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Abstract 

In this chapter we present algorithm and prove the existence of 1 modulo 3 graceful labeling 

in the extended duplicate graph of path graph, the extended duplicate graph of comb graph, the 

extended duplicate graph of twig graph, the extended duplicate graph of star graph, the extended 

duplicate graph of Bistar graph, the extended duplicate graph of double star graph.  

1. Introduction 

The concept of graph labeling was introduced by Rosa in 1967. A graph 

labeling is an assignment of integers to the vertices or edges or both subject 

to certain condition(s). If the domain of the mapping is the set of vertices (or 

edges), then the labeling is called a vertex labeling (or an edge labeling) [1]. 

In the intervening years various labeling of graphs have been investigated in 

over 2000 papers. E. Sampathkumar introduced the concept of duplicate 
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graph and studied the characterization of the duplicate graphs [3]. The 

concept of one modulo N graceful labeling was introduced by V. 

Ramachandran and C. Sekar. They have proved that the Supersubdivision of 

Ladder is one modulo N graceful for all positive integers N [2]. 1 (mod 3) 

graceful labeling was introduced by V. Swaminathan et al. Confining 

themselves to 3=N  in the definition of one modulo N graceful for all 

positive integers N given by Ramachandran and Sekar. 

2. Main Results 

Definition 2.1[2]. A graph G is said to be one modulo N graceful (where 

N is a positive integer) if there is a function  from the vertex set of G to 

( ) ( ) ( ) ( ) 11,1,,12,2,1,,1,0 +−−++ qNqNNNNN   in such a way that 

(i)  is 11 −  (ii)  induces a bijection   from the edge set of G to 

( ) 11,,12,1,1 +−++ qNNN   where ( ) ( ) ( ) .vuuv −=   

Definition 2.2 [2]. A graph G is said to be one modulo 3 graceful, if there 

is a function  from the vertex set of G to 

( ) ( ) 113,13,,7,6,4,3,1,0 +−− qq  in such a way that (i)  is 11 −  (ii)  

induces a bijection   from the edge set of G to ( ) 23,,7,4,1 −q  where 

( ) ( ) ( ) .vuuv −=   

Definition 2.3 [3]. Let ( )EVG ,  be simple graph. A duplicate graph of G  

is ( ),, 11 EVDG =  where the vertex set VVV =1  and 0=VV   and 

VVf →:  is bijective (for ,Vv   we write ( ) )vvf =  and the edge set 1E  of 

DG is defined as The edge ab is in E if and only if both ba   and ba  are edges 

in .1E  

Algorithm 2.1. (One modulo three graceful labeling – EDG ( ))mP  

   .,,,,,,,,,,,, 2112112121 mmmm EnnnnnV   +++  

Case (i). When m is odd 

Fix .13,33 11 ++ mnmn  
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For .633133,33
2

1
1 1222 +−++−

+
 + kmnkmnkn

m
k kkk   

For .436
2

1
1 12 +−

−
 + kmn

m
k k  

Case (ii). When m is even 

Fix .4,33 11 + nmn  

For ,633133,33
2

1 1222 +−++− + kmnkmnkn
m

k kkk  

.43612 +− + kmn k  

Theorem 2.1. The extended duplicate graph of path graph 

( ) 2, mPEDG m  admits 1 mod 3 graceful labeling.  

Proof. Case (i): When m is odd  

Using the algorithm 2.1, 22 +m  vertices are labeled using 

( ).2316,,7,6,4,3,1,0 −=+ qm  Using the induced function   defined as 

( ) ( ) ( ) ,vuuv −=  the 1−m  edges namely ,,,,,,, 765432    

mmmm  ,,, 123 −−−   receive labels ( ) ,86,56,26,2316 −−−−=+ mmmqm  

133,163,,146,116 ++−− mmmm   73,103 ++ mm  respectively, the 1−m  

edges namely mmmm  ,,,,,,,,,, 123654321 −−−   receive labels 

23,53,83,113,,16,13,10,7,4,1 −−−− mmmm  respectively and the 

three edges m ,, 11   receive labels 43,13,1 ++ mm  respectively. Thus the 

12 +m  edges are labeled with ( ).2316,,10,7,4,1 −=+ qm  

Case (ii). When m is even. 

