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Abstract

In this chapter we present algorithm and prove the existence of 1 modulo 3 graceful labeling
in the extended duplicate graph of path graph, the extended duplicate graph of comb graph, the
extended duplicate graph of twig graph, the extended duplicate graph of star graph, the extended
duplicate graph of Bistar graph, the extended duplicate graph of double star graph.

1. Introduction

The concept of graph labeling was introduced by Rosa in 1967. A graph
labeling is an assignment of integers to the vertices or edges or both subject
to certain condition(s). If the domain of the mapping is the set of vertices (or
edges), then the labeling is called a vertex labeling (or an edge labeling) [1].
In the intervening years various labeling of graphs have been investigated in
over 2000 papers. E. Sampathkumar introduced the concept of duplicate
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graph and studied the characterization of the duplicate graphs [3]. The
concept of one modulo N graceful labeling was introduced by V.
Ramachandran and C. Sekar. They have proved that the Supersubdivision of
Ladder is one modulo N graceful for all positive integers N [2]. 1 (mod 3)
graceful labeling was introduced by V. Swaminathan et al. Confining
themselves to N =3 in the definition of one modulo N graceful for all

positive integers N given by Ramachandran and Sekar.
2. Main Results

Definition 2.1[2]. A graph G is said to be one modulo N graceful (where
N is a positive integer) if there is a function ® from the vertex set of G to
{0,1, N, (N +1), 2N, (2N +1), ---, N(g —=1), N(g —1) + 1} in such a way that

(G @ is 1-1 (ii) ® induces a bijection @ from the edge set of G to

{1, N+1,2N +1,---, N(g — 1) + 1} where ®*(uv) = | ®(u) - ®(v) .

Definition 2.2 [2]. A graph G is said to be one modulo 3 graceful, if there
is a function (0] from the vertex set of G to
{0,1,3,4,6,7, -, 3(g —1), 3(q —1) + 1} in such a way that (i) ®is 1 -1 (ii)) ©®

induces a bijection ®" from the edge set of G to {1, 4, 7, ---, (3¢ — 2)} where
& (uv) = | D) - D).

Definition 2.3 [3]. Let G(V, E) be simple graph. A duplicate graph of G
is DG = (V;, E;), where the vertex set V; =V UV’ and VNV' =0 and
f:V — V' isbijective (for v € V, we write f(v) = v') and the edge set E; of

DG is defined as The edge ab is in E if and only if both ab’ and a'b are edges
in E]_.

Algorithm 2.1. (One modulo three graceful labeling - EDG (P,,))

Vo {ny, ng, - Mypyq, M, oy M} B {0y, Loy ooy Ly, 01, oy ey U}
Case (i). When m is odd

Fix ny « 3m+3,n « 3m+1.
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For 1§k£m+1

Nop < 3k —3,ny, < 3m+3k+1ngy,; < 3m—3k+6.

For lﬁkﬁm_l

nop, < 6m—3k+4.

Case (ii). When m is even

Fix n; < 3m + 3, n; « 4.

For ISkS%nZk < 3k -3, nhy, < 3m+3k+1ngy,; <« 3m—3k+86,
nop.1 < 6m — 3k + 4.

Theorem 2.1. The extended duplicate graph of path graph
EDG(P,,), m > 2 admits 1 mod 3 graceful labeling.

Proof. Case (i): When m is odd

Using the algorithm 2.1, 2m+2 vertices are labeled using
0,1,3,4,6,7, -, 6m+1(= 3¢ — 2). Using the induced function ¢ defined as
®*(uv) = | d(u) - ®(v)|, the m -1 edges namely /o, I, (4, U5, Lg, {7, ..ns
Cpgy oy 1y Uy Teceive labels 6m+1=(3q—2),6m—2,6m—5,6m-8,
6m-11,6m-14,---,3m+16,3m +13 3m + 10, 3m + 7 respectively, the m — 1
edges namely (1, 0, (g, 'y, U5, Ug, -y Uy Cm—as {m_1, £, Teceive labels
1, 4,7,10,13,16, ..., 3m —11,3m — 8, 3m — 5, 3m — 2 respectively and the
three edges ¢4, (7, ¢,, receive labels 1, 3m + 1, 3m + 4 respectively. Thus the

2m +1 edges are labeled with 1, 4, 7, 10, ---, 6m + 1 = (3¢ — 2).

