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Abstract

In this paper, we initiate the results on geodetic parameters of some special graphs such as

helm graph H,, dutch windmill graph D,’i, tadpole graph Tj, p.
1. Introduction

Throughout this paper all graphs consider here are simple, undirected
connected graph. We define I[u, v] to the set of all vertices lying on some

u—-v geodesic of G and for a nonempty subset S of V(G),
I[S] = Uy, yesI[u, v]. A set S of vertices of G is called a geodetic set in G if

I[S] = V(G) and a geodetic set of minimum cardinality is its geodetic number
of G and denoted it by g(G). A vertex v is an extreme vertex of a graph G if

the subgraph induced by its neighbours is complete. A vertex v of a graph G 1s
said to be an antipodal vertex of v in G if d(u, v) = diam(G). The wheel W, is

defined to be the join C,_; + K; where n > 3. The vertex corresponding to
K; is known as the apex vertex and the vertices corresponding to cycle are

known as the rim vertex. In this paper we find the split geodetic number of a
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graph was studied by in [11]. A geodetic set S of graph G is a split geodetic
set, if the induced subgraph (V(G)-S) is disconnected. The split geodetic

number g (G) of G is the minimum cardinality of a split geodetic set. A

strong split geodetic number of a graph was studied in [4]. A geodetic set
S < V(G) is a strong split geodetic set of G, if S is a geodetic set and induced

subgraph (V —S) is totally disconnected. The strong split geodetic number of
G, is denoted by g.,(G), is the minimum cardinality of a strong split geodetic

set of G. The non-split geodetic was introduced by Tejaswini and
Venkanagouda M Gowda in [9]. A set S < V(G) is a non-split geodetic set in

G, if S is a geodetic set and (V —.S) is connected, non-split geodetic number
Z,5(G) of G is the minimum cardinality of a non-split geodetic set of G. A set
S < V(G) is said to be doubly connected geodetic set, if S is a geodetic set
and both induced subgraphs (S) and (V —S) are connected. The minimum
order of a doubly connected geodetic set g;.-set of G is called doubly
connected geodetic number of a graph G and it is denoted by g;.(G), and it

was studied in [5]. A geodetic set S of vertices of G is an independent geodetic
set if S is an independent set and I[S] =V, is denoted by ig(G), it was

introduced in [2]. A set S < V(G) is a total geodetic set in G, if the subgraph
G[S] induced by S has no isolated vertices. The minimum cardinality of a
total geodetic set is the total geodetic number g;(G), is discussed in [1]. A
geodetic set S < V(G) of a graph G is a restrained geodetic set, if the
subgraph G[V \ S] has no isolated vertex. The minimum cardinality of a
restrained geodetic set, denoted g,(G). A g,.(G)-set is a restrained geodetic
set of cardinality g,(G), and it was formalized by Abdollahadeh Ahangar,

Samodivkin, Sheikholeslami and Abdollah Khodkar in [3]. A geodetic set
S < V(G) is said to be total outer-independent geodetic set if (S) has no

isolated vertex and (V —S) is an independent set. The minimum order of a
total outer-independent geodetic set g;,;-set of G is called the total outer-
independent geodetic number of G and it is denoted by g;,;(G), it was
introduced in [10] of some special graph respectively.

We follow the notations, standard terminology and undefined terms
related to the graph theory we refer [6], [7] and [8].

Advances and Applications in Mathematical Sciences, Volume 21, Issue 9, July 2022



GEODETIC PARAMETERS OF SOME SPECIAL GRAPHS 5407

Definition 1.1. The helm graph is the graph obtained from an wheel
graph by adjoining a pendant edge at each vertex of the cycle and it is

denoted by H,, is as shown in figure.

Definition 1.2. The tadpole graph, also called a dragon graph, is the
graph obtained by joining a cycle graph C,, to a path P, with a bridge and it

is denoted by T}, .

