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Abstract

Let S,, be the Star graph with n vertices and n —1 edges. Let Dy.(G, i) be the family
of 2-edge dominating sets in G with cardinality i. The polynomial Do, (G, x)
NI EO)|

i=72¢(G)

obtain a recursive formula for do.(S;, i). Using this recursive formula we construct 2-edge

doe(G, i)xi is called the 2-edge domination polynomial of G. In this paper, we

-1 .
domination polynomial, Do,(G, x) = E " 1dze(Sn, i)x', where do.(Sp, i) is the number of 2-
i=

edge dominating sets of S;, of cardinality i and obtain some properties of this polynomial.
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1. Introduction

Let G be a simple graph of order n. For any vertex, v € V, the open
neighbourhood of V is the set N()={u e V/uv e E} and the closed

neighbourhood of V is the set N[v] = N(v)U {v}. For a set S < V the open
neighbourhood of S is N(S) = N[S]U S. A dominating set for a graph G is a

subset D of V such that every vertex not in the D is adjacent to at least one

member of D. The domination number y(G) is the number of vertices in a

smallest dominating set of G.

An edge dominating set for a graph G is a set of D < E such that every

edge not in D is adjacent to at least one edge in D. An edge dominating set is

also known as a line dominating set.

The star graph of order n, denoted S,, is a simple graph with n vertices

with the following properties:

One distinguished vertex is of degree n —1. The remaining vertices are
all of degree 1 and are adjacent only to the distinguished vertex is of degree
n —1. The remaining vertices are all of degree 1 and are adjacent only to the

distinguished vertex.
2. 2-Edge Dominating Sets of Star
In this section, we state the 2-edge domination number of Star and some

of its properties.

Definition 2.1. Let G be a simple graph of order n. A set D < E is a 2-
edge dominating set of the graph G, if every edge e € E — D is adjacent to at

least 2-edges in D. The 2-edge domination number 7yg,(G) is the minimum

cardinality among the 2-edge dominating sets of G.
Example for 2-edge dominating sets of Star

Let us consider Sg as an example
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Figure 1.

Here E = {e}, 9, €3, ¢4, 5}, we take D = {e, e, e5} then E — D is {ey}
and {e,} is adjacent to {e;} {es} {es}, {es} and {e,} is adjacent to
{e;} {eo} {e3} and {e5}. Therefore, the set {e, e3, e5} is a 2-edge dominating

set.

Theorem 2.2. Let S,, be the star with n vertices and n —1 edges then

-1
dQQ(Sn,i)z(”i j; forall 2<i<n-1and n >3,

Proof. Let S,,, n > 3 be the star graph with n vertices and n —1 edges.

Let v; € V be the centre vertex and vy, v, ..., U, be the remaining vertices.

n
Let e, €9, ..., ¢,1 be the edges of S, -S, contains [ J number of

l

subsets of edges with cardinality i. Since all the edges are incident with the

centre vertex v; all the ( )
i

-1
j subsets of edges are 2-edge dominating sets.

-1
Therefore, dy,(S,, i) = (n , j, forall2<i<n-1and n=>3.
i

Theorem 2.3. Let S,, be a star with order n and size n —1 then
1. d2e(Sn,, L) = dQe(Sn—ly l)+ dze(Snfl, l —].) fOT‘ 3<i<n
2. d2e(Sn’ i) = d2e(Sn71, i)"’ (n - 2) if i = 2.

Proof. By Theorem 2.2, we have,
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We have,

. n-1
d2e(Sn’ l) = ( ; J
-2
doo(S,_1, 1) = [n ) j and
i

. n-—2
d2e(Sn—1’ l—l):[. J
1—1

(n—l) [n—2j [n—2j
. = . .

l i 1—1
Therefore,

d2e(Sn’ i) = dZe(Sn—l’ i) + dQe(Sn—l’ - 1) for3<i<n

2. We have,

We know that,

(S, 1) = [” ; 1)

When i = 2
n-1
dZe(Srw 2)=( 9 j

-2
Consider, dg,(S,_1, 2) + (n - 2) = (n2 j+n_2
-1
:[n. j+n—2
l
W+n_2

n? - 3n+2
2
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_(m-D(@n-2)
2
- [” ; 1)
G002+ 2= (")

-1
doe(Sy_1, 1)+ (n - 2) = (n . J where i = 2
i

3. 2-Edge Domination Polynomials of Star

Definition 3.1. Let Dy,(S,, i) be the family of 2-edge dominating sets of

star S,, with cardinality i and let dg,(S,,, i) = | Dye(S,, i) |. Then the 2-edge

domination polynomial Dy, (S,, x) of S, is defined as Dy(S,, x)

= Z’_L_l doo(S,, i)x', where v9,(S,) is the 2-edge domination number
i=v2¢(Sp)

of S,,.

