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Abstract 

The neutral delay differential equations with unbounded delay are used in modeling of 

networks involving lossless transmission lines. The solutions of these differential equations play 

very important role in fixing the problem. Here in this paper we prove fixed point theorem with 

a pair of specialized type of contractions such as  ,  in F-metric space. 

1. Introduction 

Metric space was given by Frechet [8] as follows: 

Consider a non-empty set W. A metric on that set is a distance function 

  ,0:1 WWd  fulfilling the following postulates: 

(i)   ,0,1 gogod   

(ii)    ,,, 11 ogdgod   and 

(iii)      ,,,, 111 gldlodgod   

for all lgo ,,  belongs to W. The pair of  1, dW  is known as metric space. 

Matthews [14] Branciari [2] and Czerwik [7] used of partial metric spaces, 

generalized metric spaces and b-metric spaces respectively to prove the 
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results. In recent times, Jleli et al. [10] proposed an interesting conclusion of 

a metric space given as follow. 

Let F be a set of functions   ,,0: Rh   fulfilling the following 

conditions: 

(1F) h is non decreasing, and 

(2F) For every sequence (seq.)     0lim,  


mnm R  iff 

  .lim  mm h  

Definition 1.1 [3]. Let .W  Consider   ,0:1 WWdf  be a 

given function Let     ,0, Fjh  such that 

(1D)     .0,,,
1

gogodWWgo f   

(2D)    ,,, 11
ogdgod ff   for all   WWgo ,  

(3D) For each  go ,  belongs to mWW  ,  belongs to  2mN  and for 

each   Wr
m

i 1  such that    ,,,1 gorr m   

we have         .,,0,
1

1 111 1
joodhgodhgod

m

i iifff  


   Then, 1fd  

is known as F-metric on W and  1, fdW  is known as F-metric space. 

Hussain et al. [9], Som et al. [15], Mitrovic et al. [12], Chauhan [6], Asif et 

al. [4] and Ashis et al. [5] used F-metric space and some of its extension for 

proving their required results. 

Definition 1.2 [10]. Suppose that  1, fdW  is an F-metric space. 

(i) A seq.  mo  in W is known as F-covergent (cgt.) to any Wo   if  mo  

is cgt. to ,o  w.r.t. .1fd  

(ii)  mo  known as F-Cauchy, 

if   .0,lim 1,  nmfnm god  

(iii) If every F-Cauchy seq. in W is F-cgt., then  1, fdW  is F-complete 
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Theorem 1.1 [10]. Consider  1, fdW  is F-metric space and .: WWA   

Suppose the following postulates are satisfied: 

(i)  1, fdA  is F-complete, and 

(ii)  1,0l  s.t.       .,, 11 goldgAoAd ff   

Then A has a only fixed point .Wo   Moreover, ,Woo   the sequence 

  Wom   given by   ,,1 Noyo mm    is F-cgt. to .o  

Moreover, Lateef and Ahmad [11] and Alnaser et al. [1] purposed the 

fixed point theorems of Dass and Gupta and the relation-theoretic contraction 

results, owing to the approach of F-metric spaces. 

2. Preliminaries 

Definition 2.1 [13]. Let  ,  contractive and -admissible mappings. 

Suppose  be the P family of nondecreasing functions 

    ,0,0:  s.t.  





1i
i k  for each ,0k  where i  be i-th 

iteration of . 

Definition 2.2 [13]. If  belongs to , after that we get the following: 

(a)    Nii k   converges to 0 as  ;,0  ki  

(b)   0 kkk  

(c)   0 k  if and only if .0k  

Definition 2.3 [13]. Suppose WWA :  and  .,0:  WW  

Then, W is known as -admissible if     .1,1,,,  AgoAgoWgo  

Theorem 2.1 [13]. Suppose a complete metric space  1, dW  and A be -

admissible mapping. Suppose that        ,,,, 11 ogodAgoAdgo   

. Wg  Also, suppose that 

(i) Woo   s.t.   1,  oo oAo  
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(ii) either A is continuous or for any seq.  mo  in W s.t. 

