  Let  AZVU ,  are said 

to be quasi-coincident referred to , denoted by   ,VU q  
iff there exists

  Sx  such that      .xxVxU   If is not quasi-coincident with V 

referred to , we denoted for this by   .VU q  

Lemma 1.1 [9]. Let X be a nonempty set and .,
X

I  Then 

1.  q
 
iff there exists tx  such that .qx t  

2. , q
 
then .0  

3.  q
 
iff .1   

4. 
 
iff tx  implies tx

 
iff qx t  implies qx t  

implies .qx t  

5. i
i

t qx 
  

iff there exists 0i  such that .
0it qx   

Definition 1.1 [1]. Let  ,X  be a fts and .
X

I  The mapping

IA   :  defined by      UVIVVU
X

 ,:  is a fuzzy -
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topology induced over  by . For any , AU  the number  U  is called 

the -openness degree of U.  

Theorem 1.1 [1].   
verifies the following properties: 

1.     .110    

2.     ,  UVU
 
for any .,  AVU  

3.    ,iiii UU  
 
for any   .

 AU
ii  

Theorem 1.2 [1]. Let  ,X  be a fts and .
X

I  Then for each

0, IrAU    we define an operator   AIACl 0:  as follows: 

     rVVUAVrUCl   ,:,
 
(Equivalently, V is -r closed)}. 

For  AVU ,  and 0, Isr   the operator Cl  satisfies the following 

conditions: [(i)] 

1.   .0,0  rCl  

2.  ., rUClU   

3.      .,,, rVUClrVClrUCl    

4.    sVClrUCl ,,  
 
if .sr   

5.      .,,, rUClrrUClCl    

Theorem 1.3 [1]. Let  ,X  be a fts and .
X

I  Then for each

0, IrAU    we define an operator   AIAInt 0:  as follows:

     rVUVAVrUInt   ,:,  (Equivalently, V is -r open)}. For

 AVU ,  and 0, Isr   the operator Cl  satisfies the following conditions: 

[(i)] 

1.    rInt  

2.   ., UrUInt   
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3.      .,,, rVUIntrVIntrUInt    

4.    sVIntrUInt ,,  
 
if .rs   

5.      .,,, rUIntrrUIntInt    

6.    rUClrUInt ,,  
 
and    .,, rUIntrUCl    

2. Generalized Fuzzy e-Separation and Regularity Axioms 

Definition 2.1. Let  ,X  be a fts. For X
IVU ,  and UIr ,0  is 

called -r fuzzy regular open (for short, -r fro) (resp. -r fuzzy regular closed 

(for short, -r frc)) if    rrUClIntU ,,  (resp. 

       VUVIVrUClrrUIntClU
X

,:,;,,    is ar -frc set} and

   VUVIVrUInt
X

,:,    is a -r fro set}; -r fuzzy e-open (resp. 

-r fuzzy e-closed) (briefly, feor -  (resp. fecr -  set if 

       rrUCIIntrrUIntClU ,,,,    

(resp.         ;,,,, UrrUCIIntrrUIntCl    
-r generalized fuzzy 

(resp. e) closed (briefly, gfcr -  (resp. gfecr -  set if   VrUCl  ,  (resp. 

  VrUCle  ,  whenever VU   and V  is r  open, .0Ir   The 

complement of a gfcr -  (resp. gfecr -  set is called -r generalized fuzzy 

(resp. e) open (briefly, gfor -  (resp. gfeor -  set; -r generalized fuzzy 

interior (resp. -r generalized fuzzy closure, -r generalized fuzzy e-interior 

and -r generalized fuzzy e-closure) (briefly, gfInt  (resp.  gfeIntgfCl ,  and 

gfeCl  of U is    VVUIVrUgI
X

,:,int   
is gfor -  

(resp. is    VVUIVrUgCl
X

,:,   
is  ,- gfcr  

   VVUIVrUgeInt
X

,:,   
is gfeor -  

   VVUIVrUgeCl
X

,:,   
is .- gfecr  
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Definition 2.2. Let  ,X  be a   tt
X

PxIfts ,,  and .0Ir   Then 

any fuzzy set  A
tx0  with  gfeoO

tx  contains tx  is called a generalized 

fuzzy e neighbourhood (briefly, gefnbd) of .tx  The set of all generalized fuzzy 

e neighbourhoods of tx  will be denoted by  .txgfeN   In general for any

 AO v  with  gfeoO U  contains is called gfenbd of U. 