Definition 1.3. The dutch windmill graph is the graph obtained by
taking k copies of the cycle C, with a vertex in common and it is denoted by

DF.

Lemma 1.4. Every geodetic set of a graph contains its extreme vertices.

2. Geodetic Parameters on Helm Graph

Theorem 2.1. For any helm graph H,, of order n > 3, g(H,,) = n.

Proof. It is easy to verify that the pendant vertices of H, forms a

geodetic set. Hence, g(H,,) = n.
INlustration 2.2. Consider the helm graph Hg as shown in figure 1. The

empty vertices is its geodetic set.

Figure 1. Hg.

Let  V(Hg) = {vy, vy, ..., Ug, U], Uy ... Ug, XJ,  the  geodetic  set

S = (v}, vh, ..., vg}. Thus, g(Hg) = 6.
Corollary 2.3. For helm graph H,, of order n > 3, g,(H,) = n.

Corollary 2.4. For helm graph H,, of order n >3, g,.(H,,) = n.
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Theorem 2.5. If H, is the helm graph of order n >3, then
gs(H,)=AH,)+d -1, whered is the diameter.

Proof. Let V(H,,)={uv;,vg,...,U,, V], V5, ..., Uy, x} with deg(x)=A(H,)=n
and diameter d = 4. We have by Theorem 2.1, S = {v{, v, ..., U},} be the g-
set such that (V(H,)-S) 1is connected. Let us consider the set
S' = {x, v;, vj}, where deg(v;)=3=deg(v;) and vy, v; ¢ E(H,), then
S; =S US' be the g, -set which makes (V(H,,) - S;) disconnected. Clearly,
S, is a g, -set. Therefore, g,(H,)=|S; |=A(H,)+d-1.

Theorem 2.6. For the helm graph H,, n > 4,

3n + 2

() 5 if nis even
8ss(Hy) =
@, if nis odd.
Proof. Let V(H,)={v;,va,...,0,,V],V,..., U, x}, deg(vi)=1,deg(v;)=3
forall i € {1, 2, 3, ..., n}. By Corollary 2.3, S = {u}, v}, ..., v},} be the g, -set
and (V(H,)-S) is connected. Let SUS’ forms a gg-set, where S’ is

defined by the following cases.

Case (i). Suppose n is even. Consider S’ = {x}U {vy, v4, vg, ..., U, } be
the vertex set containing rim vertex and vg; be the non-adjacent vertices,

then SUS’' which makes (V(H,)-S) totally disconnected. Therefore,

gss(Hn):|SUS’|:n+1+%:3n2+2.

Case (ii). Suppose n is odd. Consider S = {x}U {vy,
Ug, Ugs «s Up_1 t U {v,}, then SUS’ which makes (V(H,)-S) totally

n+l _3n+1)

disconnected. Therefore, g, (H,)=|SUS |=n+1+ 5 5

Theorem 2.7. If H, is the helm graph of order n >3, then g,(H,)

=n+| N(x)|, where N(x) are the neighborhood vertices of apex vertex x.

Proof. Let V(H,,) = {vy, Uy, ..., U,, U], Vb, ..., U, x} and by Theorem 2.1,
S = {v{, vy, ..., U,} be the geodetic set such that (S) has isolated vertex.
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Consider S’ = {v}, V5, ..., U} = N(x) and {v;, v}} € E(H,,). Then S; =SUS’
which forms (S;) has no isolated vertex. Clearly, S; is a g;-set. Therefore,
g(Hy) =[S |=[S[=]S"]=n+|N@x)|

Corollary 2.8. For any helm graph H,, n > 3, g.(H,)) = g,(H,,).

Corollary 2.9. For any helm graph H,, n > 3, g4.(H,,) = g,(H},).

Theorem 2.10. For helm graph H, of order n >3, g.(H,)
= 8ns(Hy) = 1.

Proof. We have from Theorem 2.1, S = {v], v, ..., v,,} be the geodetic
set of H, and (V(H,)-S) has no isolated vertex, which is connected.