Using the algorithm 2.1  22 +m  vertices are labeled using 

( ).2316,,7,6,4,3,1,0 −=+ qm  Using the induced function   defined in 

case (i) above, the 1−m  edges namely ,,,,,,, 765432    

mmmm  ,,, 123 −−−   receive labels ( ) ,56,26,2316 −−−=+ mmqm  

73,103,133163,,176,146,116,86 ++++−−−− mmmmmmmm   

respectively, the 1−m  edges namely ,,,,,,,,, 23765432 −−  mm   
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mm   − ,1  receive labels 13,23,53,83,,22,19,16,13,10,7 +−−− mmmm  

respectively and the three edges 111 ,, + m  receive labels 43,4,1 +m  

respectively. Thus the 12 +m  edges are labeled with m6,,10,7,4,1   

( ).231 −=+ q  

Hence the extended duplicate graph of path graph ( ) 2, mPEDG m  

admits 1 mod 3 graceful labeling. 

 

Figure 2.1. One modulo three Graceful Labeling in ( )5PEDG  and ( ).6PEDG  

Algorithm 2.2. (One modulo three graceful labeling ( ))mCBEDG−  

   .,,,,,,,,,,,,, 1221221221221 − mmmm EnnnnnnV   

Case (i). When m is odd 

Fix .26,0 11 − mnn  

For ,66566,36
2

1
1 1444 kmnkmnkn

m
k kkk −−+−

+
 −   

.266,62612 141414 −+−− ++− kmnknkmn kkk  

For 1612,366
2

1
1 2424 +−+−

+
 −− kmnkmn

m
k kk  

Case (ii). When m is even 

Fix .26,0 11 − mnn  

For 1612,366
2

1 2424 +−+− −− kmnkmn
m

k kk  
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2612,66 1414 −−− −− kmnkmn kk  

.566,36 44 −+− kmnkn kk  

For .266,6
2

2
1 1414 −+

−
 ++ kmnkn

m
k kk  

Theorem 2.2. The extended duplicate graph of comb graph 

( ) 2, mCBEDG m  admits 1 mod 3 graceful labeling. 

Proof. Case (i): When m is odd. 

Using the algorithm 2.2, m4  vertices are labeled using 

( ).23512,,7,6,4,3,1,0 −=− qm  Using the induced function   defined 

in Theorem 2.1 the 22 −m  edges namely ,,,,,,,,, 87654321    

22326252 ,,, −−−−  mmmm   receive labels ,,22,19,16,13,10,7,4,1   

86,116,146,176 −−−− mmmm  respectively, the 22 −m  edges namely 

2232425287654321 ,,,,,,,,,,,, −−−−  mmmm    receive  labels 

( ) ,2312,2012,1712,1412,1112,812,23512 −−−−−−−=− mmmmmmqm

,76,106,136,,2612 +++− mmmm   46 +m  respectively and the three 

edges 12212 ,, −−  mmm   receive labels 56,26,16 −−+ mmm  respectively. 

Thus the ( )qm =− 14  edges are labeled with 512,,13,10,7,4,1 −m  

( ).23 −= q  

Case (ii). When m is even. 

Using the algorithm 2.2, m4  vertices are labeled using 

( ).23512,,7,6,4,3,1,0 −=− qm  Using the induced function   defined 

in Theorem 3.3.1, the 22 −m  edges namely ,,,,,,,,, 87654321    

22324252 ,,, −−−−  mmmm   receive labels ,,28,25,22,19,16,13,10,7,4,1   

46,76,106,36 ++++ mmmm  respectively, the 22 −m  edges namely 

2232425287654321 ,,,,,,,,,,, −−−−  mmmm   receive labels 

( ) ,2312,2012,1712,1412,1112,812,23512 −−−−−−−=− mmmmmmqm  

46,76,106,136,,2612 ++++− mmmmm   respectively and the three 

edges 12212 ,, −− mmm   receive labels 56,26,16 −−+ mmm  respectively. 



 P. VIJAYAKUMAR, K. THULUKKANAM and K. THIRUSANGU 

Advances and Applications in Mathematical Sciences, Volume 20, Issue 9, July 2021 

1660 

Thus the ( )qm =− 14  edges are labeled with 512,,13,10,7,4,1 −m  

( ).23 −= q  

Hence the extended duplicate graph of comb graph ( )mCBEDG  admits 1 

mod 3 graceful labeling.  