Proposition 2.1. Let  ,X  be a    tt
X

PxAUIft ,,,  and 

.0Ir   Then     rUqgfeCIx t ,
 
iff    ., txx xgfeNOqUO

tt   

Proof. It is easily proved. 

Definition 2.3. Let  ,X  be a X
Ifts ,  and .0Ir   is said to be:  

1. 0- Rgfer 
 
iff     rygfeClqx st ,  implies     st yqrxgfeCl ,  for any 

distinct fuzzy points  .,  tst Pyx  

2. 1- Rgfer 
 

iff     rygfeClqx st ,  implies that there exist

 tx xgfeNO
t   and  sy ygfeNO

t   such that  
xt yx OqO  for any distinct 

fuzzy points ., st yx  

3. 2- Rgfer 
 

iff  Uqx t  with   rU    implies that there exist

 tx xgfeNO
t   and  UgfeNO U   such that    AUOqO Ux t

,  and 

 . tt Px  

4. 3- Rgfer 
 
iff  VqU  with   rU    and   rV    implies 

that there exist  UgfeNO U   and  VgfeNO V   such that  vU OqO  

and .,  AVU  

Definition 2.4. Let  ,X  be a X
Ifts ,  and .0Ir 

 
For any distinct 

fuzzy points    ,, tst Pyx  is said to be: 

1. 0- Tgfer 
 
iff  st yqx  implies that there exist  tx xgfeNO

t   such 

that  sx yqO
t

 or there exist  sy ygfeNO
s   such that   .

syt Oqx  
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2. 1- Tgfer 
 
iff  st yqx  implies that there exist  tx xgfeNO

t   such 

that  sx yqO
t

 and there exist  sy ygfeNO
s   such that   .

syt Oqx  

3. 2- Tgfer 
 
iff  st yqx  implies that there exist  tx xgfeNO

t   and 

 sy ygfeNO
s 

 
such that   .

syt OqOx  

4. 3- Tgfer 
 
iff it is 2- Rgfer   and 1- Tgfer   

5. 4- Tgfer 
 
iff it is 3- Rgfer   and .- 1Tgfer   

Theorem 2.1. Let  ,X  be a  AUIfts
X

,,  and  .,  tst Pyx  

Then the following statements are equivalent. 

1.  is a 0- Rgfer   space.  

2.    .,, txxt xgfeNOOrxgfeCl
tt   

3.      .:, txxt xgfeNOOrxgfeCl
tt    

4.  Uqx t  
with   rU    

implies there exists 

    .,   UtU OqxUgfeNO  

5.  Uqx t  
with   rU    implies     .,  UqrxgfeCl t  

6.     rygfeClqx st ,
 
implies       .,,  rygfeClqrxgfeCl st  

Proof. (1)  (2) Let     ,,  rxgfeClqy ts  from (1) we have 

    .,  rygfeClqx st  From Proposition 2.1, we have 

     ,, txtxs xgfeNOrxOqy
tt   then    txxt xgfeNOOrxgfeCl

tt   ,,  

(by (5) of Lemma 1.1). 

(2)  (3) is obvious. 

(3)  (4) Let  Uqx t  with   ,rU    then  .Ux t 
 
By (2), 

   UrxgfeCl t  ,
 

implies    ,, UOrxgfeClU    so 

     ., Utt OrxgfeClqx    
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(4)  (5) Let  Uqx t  with   ,rU    by (4) there exist UO  such that

 Ut Oqx  implies  Ut Ox 
 

implies    Ut OrxgfeCl  ,
 

implies

    ,,  Ut OqrxgfeCl  so     .,  UqrxgfeCl t  

(5)  (6) and (6) (1) are obvious. 

Theorem 2.2. The following implications hold: 02 RgfeeRgfer 

.012 RgferRgferRgfer   

Proof. (1) Let  be a 02 RgferRgfer   and let  Uqx t  with 

  .rU    Then from (5) of the Theorem 2.1, we have     .,  UqrxgfeCl t  

Since is ,2Rgfecr   then there exists   UrxgfeCl OO
t

,,
 such that

    .,, 
 UrxgfeCl OqO

t
 Now take   ,, rxgfeClx tt

OO


  then   ,Ux OqO
t

 and 

hence  is 2Rgfer   space. 