Hence, the set S itself satisfy the condition of both restrained geodetic set and
nonsplit geodetic set. Therefore, g,.(H,) = g,(H,) =|S|=n.

3. Geodetic Parameters on Tadpole Graph

Theorem 3.1. For the tadpole graph T, , n = 3,

2, if nis even
T =
&(Tn. &) {3, if nis odd.
Proof. Let V(T,, 1) = {v1, Vg, ..., Uy, Uy, Ug, ..., u, }. To prove this result

we have two cases.

Case (i). Suppose n is even. Consider S = {v;, u;}, where d{v;, uy}
= diam(T},, 1), deg(v;) = 2 and deg(y,) = 1. Clearly, I[S]= V[T, ] Thus, S
is the g-set. Therefore, g(T}, ) =|S| = 2.

Case (ii). Suppose n is odd. Consider S ={v;, vj, uz}, where
deg(v;) = 2 = deg(vj), {v;, vj} € E(T), ), deg(uy) =1, d(v;, up) = diam(7,, 1)
= d(vj, u,) such that I(S)=VI[T, ;] Clearly, S is the g-set. Therefore,
8T, k) =1S]=3.

Illustration 3.2. The tadpole graph T3 3 as shown in figure 2
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Figure 2. T3 3.

Let V(T5 3) = {v1, v, U3, g, ug, ug}. The geodetic set S = {vy, vy, ug}
and if we remove S from V(T3 3), then (V(T5 3)-S) will be connected.

Hence, S itself be the g-set and g, -set. Therefore, g(T5 3) = gns(T5, 3) = 3.
Corollary 3.3. For the tadpole graph T, 1, n > 3, g,s(Ty, 1) = &(T},, 1)-
Corollary 3.4. For the tadpole graph T, 1, n > 3, g,(T,, 1) = g(T},, 1)

Theorem 3.5. For the tadpole graph T,, p, n 2 3, gi(T,, ) = g(T}, ) +1.

Proof. Let V(T,, ) = {{Ui; v} U (U w,}}. By Theorem 3.1,

5 {v;, up} if nis even
v, vj, wp} if nisodd
be the g-set and (V(T, r)-S) is connected. Consider S’ = {x} be any

arbitrary vertex which is not adjacent to vertex set in S, then the set
S, =SUS' forms a gg-set of T, , and (V(T, p)-S;) is disconnected.

Therefore, g4(T, 1) =|S1|=|S+S"| = g(T,, 1) +1.

Theorem 3.6. Let T, ; be the tadpole graph of order n >4,
gtr(Tn, k) = 4.

Proof. Let V(T), 1) = {vy, Vg, ..., U, U, Usg, ..., Up). To prove this result
we have two cases.

Case (i). If n is even, then S = {v;, u;,} be the g-set such that (S) has
isolated vertex. Let S’ ={v;, up_1}, where vj,v; € E(T},;) and uy_q,
upe E(T,, ). Consider S; = SUS'. Clearly, (S;) has no isolated vertex. By
Theorem 3.1, | S| = 2. Therefore, g,(T}, ) =|S; | = 4.
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Case (ii). If n is odd, then S = {v;, v}, 13} be the g-set such that (S) has
isolated vertex. Consider S'={u;_;}, where {up_y,1u;}<c E(T},;) and
S; =SUS’ which makes (S;) has no isolated vertex. By Theorem 3.1,
| S| = 3. Therefore, g,(T}, ) =|S; | = 4.

Corollary 3.7. Let T,; be the tadpole graph of order n =>4,
gtr(Tn, k) =4.

Proof. Since every g, -set of T}, ;, is the g, -set, we have by Theorem 3.6,
gtr(Tn,k) =4

Theorem 3.8. For the tadpole graph T, j; with n = 4,

%+1+k, if nis even
ge(Tnk) = n+1 s
5 +1+k, if nisodd.
Proof. Let V(T}, 1) = {vy, vg, ..., Uy, Uy, Ug, ..., uy}. To prove this result

we have two cases.