Case (ii). When m is even.

Using the algorithm 2.1 2m+2 vertices are labeled using
0,1,3,4,6,7, -, 6m+1(= 3¢ — 2). Using the induced function ¢* defined in
case (1) above, the m -1 -edges namely /g, 05, 0y, 5, lg, (7, ...,
-3y Um—gs U'm_1, L, receive labels  6m +1(= 3¢ — 2), 6m — 2, 6m — 5,
6m -8, 6m —11, 6m —14, 6m —17, ..., 3m + 16 3m + 13, 3m + 10, 3m + 7

respectively, the m —1 edges namely (%, (3, ¢4, (5, U, {7yeccs L3, Ui o,
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'm—1, Uy receive labels 7,10,13,16,19,22,...,3m—-8,3m -5,3m —-2,3m +1
respectively and the three edges /4, (7, ¢,,,1 receive labels 1, 4, 3m + 4
respectively. Thus the 2m +1 edges are labeled with 1, 4, 7, 10, ---, 6m
+1(= 3¢ - 2).

Hence the extended duplicate graph of path graph EDG(P,), m > 2

admits 1 mod 3 graceful labeling.

.
18 ny n'y 16 |21 my n'y 4
0 m w19 |0 n';y 22
5 . |15 .
15 ns 'y 31 15 n3 m's 37
3 n, m'y 22 |0 M m'y 25
- B ~
12 ng n's 28 |12 1 m's 34
6 ng - m'g 25 6 ng m' 28
9 n; = "3

m'; 31

Figure 2.1. One modulo three Graceful Labeling in EDG(P5) and EDG(Pg).
Algorithm 2.2. (One modulo three graceful labeling —-EDG(CB,,))
V < {n, ng, oy, i, Ny, -, 0 } E < {01, Lo, Lopm, 01, 0, Uom 1}
Case (i). When m is odd
Fix n; <« 0, n] « 6m — 2.

For 1§ksm+1

nyp < 6k —3, ny, < 6m + 6k —b5ny,_; < 6m — 6k,
nyp_1 < 12m — 6k —2nyp,1 < 6k, nyp,1 < 6m+ 6k —2.

For 1£k£m+1

Nyp_g < 6m—6k+3,ny, o9 < 12m -6k +1

Case (ii). When m is even

Fix n; <« 0, n; « 6m - 2.

For 1£k£%n4k_2 —6m-—6k+3,ny, g <« 12m—6k+1
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Nyp_1 < 6m —6k,ny;_1 < 12m — 6k —2
Ny < 6k — 3, ny, < 6m + 6k — 5.

m-—2

For 1<k < n4k+1(—6k,nak+1 < 6m + 6k — 2.

Theorem 2.2. The extended duplicate graph of comb graph
EDG(CB,,), m > 2 admits 1 mod 3 graceful labeling.

Proof. Case (i): When m is odd.

Using the algorithm 2.2, 4m  vertices are labeled using
0,1,3,4,6,7, --,12m — 5 = (3¢ — 2). Using the induced function ¢* defined
in Theorem 2.1 the 2m —2 edges namely /¢, (5, (3, {4, U5, U, {7, lg, ...,
Vom—5s Vom—gs> Lam—3, Lam_o Teceive labels 1,4,7,10,13,16,19, 22, ...,
6m —17, 6m — 14, 6m —11, 6m — 8 respectively, the 2m — 2 edges namely
Oy, Lo, U, Uy, U, Le, 07, Usy ooy Lom_5s Lom_as Lom—3, Lom_o Teceive labels

12m -5 = (3q — 2), 12m - 8, 12m — 11, 12m — 14, 12m - 17, 12m — 20, 12m - 23,
12m - 26, ---, 6m + 13, 6m + 10, 6m + 7, 6m + 4 respectively and the three

edges lopy_1, Lom, Lom—1 Treceive labels 6m +1, 6m — 2, 6m — 5 respectively.
Thus the 4m -1(= ¢) edges are labeled with 1, 4,7,10,13,---,12m -5
= (3¢ - 2).