  Nmoo mm  1, 1  and oom   as ,m  we have 

  .1, Nmoom   Then, A has a fixed point. 

3. Results 

Now, we define  ,  rational contraction for two mappings as given 

below: 

Definition 3.1. Suppose  1, fdW  be an F-metric space. The mappings 

WWBA :,  are known as  ,  rational contraction if  two mappings 

  and  ,,0:  WW  s.t. 

         ,,,, 1 goTgBoAdgo f   

where 

   
     

  










god

gBgdoAod
godgoT

f

ff
f ,1

,,
,,max,

1

11
1  

for ., Wgo   

Theorem 3.1. Suppose  1, fdW  be an F-metric space and 

WWAB :,  be both -admissible and  ,  rational contraction. Let us 

consider that following conditions are fulfilled: 

(i)  1, fdW  is F-complete, 

(ii) Woo   s.t.       1,,1,  oooo oBooAo  

(iii) (a) A and B is continuous 

(b) if  mo  is a seq. in W, such that   moo mm   1, 1  and 

Woom    as m  after that   .1, Nmoom    

(iv)      .,,, 12121221211221   mmfmmfmmf oodoodwod  

After that A and B have common fixed point .Wo   
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Proof. Let Woo   s.t.    .1,  oo oAo  Set a seq.  mo  in W by 

    2212122 ,   mmmm ooBooA  for .,3,2,1,0 m  

If 100  nn oo  for some ,0 Nn   then proving that A and B have same 

fixed become easy. 

As  BA,  is the pair of -admissible 

         11,, 122121  mmo oooBoAoo   

       .1,, 112  ooAoAoo  

By induction we get,   .11,  moom  Also   .1, 122  mm oo  By 

property with moo 2  and 12  mog  we have 

      122122121 ,,   mmfmmf oBoAdood  

        1,,, 1221221122   mmmmfmm oooBoAdoo   

 122 ,  mm ooT  

    
     

 


1221

12121221
1221122 ,1

,,
,,max,




 


mmf

mmfmmf
mmfmm ood

oBodoAod
oodooT  

  
   

 


1221

221211221
1221 ,1

,,
,,max




 


mmf

mmfmmf
mmf ood

oodood
ood  

if   
   

 


1221

221211221
1221 ,1

,,
,,max




  mmf

mmfmmf
mmf ood

oodood
ood  

   

 1221

221211221

,1

,,








mmf

mmfmmf

ood

oodood
 

then from above we obtain 

 
   

  
















1221

221211221
22121 ,1

,,
,

mmf

mmfmmf
mmf ood

oodood
ood  

   

 122

221211221

,1

,,








mmo

mmfmmf

ood

oodood
 

 22121 ,  mmf ood  
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which is a contradiction. 

So 

  
   

 
  1221

1221

221211221
1221 ,

,1

,,
,,max 




 

 mmf
mmf

mmfmmf
mmf ood

ood

oodood
ood  

  above equation becomes 

   122122121 ,,   mmfmmf oodood  

for .Nm   Assume we have    1,0,  Fjh  

   1122121 ,, oodood of
m

mmf   

so that property (3D) from definition 1.1 is settled and, set 0  from (2F) 

we have 

   








































1

101

1

111 ,,

k

ml

f
l

k

ml

lf oodhoodh  

 

 













 
mm

of
l oodh 11 ,  

  jh    

for  mmk   by property (3D) and above equation we get 

   mmkood kmf  ,0,1  

and 

     hoodhood

k

mp

ppfkmf 













 







1

111 ,,  

by (1F)     mmkood kmf  ,,1  which gives  mo  is F-Cauchy 

Since  1, fdW  is F-complete, .Wo    Such that  oom  as m  

we too have 
  oo m 22  and .12


  oo m  As A and B are continuous 

mappings, we get 
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


  oBoBoBoo mmmmmm 121222 limlimlim  




  oAoAoAoo mmmmmm 2212 limlimlim  

As  1, fdW  is F-complete there exist Wo   so that  oo m2  as 

  .0,lim 21  
 oodm mfm  Suppose that   0,1  owBdf  by (1F) 

and (3D), we obtain 

               jooAdoAoBdhooBdh mfmff   ,,, 21211  

                 jooAdoAoBdoohooBdh mfmfmf   ,,,, 212121  

    
     

 
     jooAd

ood

oAodoBod
oodh mf

mf

mmff
mf 


 