Case (i). For n is even, let S = {v;, u;,} be the g-set such that (S) is not

n
connected. Consider S; = S U{UZ, v} U {U];;% uj}, where v; and u; are the

adjacent vertices. So that (S;) is connected. Clearly, S; forms g, -set. Hence,

n
(T, 1) =151 1=|S+{U%,; Ui}+{U§;% uj}|:%+1+k~

Case (ii). For n is odd, let S = {v;, v;, u;} be the g-set such that (S) is

n-1
not connected. Consider S; = SU{U,23 v U {U’jj uj}, where v, and u;

are the adjacent vertices. So that (S;) is connected. Clearly, S; forms g, -

n-1

5 _ +1
set. Hence, g.(T,, 1) =|S1 | =|S+{U% v} +{Uid u}| ==

+1+ k.

Corollary 3.9. For the tadpole graph T, with n >4, g.(T, )

= 8dc (Tn, k)
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4. Geodetic Parameter on Dutch Windmill Graph

Theorem 4.1. Let d,’f be the dutch windmill graph of order n >4, then

k,  for n = 0(mod 2)

ky _
&(Dn) = {2]@, for n = 1(mod 2).

Proof. Let V(DE) = ({Uf5 vy} UHUIS ugi) .., U{URS o) where o,

a common vertex is consider the following cases.

Case (i). For n is even, consider S ={vyj, vgj, ..., U} such that
d(vyj, vgj) = d(vgj, vsj) = -+ = d(Up_1, Vpj) = diam(DF). Clearly, I[S]=V(DF).
Thus, S is a g-set. Therefore, g(Df) =S| = k.

Case (ii). For n is odd, consider S = {vy}, vig, Vgj, Vag, ..., Upj, Upq} De
the vertex set with d((v);, (v));) = d((v;),, (v))y) = diam(D}y), (v7);, (v;),
e E(DF). Clearly, I[S]=V(DF) Thus, S is a g-set. Therefore, g(DF)
=|S| =2k

Corollary 4.2. For the dutch windmill graph fo of order n >4,
g,(Df) = g(Df).

Corollary 4.3. For the dutch windmill graph fo of order n > 4,
gns(Dr]f) = g(Drk: )

Illustration 4.4. The dutch windmill graph Dg’ as shown 1in figure 3

Figure 3. Dg.
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In this D§ graph having vertex set V(D§) = {(v1);, (v1)g> ..., (v )es (V215

(v2)g, ..., (V2)5, (U3)g, ..., (U3)5} and it has a subset S = {(v1)3, (vg)3, (v3)3}

vertices. Every vertex in S is antipodal. Therefore, S is geodetic set. Clearly,

g(Dg) = 3.
Theorem 4.5. Let D,]f be the dutch windmill graph of order n > 4, then

k+1, for n is even
2k +1, for n is odd.

208 - |

Proof. Consider the graph DF

., we have the following cases.

Case (i). If n is even, then S = {vyj, vgj, ..., upj} be the g-set such that
(V(DF)-S) is connected. Let S’ = {vln}, where vln be any arbitrary vertex
in V(DF) not adjacent to vertices in S. Clearly, S; = SU S’ which makes

(V(DF)-S) disconnected. Therefore, Sis a g -set. Hence, g,(DF) =k +1.

Case (ii). If 7 is odd, then S = {vy}, v14, Ugj, Vag, ..., Upj, Upq) be the g-
set such that (V(DF)-S) is connected. Let S’ = {vin}, where vin be the
arbitrary vertex in V(Dﬁ) not adjacent to S. Hence, S; = SUS" which
makes (V(DF)-S) disconnected. Therefore, S is a g,-set. Clearly,
g,(Df) =k +1.

Theorem 4.6. For the dutch windmill graph D,}; of order n >4,
gt(D,lf) = 2k.