Case (ii). When m is even.

Using the algorithm 2.2, 4m  vertices are labeled using
0,1,3,4,6,7, --,12m — 5 = (3¢ — 2). Using the induced function ¢* defined
in Theorem 3.3.1, the 2m — 2 edges namely (1,05, (3,04, 5, s, (7, g, ...,
Lom—5>Lom_a>Com_3, Lom—_o receive labels 1,4,7,10,13,16,19, 22, 25,28, ...,
6m+3,6m+10,6m+7,6m+4 respectively, the 2m —2 edges namely
O, bg, U, Uy, s, lg, U7, gy Lom b,y Lom_as Lom—3, Lom—o Teceive labels
12m-5=(3q-2),12m - 8,12m —11,12m — 14, 12m - 17, 12m - 20, 12m — 23,
12m - 26, ---, 6m + 13, 6m + 10, 6m + 7, 6m + 4 respectively and the three

edges (9,_1, Lom> Lom—1 Treceive labels 6m +1, 6m — 2, 6m — 5 respectively.
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Thus the 4m -1 = (q) edges are labeled with 1, 4,7,10,13,...,12m -5
= (3¢ - 2).

Hence the extended duplicate graph of comb graph EDG(CB,,) admits 1
mod 3 graceful labeling.

Illustration:

0 1) g -

21 n, n,
18 ng 4 nsg
3 n, 53 ng

6 ng ns

15 ng ng ', 49

ny >en'; 46

n'g 37
n'y 40

roaa
1043

Figure 2.2. One modulo three Graceful Labeling in EDG(CB,) and
EDG(CBs).

Algorithm 2.3. (One modulo three graceful labeling EDG(T},))
V « {nl’ ng, = N3gm4+2, ni’ n’2’ T ném+2}
E « {El’ lg, -, f3m+2’ 6’1’ [2’ T 6’3m+1}

Case (i). When m is odd

Fix ny «9m+3,n] <1, ng < 0,n5 < 9m+7

F0r1§k3m+1

ngp < 9IMm -9k +9, ngp_g < 18m — 9%k + 16

Ngp_o < 9m — 9k + 6, ngp_o < 18m — 9%k +13

Ngp_1 < 9m — 9k + 3, ngp_1 < 18m — 9k +10
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Forlskﬁm_1

ngp < 6k —3, ngp, <« IMm+ 9k +1

Ngpy1 < 6k, ngp1 < IMm+ 9k + 4
Ngpyo < 6k + 3, ngpro <« 9M + 9k + 7

Case (ii). When m is even

Fix nf «9m+3,n] «<1,ng < 0,ny < 9m+7
Forléké%nﬁk_g — 9m -9k -9, ng, 3 <« 18m — 9k + 6

Ngp_o < 9IMm — 9k —12, ngp_g <« 18m — 9% +13
ngp—1 < 9m — 9k —15, ngp_1 < 18m — 9k + 10
ngr < 9%k —6, ngp < 9m - 9% -9

Ngp+1 < 9% — 3, ngpi1g <« IMm + 9% -6

Ngp+o < 9k, ngpro9 < 9m + 9k — 3.

Theorem 2.3. The extended duplicate graph of twig graph
EDG(T,,), m > 2 admits 1 mod 3 graceful labeling.