Illustration: 

 

Figure 2.2. One modulo three Graceful Labeling in ( )4CBEDG  and 

( ).5CBEDG  

Algorithm 2.3. (One modulo three graceful labeling ( ))mTEDG  

 23212321 ,,,,,, ++  mm nnnnnnV   

 13212321 ,,,,,,, ++  mmE   

Case (i). When m is odd  

Fix 79,0,1,39 2211 ++ mnnnmn   

For 16918,999
2

1
1 366 +−+−

+
 − kmnkmn

m
k kk  

13918,699 2626 +−+− −− kmnkmn kk  

10918,399 1616 +−+− −− kmnkmn kk  
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For 199,36
2

1
1 66 ++−

−
 kmnkn

m
k kk  

499,6 1616 ++ ++ kmnkn kk  

799,36 2626 +++ ++ kmnkn kk  

Case (ii). When m is even  

Fix 79,0,1,39 2211 ++ mnnnmn   

For 6918,999
2

1 3636 +−−− −− kmnkmn
m

k mk  

13918,1299 2626 +−−− −− kmnkmn kk  

10918,1599 1616 +−−− −− kmnkmn kk  

999,69 66 −−− kmnkn kk  

699,39 12616 −+− ++ kmnkn kk  

.399,9 2626 −+ ++ kmnkn kk  

Theorem 2.3. The extended duplicate graph of twig graph 

( ) 2, mTEDG m  admits 1 mod 3 graceful labeling. 

Proof. Case (i): When m is odd  

Using the algorithm 2.3, 46 +m  vertices are labeled using 

( ).23718,,7,6,4,3,1,0 −=+ qm  Using the induced function   defined 

in Theorem 2.1, the m3  edges namely ,,,,,,,, 98765432    

1323334353637313121110 ,,,,,,,,,, −−−−−−−  mmmmmmm    receive 

labels ( ) 1118,818,518,218,118,418,23718 −−−−++−=+ mmmmmmqm  

mmmmmmmm 9,319,349,,2618,2318,2018,1718,1418 ++−−−−−   

109,139,169,199,229,259,28 +++++++ mmmmmm  respectively, the 

m3  edges namely ,,,,,,,,,,,,,, 731312111098765432 − m  

133132333435363 ,,,,,,, +−−−−−−  mmmmmmmm    receive labels ,10,7  

,119,149,179,209,,40,37,34,31,28,25,22,19,16,13 −−−− mmmm  

49,19,29,59,89 −−−−− mmmmm  respectively and the three edges 
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1211 ,, + m  receive labels 79,4,1 +m  respectively. Thus the ( )qm =+ 36  

edges are labeled with ( ).23718,,7,4,1 −=+ qm  

Case (ii). When m is even  

Using the algorithm 2.3, 46 +m  vertices are labeled using 

( ).23718,,7,6,4,3,1,0 −=+ qm  Using the induced function   defined in 

Theorem 2.1, the m3  edges namely ,,,,,,,,, 1098765432    

13313233343131211 ,,,,,,,,, +−−−−  mmmmmm   receive labels 

( ) ,1118,818,518,218,118,418,23718 −−−−++−=+ mmmmmmqm  

,229,259,,2618,2318,2018,1718,1418 ++−−−−− mmmmmmm   

109,139,169,199 ++++ mmmm  respectively, the m3  edges namely 

,,,,,,,,,,,,,,,,, 132333431312111098765432 −−−−  mmmm   

133 , +mm   receive labels ,,40,37,34,31,28,25,22,19,16,13,10,7   

49,19,29,59,89,119 ++−−−− mmmmmm  respectively and the three edges 

2311 ,, + m  receive labels 79,1,4 +m  respectively. Thus the 36 +m  edges 

are labeled with ( ).23718,,10,7,4,1 −=+ qm  

Hence the extended duplicate graph of Twig graph ( )mTEDG  admits 1 

mod 3 graceful labeling. 

Illustration: 

 

Figure 2.3. One modulo three Graceful Labeling in ( )3TEDG  and ( ).4TEDG  
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Algorithm 2.4. (One modulo three graceful labeling ( ))mSEDG−  

 mm nnnnnnV  ,,,,,, 2121   

 12121 ,,,,,,, − mmE   

Fix 56,0 11 − mnn  

For .23,311 11 −− ++ mnmnmk kk   

Theorem 2.4. The extended duplicate graph of star graph 

( ) 3, mSEDG m  admits 1 mod 3 graceful labeling. 