(2) Let  be 2Rgfer   and     .,  rygfeClqx st  Then there exist 

 rxgfeClx tt
OO ,,


 such that     ., 

 rygfeClx st
OqO  Take  rygfeCly ss

OO ,
  

then    ., ryx st
OqO  Hence  is 1Rgfer   space. 

(3) Let  be a 1Rgfer   and  
txs Oqy  implies  

txs Oy 
 
implies

   
txs OrygfeCl  ,

 
implies     ,,  rygfeClqO sx t

 so     ,,  rygfeClqx st  

there exist 
st yx OO ,

  such that  


st yx OqO  implies  
syt Oqx

 
implies

    ,,  rxgfeClqy ts  so by (5) of Lemma 1.1, we get 

   .,, txxt xgfeNOOrxgfeCl
tt    Hence  is .0Rgfer   

Theorem 2.3.  is a 1Rgfer 
 

iff   tst Pyx ,  with

    rygfeClqx st ,  implies that there exists  AVU ,  with 

  UrxgfeClgfeoVU t   ,,,  and   VrygfeCl s  ,  such that   .VqU  

Proof. Follows from Theorem 2.1(2). 

Theorem 2.4.  is a 2Rgfer 
 
iff   tt Px  and  tx xgfeNO

t   

there exists  tx xgfeNO
t 


  such that   .,

tt xx OrOgfeCl 
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Proof. Let  be a   tt PxRgfer ,2  and  .tx xgfeNO
t   Then

  
txt Oqx  implies there exists    

ttxt xOtx OgfeNOxgfeNO  






,  

such that     ,






txt ox OqO  (since  is 2Rgfer   implies 

  







txtt oxx OO  then       .,
ttxtt xoxx OOrOgfeCl 







  

Conversely, let   tt Px  and  AU  with   rU    be such that 

  .Uqx t  Then  Ux t   i.e.    ,txgfeNU   so there exists 

txO  such 

that    UOrOgfeCl
tt xx 



 ,  implies    Ux OrOgfeClU
t




 ,  

and   .


txU OqO  Hence  is .2Rgfer   

Theorem 2.5.  is a 2Rgfer 
 
iff  AU  with   rU    and

 UNfegOU   there exist  UgfeNOU 


  such that   ., UU OrOgfeCl 



  

Proof. It is similarly proved as in the above Theorem 2.4. 

Theorem 2.6.  is a 0Tgfer 
 
iff  st yqx  implies     rygfeClqx st ,  

or     .,  st yqrxgfeCl  

Proof. It is easily proved. 

Theorem 2.7. Let  ,X  be a fts and .
X

I
 

Then the following 

statements are equivalent. 

1.  is a 1Tgfer   space.  

2.   tst Pyx ,
 

with        rygfeClqxyqx stst ,
 

and

    .,  rxgfeClqy ts  

3.    .,,  tttt PxxrxgfeCl  

Proof. (1)  (2) is clearly from Proposition 2.1. 

(1)  (3) Let  st yqx  implies there exists ,
syO  such that  st Oyqx  this 

implies  ,ty xO
s

  thus   rx t    for every   tt Px  i.e. 

   .,,  tttt PxxrxgfeCl  
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(3)  (1) Let     tttt PxxrxgfeCl ,,  and   .st yqx  Then

  rx t    and   .ry s    
Since    

t
Oyqy ss   and

    ,
sytt Oxqx 

 
and hence  is 1Tgfer   space. 

Theorem 2.8. The following implications hold: 24 TgferTgfer 

.012 TgferTgferTgfer   

Proof. It is similarly proved as in Theorem 2.2. 

From the Theorem 2.8 and Theorem 2.2 we obtain the following result.  

Corollary 2.1. The following implications hold: 

 

Conclusion 

The purpose of this paper is to introduce and investigate generalized 

fuzzy separation and regularity axioms in Šostak’s fuzzy topological spaces. 

Also, some of their fundamental properties are studied and relation between 

these generalized separation axioms are discussed.  
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