Proof. Case (i): When m is odd

Using the algorithm 2.3, 6m+4 vertices are labeled using
0,1,3,4,6,7, ---,18m + 7 = (3¢ — 2). Using the induced function ¢* defined
in Theorem 2.1, the 3m edges namely (o, (3, (4, {5, UG, (7, lg, g,
(105 0115 0125 013 > L3m-7> L3m—-6> L3m—5> {3m-4> {'3m-3> {3m—2, {3m-1 Teceive
labels 18m+7=(3¢—-2),18m +4,18m +1,18m —2,18m —5,18m - 8,18m - 11
18m —14,18m — 17, 18m — 20, 18m — 23, 18m — 26, ---, 9m + 34, 9m + 31, 9m
+28, 9m + 25, 9m + 22, 9m + 19, 9m + 16, 9m + 13, 9m + 10 respectively, the
3m edges namely (5, 03, 0y, (5, lg, L7, L, U9, L0, L11> 125 13> = > C3m—7>
L3m—6s L3m—5s L3m—4> L3m—3> L3m—2> Y3m-1> 3m> {3m+1 receive labels 7, 10,
13, 16, 19, 22, 25, 28, 31, 34, 37, 40, ---, 9m — 20, 9m — 17, 9m — 14, 9m — 11,
9m —-8,9m —-5,9m —2,9m — 1, 9m — 4 respectively and the three edges
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01, 11, Loms1 Teceive labels 1, 4, 9m + 7 respectively. Thus the 6m + 3 = (q)
edges are labeled with 1, 4, 7, ---, 18m + 7 = (3q — 2).

Case (ii). When m is even

Using the algorithm 2.3, 6m+4 vertices are labeled using
0,1,3,4,6,7,---,18m + 7 = (3¢ — 2). Using the induced function ¢* defined in
Theorem 2.1, the 3m edges namely (g, l3, 0y, (5, g, 7, lg, lg, {10,
2115 0925 L1y o5 U3m—as L3m—3s L3m—9> L3m-1> L3m> Lam+1 receive labels
18m+7 =(38g-2),18m +4,18m +1,18m - 2,18m - 5, 18m — 8, 18m — 11,
18m —14,18m — 17, 18m — 20, 18m - 23, 18m - 26, ---, 9m + 25, Om + 22,
9m +19, 9m + 16, 9m + 13, 9m + 10 respectively, the 3m edges namely
Lo, l3, 0y, U5, U, 07, g, Ly, L10, 0115 0125 0135+ € 3m—a> L3m-35 £ 3m—2> £ 3m-1>
C3ms C3ma1 receive labels 7,10,13,16,19, 22, 25, 28, 31, 34, 37, 40, ...,
Im-11,9m —-8,9m —5,9m —2,9m +1,9m + 4 respectively and the three edges
01, 01, L3y receive labels 4, 1, 9m + 7 respectively. Thus the 6m + 3 edges
are labeled with 1, 4,7,10, ---,18m + 7 = (3¢ — 2).

Hence the extended duplicate graph of Twig graph EDG(T,,) admits 1
mod 3 graceful labeling.

Illustration:

Figure 2.3. One modulo three Graceful Labeling in EDG(T3) and EDG(T}).
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Algorithm 2.4. (One modulo three graceful labeling —~-EDG(S,,))
V « {m, ng, -~ ny,, ni, ny, -, ny,}
E«—{t1,0g, 0, 01,09 lh 1}
Fix nj « 0,n] «< 6m-5
For 1<k <m-1n,,; < 3m, np,; < 3m—2.

Theorem 2.4. The extended duplicate graph of star graph
EDG(S,,), m > 3 admits 1 mod 3 graceful labeling.

Proof. Using the algorithm 2.4, the 2m vertices are labeled with
0,1,3,4,6,7,...,6m -5 = (3¢g — 2). Using the induced function ¢* defined
in Theorem 2.1, the m -1 edges namely /¢q, lo, lg, Ly, -, L9, £
receive labels 1, 4, 7, 10, ---, 3m — 8, 3m — 5 respectively and the m — 1 edges
namely 0%, 1, U9, Uhs, =o+5 U9, 7 receive labels 3m -2, 3m +1,
3m +4,...,6m—11, 6m — 8 respectively and the edge /,, receives label
6m-5=(3¢—-2). Thus the 2m-1 edges are labeled with
1,4,7,---,6m -8, 6m—5=(3q —2).

Hence the extended duplicate graph of star graph EDG(S,,), m >3

admits 1 mod 3 graceful labeling.

Illustration:

Figure 2.4. One modulo three graceful Labeling in EDG(S5), and EDG(Sg).

