Advances and Applications in Mathematical Sciences
Volume 20, Issue 4, February 2021, Pages 631-640

© 2021 Mili Publications

GENERALIZED FUZZY e SEPARATION AND
REGULARITY AXIOMS IN FUZZY TOPOLOGICAL
SPACES

A. VADIVEL and P. MURUGADASS

PG and Research Department of Mathematics
Government Arts College (Autonomous)
Karur 639005, India

E-mail:bodi_muruga@yahoo.com

Department of Mathematics
Annamalai University
Annamalai Nagar, 608002, India

E-mail: avmaths@gmail.com

Abstract

In this paper is to discuss generalized fuzzy e separation and regularity axioms in the sense
of Sostak’s. Also the relationships between these axioms are discussed and investigate some

properties of them.

1.Introduction and Preliminaries

Kubiak [14] and Sostak [17] introduced the fundamental concept of a
fuzzy topological structure, as an extension of both crisp topology and fuzzy
topology [3], in the sense that not only the objects are fuzzified, but also the
axiomatics. In [18, 19] Sostak gave some rules and showed how such an
extension can be realized. Chatopadhyay et al., [4] have redefined the same
concept under the name gradation of openness. A general approach to the
study of topological type structures on fuzzy power sets was developed in [8]-
[10], [14]-[15]. The notion of fuzzy topology on fuzzy sets was introduced by
Chakraborty and Ahsanullah [2] as one of treatments of the problem which
may be called the subspace problem in fuzzy topological spaces. One of the

2010 Mathematics Subject Classification: 54A40.

Keywords: generalized fuzzy e neighbourhood, r-GFerT ;, (i =0,1,2,3,4) and r-GFel ;,
(i=0,1,2,3).

Received January 21, 2020; Accepted May 13, 2020



632 A. VADIVEL and P. MURUGADASS

advantages of defining topology on a fuzzy set lies in the fact that subspace
topologies can now be developed on fuzzy subsets of a fuzzy set. Later
Chaudhury and Das [5] studied several fundamental properties of such fuzzy
topologies. The concept of separation axioms is one of the most important
concepts in topology. In fuzzy setting, it had been studied by many authors
such as [6, 7, 11, 12, 16]. Later, Kim [13] introduces the separation axioms in
Sostak’s fuzzy topoogical spaces and investigate some properties of them. The
aim of this paper is to introduce the concepts of generalized fuzzy separation
and regularity axioms in fuzzy topological spaces.

Throughout this paper, nonempty set will be denoted by X,y etc.,

I =[0,1] and I, = (0,1]. For a e I, a(x) = « for all x ¢ X. A fuzzy point
x, for ¢t e 1, is an element of 1% such that x,(y) = (ty = xoify x. The set of
all fuzzy points X of is denoted by P,(Xx). The family of all fuzzy subsets of a
fuzzy set p will denoted by 4, ie. A, = (U e 1 .U < u}. The set
S(n) = {x € X : p(x) > 0} is said to be the support of . If U e 4, then the
complement of U referred to p, denoted by p - U. Let U, 2Zv e A, are said
to be quasi-coincident referred to p, denoted by U Vv [u], iff there exists

x e S(u) such that U(x)+ V(x) > u(x). If is not quasi-coincident with V

referred to u, we denoted for this by U v [u].

Lemma 1.1 [9]. Let X be a nonempty set and », u < 1*. Then

—

. Aqp iff there exists x, e » such that x,qu.

2. Lqu, then » no# 6

raw ffr <1 -

w

4. % < w iff x, € » implies x, e p iff x,qr implies x,qu implies x,q 1.

5. x,0 v u; iff thereexists iy e A such thatx,qn; .

Definition 1.1 [1]. Let (x,:) be a fts and pu < I*. The mapping

1, A, —> I defined by ,(U)=v{x(V):V e I,V Ap = U} is a fuzzy p-
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topology induced over u by 1. For any U < A, the number <, (U) is called
the p-openness degree of U.