Proof. Using the algorithm 2.4, the m2  vertices are labeled with 

( ).2356,,7,6,4,3,1,0 −=− qm  Using the induced function   defined 

in Theorem 2.1, the 1−m  edges namely 124321 ,,,,,, −− mm   

receive labels 53,83,,10,7,4,1 −− mm  respectively and the 1−m  edges 

namely 12321 ,,,,,   −−− mmm  receive labels ,13,23 +− mm  

86,116,,43 −−+ mmm   respectively and the edge m  receives label 

( ).2356 −=− qm  Thus the 12 −m  edges are labeled with 

( ).2356,86,,7,4,1 −=−− qmm   

Hence the extended duplicate graph of star graph ( ) 3, mSEDG m  

admits 1 mod 3 graceful labeling. 

Illustration: 

 

Figure 2.4. One modulo three graceful Labeling in ( ),5SEDG  and ( ).6SEDG   

Algorithm 2.5. (One modulo three graceful labeling 

( ))mmBSEDG ,− )  
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 22212221 ,,,,,, ++  mm nnnnnnV   

 12212221 ,,,,,,, ++  mmE   

For 10312,3321 3 +−−+ −+ kmnknmk kmk  

For mk 1  

.439,639 22 +−++ ++++ kmnkmn kmkm  

 Theorem 2.5. The extended duplicate graph of Bi-star graph 

( ) 2,, mBSEDG mm  admits 1 mod 3 graceful labeling. 

Proof. Using the algorithm 2.5, the 44 +m  vertices are labeled with 

( ).23712,,7,6,4,3,1,0 −=− qm  Using the induced function   defined in 

Theorem 2.1, the m edges namely 212212 ,,,, +−+  mmmm   receive labels 

23,,10,7,4,1 −m  respectively, the m edges namely 

212212 ,,,, +−+  mmmm   receive labels 26,,73,43,13 −+++ mmmm   

respectively, the 1+m  edges namely 1211 ,,,,,   −+ mmm  receive 

labels 19,29,,76,46,16 +−+++ mmmmm   respectively, the edge 

22 +m  receives label 49 +m  and the 1+m  edges namely 

1321 ,,,,, +mm   receive labels ,,139,109,79 +++ mmm  

( )23712,412 −=++ qmm  respectively. Thus the ( )qm =+ 34  edges are 

labeled with ( ).23712,,13,10,7,4,1 −=+ qm   

Hence the extended duplicate graph of bi-star graph ( ),, mmBSEDG  

2m  admits 1 mod 3 graceful labeling.  
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Figure 2.5. One modulo three graceful Labeling in ( ),4,4SEDG  and 

( ).,mmSEDG  

Algorithm 2.6. (One modulo three graceful labeling ( ))mmDSEDG ,   

 12211221 ,,,,,, ++  mm nnnnnnV   

 mmE 2211221 ,,,,,,,   +  

For  4312,3311 2 +−−+ −+ kmnknmk kmk  

For mk 1  

.59,339 11 −+− ++++ knkmn kmkm  

Theorem 2.6. The extended duplicate graph of double star graph 

( ) 2,, mDSEDG mm  admits 1 mod 3 graceful labeling.  

Proof. Using the algorithm 2.6, the 24 +m  vertices are labeled using 

( ).23112,,7,6,4,3,1,0 −=+ qm  Using the induced function   defined in 

Theorem 2.1, the m edges namely 1221 ,,,,,  −− mmm  receive labels 

( ) 49,79,,512,212,23112 ++−−−=+ mmmmqm   respectively, the edge 

12 +m  receives the label ,19 +m  the m edges namely mm   − ,,,,, 1321  

receive labels 16,46,,89,59,29 ++−−− mmmmm   respectively, the m 
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edges namely mmmm 2321 ,,,,  +++  receive labels ,116,,13,7,1 −m  

56 −m  respectively and the m edges namely mmmm 2321 ,,,,   +++  

receive labels 26,86,,16,10,4 −− mm  respectively. Thus the 

( )qm =+14  edges are labeled with ( ).23112,,7,4,1 −=+ qm  

Hence the extended duplicate graph of double star graph 

( ) 2,, mDSEDG mm  admits 1 mod 3 graceful labeling. 

Illustration: 

 

Figure 2.6. One modulo three graceful Labeling in ( ),4,4SEDG  and 

( ).5,5SEDG  

3. Conclusion 

In this chapter it is proved that the extended duplicate graph of path 

graph, the extended duplicate graph of comb graph, the extended duplicate 

graph of twig graph, the extended duplicate graph of star graph, the extended 

duplicate graph of Bistar graph, the extended duplicate graph of double star 

graph are one modulo three graceful. 
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