Proof. Consider the graph DE

., we have the following cases.

Case (i). If n is even, then S = {v;;, vgj, ..., Uz;} be the g-set such that
(S)  has isolated vertex. Consider 8" ={vyj_q, Ugj_1, ..., Upj_1})
= {V1j4+1> V9ji1» ---» Upjs1) be the vertex set such that vj; is adjacent to v;j_4
or v;j,q. Consider §; = SUS’ forms a g, -set. Clearly, (S;) has no isolated
vertex. By Theorem 4.1, | S| = k. Hence, | S; | =|SUS'| = 2k.
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Case (ii). If n is odd, then S = {vy;, V14, Vgj, Uags ---» Upjs Upq} be the g-

set and (S) has no isolated vertex. Hence, S itself forms a g;-set. By

Theorem 4.1, | S| = k. Hence, g,(DF) = 2k.

Corollary 4.7. For the dutch windmill graph D,’f of order n > 4, gtr(D,lf)
= gt(DfL)‘

Theorem 4.8. If Df is the dutch windmill graph of order n > 4, then

kn

(Dk) B +1, for n is even
8eln) =V k(n + 1)
— 1, for nis odd.

Proof. Let V(D)= {{ULy v} UUS wgih s U{US vy}, and

| V(D%) | = k(n —1) + 1. To prove these results we have following cases.

Case (i). For n is even, let S = {vy;, vgj, ..., uy;} be the g-set such that
n-2 n-2
(S) has isolated vertex. Consider S; =SU{U;3 v;JU{U;3 wveiU ...
n-2

U{ Ug vpit U {v;,}, where vy, is a common vertex, which forms a g, -set.
n-2 n-2
By Theorem 4.1, |S| = k. Clearly, gc(D,]f) =|S|+| {Uizz1 Ulj} U {Uizz1 UZj}
n—2

U..u{uz2 Uki}U{UinH:k+k(n;2j+1:k7n+l'

Case (ii). For n is odd, let S = {vy}, V14, Ugj, Vag, ..., Upjs Upq) be the g-

-2
=21 Ulj}U{U‘ 1 U2j}

1=

n n—2
set such that (S) is disconnected. Consider S; =S U {U. 2

l
n-2
U...U{U;3 uvri}U{vy,}, where vy, is a common vertex, which forms a g, -
n=3
set. By Theorem 4.1, |S|=2k Clearly, g.(DFy =S|+ U2 vy}
n—3 n-3

U{U,2 gt U U{UE ot Udvid] = 2k+k(n;3)+1 - k(n;1j+1'
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Theorem 4.9. If d,}f is the dutch windmill graph of order n > 4, then

(2k—1)n—2k+4’ for n is even

By 2
8e(Dp) = 2k +1)n—2k +3
2 b

Proof. Let V(D)= {{Uky vy} ULUL wgi) .. ULUIS oty here vy,

for n is odd.

is a common vertex and | V(DF)| = k(n —1) + 1. To prove this result we have
following cases.

Case (i). For n is even, consider A = {v;, Vg, ..., Uj((n—2)/2)}» be the
adjacent vertices of C; for fixed i. Let S = V(DF)— A be the g, -set with his

(8) and (V(DF)-S) are connected. Clearly, g4 (DF)=|S|

2k —1)n -2k +4
- | VD))~ 4| - Gl 2hrd
Case (ii). For n is odd, consider A = {v;, v, ..., Ui((n-3)/2))» Where

ie{l,2, ..., k), be the adjacent vertices of Cj for fixed i. Let S = V(DF)— A

(2k-1)n -2k +3
5 .

be the g, -set. Clearly, g4.(Df)=|S|=|V(DF)-A|=

5. Conclusion

In this paper, we established geodetic number, split geodetic number,
non-split geodetic number, restrained geodetic number, connected geodetic
number, doubly connected geodetic number, total geodetic number and total

outer independent geodetic number of some special graphs.
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