Theorem 1.1 [1]. «, verifies the following properties:
Lot (0) =, (1)=1.
2. 1, U AV)2 ‘EH(U)/\ Ty forany U,V e A,

3ot (Vier Uy) 2 Apert, (U)), forany {U;}, . < A,

Theorem 1.2 [1]. Let (X, 1) be a fts and u < 1X. Then for each

UeA, rel, we define an operator Cl, : A, xI, > A, as follows:

C,U,r)=nr{VeA, :U<V,1,(n-V)=r (Equivalently, Vis r, - closed)}.
For u,v e A, and r,s < I, the operator Ci, satisfies the following

conditions: [(1)]
1. cl, (0, r) = 0.
2. U < CL, (U, r).
3.CL (U, r)v CL (V,r)-Cl,(UvV,r).
4.c1, (U, r) < Cl,(V,s)ifr<s.

5. a,,w,r)r)y=20qc,U,r).

Theorem 1.3 [1]. Let (X, 1) be a fts and u < 1X. Then for each

UeA, rel, we define an operator It , : A, xI, - A, as follows:
Int (U, r)=v{VeA, :V <U,rx,(V)=>r (Equivalently, Vis r, - open)}. For
U,V e A, and r, s € 1, the operator Cl, satisfies the following conditions:

(@]

1. Int p( ) =

2. It (U, 7)< U.
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3. Int WU, r)n It (V,r)= It (UAV,r)
4. It (U, r)< Int ((V,s)if s <r.
5. It (It , (U, 1), r)= It (U, r).

6.Intp(u -U,r)=pn-0C,U,r) and Cly(w-U,r)=n-Int (U,r)

2. Generalized Fuzzy e-Separation and Regularity Axioms

Definition 2.1. Let (x, ) be a fts. For v, v ¢ 1¥ and r c 1,,U is

called r, - fuzzy regular open (for short, r, - fro) (resp. r, - fuzzy regular closed

(for short, r, - frc)) if U = It (Cl,(U,r)r) (resp.
U = Cl,(Int (U, r), r); 8CL, (U, r) = Ar{V e I*¥ . v > U, Vv isar p-fre set} and

dInt (U, r) = v{V e I“.v<u,v isa r, - fro set}; r, - fuzzy e-open (resp.

r, - fuzzy e-closed) (briefly, r, -feo (resp. r,-fec)) set if
U<c,@nht, U,r)r)v It (8C,U,r) r)

(resp. Ct,(8Int ,(U, r), r)n Int ((3CI (U, r), r) < U) r,-generalized fuzzy
(resp. e) closed (briefly, r, -gfc (resp. r, -gfec )) set if Ci, (U, r) <V (resp.
eCl, (U, r)<V) whenever U <V and V is r, open, re I,. The
complement of a r,-gfc (resp. r,-gfec) set is called r, - generalized fuzzy
(resp. e) open (briefly, r -gfo (resp. r,-gfeo )) set; r, -generalized fuzzy

interior (resp. r,- generalized fuzzy closure, r, - generalized fuzzy e-interior

andr, - generalized fuzzy e-closure) (briefly, gfint |, (vesp. gfCl ,, gfelnt , and

gfe [0) is gl int , )=V e : >V, s r, -gfo
feCl ) of Uis gI int (U vel* . Uus>v,v L -gfo }
(resp.is gCl (U, r) = A{V « ¥ .U <v,vis r,-gfe},

gelnt (U, r)=v{V eI® U <V,V isr,-gfeo}

geCl (U, r) = a{V e I .U <v,vis r,, -gfec }).
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Definition 2.2. Let (X, <) bea fis, n e 1~ x, € P,(p) and r ¢ I,. Then

any fuzzy set 0, € 4, with O,, < gfeo, contains «x, is called a generalized

fuzzy e neighbourhood (briefly, gefnbd) of x,. The set of all generalized fuzzy

e neighbourhoods of x, will be denoted by gfeN ,(x,). In general for any

0, e A, with 0y e gfeo , contains is called gfenbd of U.

Proposition 2.1. Let (X, ) be a fip,pe I~,U « A, x, e P(n) and

rel,. Then x,qgfeCI WU, ) k] iff Oxth [m], VOxt e gfeN , (x,).
Proof. It is easily proved.
Definition 2.3. Let (X, ) bea fts, p ¢ I* and r I,.p1s said to be:

1. r-gfeuRr, iff x,q gfeCl W (s, )] implies gfeCl w (g r)q v, [n] for any

distinct fuzzy points x,, y, € P,(n).