 ,

,1

,,
,,max 21

21

2211
21  

   
    

 
   jood

ood

oodoBod
oodh mf

mf

mmff
mf 


 






 ,
,1

,,
,,max 121

21

12211
21  if 

Nm  

if   
    

 
  mf

mf

mmff
mf ood

ood

oodoBod
ood 21

21

12211
21 ,

,1

,,
,,max 






 


 

then           .,,, 121211 joodoodhooBdh mfmff  


  

Take the limit as m  using (1F) and   0,lim 21 
 ood mfm  

    oodh mf ,21  (by (2F)) 

          









joodoodooBdh mfmf

m
f

m
,,lim,lim 121211  

which proves     0,1  ooBdf  which leads to contradiction if 

  
    

  











 






mf

mmff
mf

ood

oodoBod
ood

21

12211
21

,1

,,
,,max  
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    

 mf

mmff

ood

oodoBod

21

12211

,1

,,







  

then 

    
    

 
  .,

,1

,,
, 121

21

12211
1 jood

ood

oodoBod
hooBdh mf

mf

mmff
f 
















 






  

Take the limit as ,m  using (1F) and   .0,lim 21 
 ood mfm  We 

get 

    
    

  


























mf

mmff

m
f

m ood

oodoBod
hooBdh

21

12211
1

,1

,,
lim,lim  

   
 jood mf ,121  

which proves that     0,1  ooBdf  which is a contradiction 

 we have 

    0,1  ooBdf  i.o   .  ooB  

Now we have to prove   .  ooA  

Now again assume that 

  0,1  oAodf  by (1F) and (3D), we have 

             joAoBdoBodhoAodh mfmff  


 ,,, 1211211  

                 jooBdoBoAdoohoAodh mfmfmf  





 ,,,, 121121121  

    
     

 


121

121211
121

,1

,,
,,max













mf

mmff
mf

ood

oBodoAod
oodh  

   jood mf  
 ,121  

   
    

 
   jood

ood

oodoAod
oodh mf

mf

mmff
mf 


 










 ,

,1

,,
,,max 221

121

221211
121  
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if Nm  

if   
    

 
  121

121

221211
121 ,

,1

,,
,,max 










 


mf

mf

mmff
mf ood

ood

oodoAod
ood  

then          .,,, 2211211 joodoodhoAodh mfmff  


  

Take the limit as ,m  using (1F) and   0,lim 121 
 ood mfm  

         









joodoodoAodh mfmf

m
f

m
,,lim,lim 2211211  (by (2F)) 

which shows    0,1  oAodf  which leads to contradiction if 

  
     

 


121

221211
121

,1

,,
,,max










 mf

mmff
mf

ood

oBodoAod
ood  

    

 
.

,1

,,

121

221211










mf

mmff

ood

oodoAod
 

Then 

    
    

 
  .,

,1

,,
, 121

121

221211
1 jood

ood

oodoAod
hoAodh mf

mf

mmff
f 

















 









  

Take the limit as ,m  using (1F) and   0,lim 121 
 ood mfm  we 

get 

    
    

  



























121

221211
1

,1

,,
lim,lim

mf

mmff

m
f

m ood

oodoAod
hoAodh  

   
 jood mf ,221  (by(2F)) 

which shows that    ,0,1  oAodf  a contradiction. 

 we have     0,1  oAodf  i.o     ooA  

hence we deduced that     ooA  and   .  ooB  
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Hence we concluded that A and B have common fixed point. 

4. Conclusion 

In this paper we have defined  ,  rational contraction for two 

mappings then we prove a fixed point theorem on F-metric space. 
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