Algorithm 2.5. (One modulo three graceful labeling
_EDG(BSm,m)))
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V o« {ny, ng, = nopya, i, NG, o, Ngia )
E {01, Lo, Lomyas 01, Loy oy Lo}
For1<k<m+2ny <« 3k-3,n,,.3_p «<12m -3k +10

For1<k<m
Popskeo < OM +3k+6, n,, . 10 < IMm — 3k + 4.

Theorem 2.5. The extended duplicate graph of Bi-star graph
EDG(BSm,m), m > 2 admits 1 mod 3 graceful labeling.

Proof. Using the algorithm 2.5, the 4m + 4 vertices are labeled with
0,1,3,4,6,7,---,12m — 7 = (3¢ — 2). Using the induced function ¢ defined in
Theorem 2.1, the m edges namely ¢%5,,.1, Y9ms Lom-1> > {m+o receive labels
1, 4,7,10, ---,3m -2 respectively, the m edges namely
Comi1sComs lom—ts--s U mea receive labels 3m +1,3m +4,3m+7,---, 6m —2
respectively, the m+1 edges namely /.1, 0}, U1, -+, L9, £1 receive
labels 6m +1,6m+4,6m+17,---,9m -2, 9m +1 respectively, the edge
loms+o  receives label 9m+4 and the m+1 edges namely
01, 8oy by, oy Uy Lt receive labels Im+17,9m +10,9m +13, ---,
12m +4,12m +7 = (3¢ — 2) respectively. Thus the 4m+3=(q) edges are
labeled with 1, 4,7,10,13,---,12m + 7 = (3q — 2).

Hence the extended duplicate graph of bi-star graph EDG(BSm, mh

m > 2 admits 1 mod 3 graceful labeling.
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0 1 o on'; 40 | 0 1 ag _mn', 49

N
3 n,e-3 S-en', 43 n'5 52
' 46 | 6 M3

n', 49 |9 4

Figure 2.5. One modulo three graceful Labeling in EDG(S4 ), and
EDG(S,,. ).

Algorithm 2.6. (One modulo three graceful labeling EDG(DS,), ,,))

Vo« {ny, ng, - ngmats 04, s o N

E {1, Ly s Lopmars 01, 09, o, Uom )

For 1<k<m+1n, <« 3k-3,n,,,9 <« 12m-3k+4
For1<k<m

Ropaksl < OM—3k+3, 0y, 11 < 9k —5.

Theorem 2.6. The extended duplicate graph of double star graph
EDG(DS,, p,), m 2 2 admits 1 mod 3 graceful labeling.

Proof. Using the algorithm 2.6, the 4m + 2 vertices are labeled using
0,1,3,4,6,7,---,12m +1 = (3¢ — 2). Using the induced function ¢ defined in
Theorem 2.1, the m edges namely ¢,,,¢,,_1,(m_9, -, {9, {1 receive labels
12m+1=(3g-2),12m-2,12m-5,---,9m +7,9m + 4 respectively, the edge
lom4+1 receives the label 9m +1, the m edges namely 07, 05,05, -, 01, 0y

receive labels 9m — 2, 9m — 5, 9m — 8, ---, 6m + 4, 6m + 1 respectively, the m
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edges namely /,,.1,%m+9:Cm+3s-> Loy Teceive labels 1,7,13,---,6m—11,

’

6m —5 respectively and the m edges namely ¢%,.1, 09, Omass s Lom

receive labels 4,10,16, .-, 6m -8, 6m —2 respectively. Thus the
4m +1 = (q) edges are labeled with 1,4,7,---,12m +1 = (3¢ - 2).

Hence the extended duplicate graph of double star graph
EDG(DS,, p,), m > 2 admits 1 mod 3 graceful labeling.

Illustration:

Figure 2.6. One modulo three graceful Labeling in EDG(S4,), and
EDG(S5 5).

3. Conclusion

In this chapter it is proved that the extended duplicate graph of path
graph, the extended duplicate graph of comb graph, the extended duplicate
graph of twig graph, the extended duplicate graph of star graph, the extended
duplicate graph of Bistar graph, the extended duplicate graph of double star
graph are one modulo three graceful.
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