2. r-gfepr, iff «x,qgfeCl (y,,r)[n] implies that there exist
O, e gfeN ,(x,) and 0, e gfeN ,(v,) such that Oxzq_oyx [u] for any distinct
fuzzy points x,, y,.

3. r-gfeuR, iff x,qU[n] with © («-U)=>r implies that there exist
O, < gfeN ,(x,) and O e gfeN ,(U) such that OxtCTOU[p], UeA, and
x, € P,(n).

4. r-gfeuRy iff UqV([u] with < (n-U)=>r and <, (n - V)= r implies
that there exist 0y e gfeN ,(U) and Oy e gfeN (V) such that 0,q0,[u]

and U, V « A,

Definition 2.4. Let (X, ) bea fis,p c I* and r I,. For any distinct

fuzzy points x,, y, € P,(n), pn 1s said to be:

1. r-gfenT, iff x,q y,[n] implies that there exist O, < gfeN ,(x,) such

that Oxtq_ys[“] or there exist 0, < geN  (y,) such that xtq_Oys [n].
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2. r-gfenT, iff x,qy,[u] implies that there exist O, < gleN ,(x,) such

that Oxtays[u] and there exist 0, < gfN  (y) such that xtaqu[u].

3. r-gfenT, iff x,qy [n] implies that there exist 0, e gfeN ,(x,) and
OyS e gfeN u(ys) such that Oxtq_Oys[u].

4. r-gfenT, iff it is r-gfe uR, and r-gfe u 7,

5. r-gfenT, iffitis r-gfe nR, and r-gfe n7,.

Theorem 2.1. Let (X, <) be a fis, u e 1, U e A, and x,, y, € P,(n).
Then the following statements are equivalent.

1l.pisa r-gfe nR, space.
2. gfeCl p(x,, r) < Oxt, VOxt e gfeN “(xt).

3. gfeCl pl(xy, 1) < /\{Oxt : 0 , € gfeN | (x;)}.

x

4. x,q U[p] with T (w-U)=r implies there exists

Oy e gfeN ,(U), x,q4 Oy [n].
5. xt(;U[u] with t,(n-U)=zr implies gfeCl w(xs r)q U [u].
6. x,qgfeCl , (y,, r)[n] implies gfeCl ,(x,, r)q gfeCl (v, r)[n].

Proof. (1) = (2) Let y,qgfeCl u(x,, r)[u], from (1) we have
x,q gfeCl u(y,, r)[ul. From Proposition 2.1, we have
ys(TOxt (x,,7)[nlvO, < gfeN , (x,). then gfeCl | (x,,r)< 0,,.V0,, <gfeN  (x,)
(by (5) of Lemma 1.1).

(2) = (3) is obvious.

(3) = (4) Let x,qU[u] with <, (n -U)=>r, then x, € (u-U). By (2),
gfeCl ,(x,, r) < (n-U) implies U < (n - gfeCl ,(x., 7)) = Oy, SO

xzq_(“ - gfeCl u(xt’ 7‘)) [“] = OU'
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(4) = (5) Let x,qU[u] with «, (u - U) > r, by (4) there exist 0, such that
x,¢Oy[n] implies x, € (u - Oy ) implies gfeCl ,(x,, r) < (n - Oy ) implies

gfeCl |, (x,, r)q Oy [u], 8O gfeCl ,(x,, r)q U [u].

(5) = (6) and (6) (1) are obvious.

Theorem 2.2. The following implications hold: r - gfe uR, A e — gfe uR,
=r-gfeuRy, = r—gfeuR, = r - gfeuR,.

Proof. (1) Let n be a r - gfeuR, A r - gfenR, and let x,qU[p] with
t,(n = U) = r. Then from (5) of the Theorem 2.1, we have gfeCl , (x,, r)g U[u].
Sincep 1is r - gfec pR,, then there exists 0, Lz, 1) Ou such that
O gt (x,, r)> qOy[n]. Now take 0, = 0,q L 1) then 0, ¢Oy[u], and
hence pis r - gfe uR, space.

(2) Let n be r - gfepR, and x,qgfeCl ,(y,, r)[u]. Then there exist
Oxt’ ngeCl u(xt’r) Such that Oxtq_ngeCl u(ys’r)[p]. Take Oys = ngeCl u(ys'r)
then OxtcTOys,,)[u]. Hence pis r - gfe nR, space.