Lemma 3.2. y4,.(S,) = 2.
Proof. Let S, be a star graph with n vertices and n > 3. Since all the

edges are incident with the centre vertex and edges 2-edge dominating set

must contain at least 2 edges.

Therefore, v9,(S,) = 2.

Theorem 3.3.
1. Dy (S,, x) =1+ x)Dy(S,,_1, x) + (n — 2)3c2 with  Dy,(Sy, x) = 32
3

+ x°.

n-1(n . n-1 :
2. D2e(Sn: x) = Zi2(i]xl + (i _1sz

n—1
Proof. We have Dy,(S,, x) = Zd2e(Sn, i)t
=2
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n-1

= dye(Sp, 2027 + ) doe(S,, 1)
=3

n-1 n—-1
= [ 9 jx2 + [d2e(sn 1> l) + dZe(Sn 1, L 1)]3(:

n-1 n-1 )
:( )x + doe(S,,— 1,L)x +Zd2€ o1, L —1)x!

2
=3 =3
n—1
Consider Zdze(Sn 1 L)x = ZdQe 1, 1 )x — d9o(S,,_1, 2)x
1=3 =2
n-—2
= DZe(Sn—l’ x)_( 9 )x2

Consider

ZdQe n-1> 1 1)x _deZe n-1> 1 l)xl -

n-1
= xz d2e(Sn—1’ z)xl
=2

= xDZe(Sn—l’ i)xi

Dae(Sn 3 =" )+ Dan(Sya )= (" )+ aDuul S 0)
(14 %)+ Dyy(S, 1, x)+ K” , 1) - (” , 2)} 2

= (1 +x)Dgy(S,, 1, x) + (” I 2j <

=1+ x)Dy(S,_1, x) + (n — 2)x2.

Example. We consider Sg as shown in Figure 1
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By Theorem 3.3 (1) we have,

DZe(Sn’ x) = (1 + x)DZe(S57 x) + 4x2

Doo(S,, x) = 10x? +10x + 5x? + x°

)

n-1
2. We have Dy, (S,,, x) = Z
1=2

= 10x2 +10x° + 5x* + x

n-1

i

=1+ x)(6x% + 4x® + x*) + 4a?

= 6x2 + 4x® + x* + 6x° + 4x? + &0 + 4x?
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Table 1. dy.(S,, i) the number of 2-edge dominating sets of S, with

cardinality i for all 4 < n <15 and 2 <1 <14 as shown in following table.

i 2 3 4 5 6 7 8 9 10 11 12 13 14

n

S, |3 1

Sy |6 |4 1

S¢ |10 [0 |5 1

S; |15 |20 |15 6 1

Sg |21 |35 |35 21 7 1

Sy |28 |56 |70 56 28 8 1

Spo | 36 | 84 | 126 | 126 | 84 36 9 1
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S11 45 120 | 210 2562 210 120 45 10 1

Si9 55 165 | 330 462 462 330 165 55 11 1

Si3 66 220 | 495 792 924 792 495 220 66 12 1

78 286 | 715 1287 | 1716 | 1716 | 1287 | 715 286 78 13 1

Si5 91 364 1001 | 2002 | 3003 | 3432 | 3003 | 2002 | 1001 | 364 | 91 14 | 1

Theorem 3.4. The following properties hold for the coefficients of

Doe(Sp, x).

1. d9e(S,,1)=0

2. doe(S,,, n—-1)=1

3. dyy(S,, n—2)=n-1

4. doo(S,,, n—3) = %[n2 -3n+2} forall n>5

5. doo(S,, n —4) = %[n?’ —6n® +11n -6} forall n > 6
6. doo(S,,, 1) = doo(S,,, n —i —1); for every 2 <i <n—2.

Proof. Proof of the theorem is obvious by using the above Table 1.
Conclusion

In this paper 2-edge domination sets of Stars and 2-edge domination
polynomials of Stars are studied and obtained some properties. We can

generalize this study to any S,,.
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