(3) Let u be a r - gfenR, and ysq_Oxt [v] implies y, < (n - 0,,) implies
gfeCl  (v,,r)< (u-0, ) implies O, qgfeCl |, (yy, r)[n], SO x,q gfeCl (v, r)ul,
there exist O;t, 0, ~such that O;tq_Oys [u] implies =x,¢0, [x] implies
¥sq8feCl , (x,, r)[ul, S0 by (5) of Lemma 1.1, we get
gfeCl u(xt, r) < Oxt7 ‘v’Oxt e gfeN H(ac,:). Hence MiS r — gfeuR,.

Theorem 2.3. pu is a r - gfe pnR, iff Vx,, ys € P, (n) with
x,q8feCl (v, r)[n] implies  that there  exists U,V e A, with

U,V e gfeo ,, gfeCl H(xt, r) < U and gfeCl u(ys, r) < V such that UqV[u].

Proof. Follows from Theorem 2.1(2).
Theorem 2.4. pis a r - gfeuR, iff vx, e P,(n) and VO, < gleN ,(x,)

there exists O < gfeN (x,) suchthat gfeCl (O, ,r)< O, .
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Proof. Let p be a r- geur,, x,P,(n) and O, egfeN  (x,). Then

%,q(n-0, )u implies there exists O;t e gfeN |, (x,), 0:*_0% c gfeN ,(w-0,)

such  that 0;130(”:70 Il (since p is  r - gfepR,) implies
Xt

0, <m-0( _,

Xy

) then gfect H(o,’;t, r) < (p - o(*;t,oxt)) <0

xt‘

Conversely, let x, ¢ P,(x) and U e A, with 7, (u - U) = r be such that

x,qU[u]. Then x, <(u-U) l.e. (n-U) e gfN ,(x,), so there exists O;t such

that gfeCt u(O;t’ r)< O, =(n-U) implies U < (u - gfeCl H(o,’;t, r) = Oy
and 00‘70; [v]. Hence pis r - gfe pnR,.

Theorem 2.5. n is a r - gfenR, iff vU e A, with «,(n-U)=r and
VOy € gfeN, (U) thereexist O e gfeN ,(U) such that gfeCl , (0f, 1) < Oy .

Proof. It is similarly proved as in the above Theorem 2.4.

Theorem 2.6. wis a r - gfenT, iff x,qy,[n] implies x,q gfeCl (v, r)[u]
or gfeCl , (x,, r)gy,[ul.

Proof. It is easily proved.

Theorem 2.7. Let (X, <) be a fts and u < 1*. Then the following
statements are equivalent.

l.puisa r - gfenT, space.

2. Va,, y, € P(n) with  x,qy,[n] = x,q8fCl ,(y,, r)[n] and

¥sq8feCl , (x,, r)[u].
3. gfeCl “(xt, r)=x,, Vx, € P,(n).

Proof. (1) = (2) is clearly from Proposition 2.1.

(1) = (3) Let x,q y,[n] implies there exists 0O such that x,q 0y ;[n] this

Vs
implies Oy < (n-ux) thus <, (0 -x,)>r for every =x, ¢ P(n) 1ie.

gfeCl | (x,, 1) = x,, Vx, € Py(n)
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3 = (1) Let grct ,(x,,r)=x,,vx, € P,(n) and =x,qy,[u]. Then

tw—x) 27 and T, (n—yg) 2T Since  y,q(n - y4)[n] = Out and

x,q(w - x,)[n] = O, . and hence pis r - gfe u 7, space.

Theorem 2.8. The following implications hold: r — gfe nT, = r — gfe uT,

= r—gfeuTy = r—gfeuT, = r— gfeuT,.
Proof. It is similarly proved as in Theorem 2.2.
From the Theorem 2.8 and Theorem 2.2 we obtain the following result.
Corollary 2.1. The following implications hold:

r—gfeudly =r—gfeuds =r—qfepds = r —qgfepd) = r—qgfeulp
4 4 4 4
r—ygfepRaAr —gfepRy=r —gfepRo = v —gfepuRy = r —gfephy

Conclusion

The purpose of this paper is to introduce and investigate generalized
fuzzy separation and regularity axioms in Sostak’s fuzzy topological spaces.
Also, some of their fundamental properties are studied and relation between
these generalized separation axioms are discussed.
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