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Abstract

We discuss about the deals for analysis of single server variant vacation queueing system
with fuzzy parameters. This fuzzy queueing model, researches obtains some performance
measure of interest such as the mean system size when the server is on working vocation period,
the mean system size when the server is busy period and the mean system size the server is
breakdown period. Finally numerical results are presented using pentagonal Fuzzy numbers to

show the effects of system parameters.

1. Introduction

Queueing system with general bulks service and vacation have been
studied by many researchers because they deal with effective utilization of
the servers idle time for secondary jobs such queueing system have a wide
range of application in many real-life situations such as production time
systems, inventory system, digital communication. Vacation models are
useful in systems where the server want to utilize the ideal time for different
purposes. In this topic we referred to the surveys of Doshi, Jakasi and Tin
and Zang. The server completely stops service during the vacation period in
classical vacation queues. However may the server remains active during the
vacation period which is called working vacation, it has been happened in
various situations.
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The working vacation policy was explained by Serviand Finn [5]. They
measured an M/M/1 queue with multiple working vacations. Baba

discussed a GI/M /1 queue with multiple working vacations. The bulk input

queue models have wide utilization as in computer information technology

and communication systems the units arrive in batches. The batch arrival
queues, Xu et al. explored a bulk input M% /M /1 queue with single working

vacations and the probability generating function of the stationary system
length distribution is concluded with help of the analytic method in matrix

form.

The steady state analysis and computation of the GIX /M b/l/L queue
with multiple working vacation and partial batch rejection is analyzed by Yu
et al. and Goswami and Vijaya Laxmi researched the GIX /M?/1/N queue

with single working vacation and partial batch rejection. A finite buffer

M /M /1 queue with variant working vacation and balking and reneging has

been introduced by Vijaya Laxmi and Jyothsna. They found the steady state
probabilities with matrix form solutions.

The fuzzy Markov chains and the Zadeh’s extension principle are widely
used as a proposed for the queuing system in a fuzzy environment. This
research will also give a numerical result so as to more clear the approach in
a good manner. Fuzzy queuing models have been explained by such
researchers like Kaufmann, Negi and Lee, Li and Lee. Chen has examined

fuzzy queues using Zadeh’s extension principle and has expanded: («o/ FCFS)
and (FM/FME/1) : (o/ FCFS) where FM refers fuzzified exponential time
based of queuing theory. Usha Madhuri and Chandan explained FM/FM/1

queuing model with Pentagon fuzzy numbers using a-cuts.

In this paper, we investigate the FMX /FM /1 queuing system with

variant working vacations on batch arrival with reneging and server
breakdowns. In section 2, we describe the queue model. In section 3 and 4, we
discuss the fuzzy model with the server is on working vacation period, busy
period and breakdown period are studied in fuzzy environment respectively.

Section 5 includes numerical study about the performance measures.
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2. The Crisp Model

We consider an MY /M /1 queuering system with variant working

vacation, reneging and server breakdowns during busy period, where in
customer arrive in batches according to a poisson process with rate A. The
arrival batch size Y is a random variable with probability mass function
P(Y =1)=d;,1=1,2,3,.... The services is provided by a single server with
exponential service rate pu. The server is subject to breakdowns during busy
period with poisson breakdown rate B and repair time y. At the end of a
service, if there is no customer in the system, the server begins a working
vacation of a random length with exponentially distributed with parameter .
During a working vacation service is provided according to a poisson
distribution with parameter {. During working vacation customer become
impatient, whenever a batch of customers arrives during working vacation,
an impatience timer 7 is activated, which is exponentially distributed with

parameter a. At time ¢, let L;(¢;) be the number of customers in the system

and J7(¢;) denote the status of the server, which is defined as follows
i, the serverison (i + 1)™® working vacation at time ¢, fori = (;)
J1(¢;) = 1k, the server is busy period at time ¢,

b, the server is in breakdown stse during busy period at ;

The process {L;(¢), J1(¢t); t > 0} defines a continuous time Markov

process with state space

A={ni),n=>0i=0,1,.., k and i = b}.

Let

i}, n>0,i=0,1,..., k and i = b,

Tn,i = lim n{Ly(¢) = n, J1(t)
t; —>oo
denote the steady state probabilities of the process.

3. The Model in Fuzzy Environment

The arrival rate, service rate, Breakdown rate, working vacation, service

for working vacation, repair time and the parameter of impatience time T
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are assign to be fuzzy numbers A, By, Bs, 07, 09, 71, Y9 respectively. Now
A= {(x, pr(@) x € S}
Br = {0, mg; 1)) 71 €SB}
By = {(2, ng; (2)k ¥2 € S(B2)},
01 = {(z1, Hg; (21))s 21 € S(61)},
02 = {(e2, 1y, (22)) 22 < S(62)),
71 = (s w @) w e Sk,
Ve = {(ug, ny; (e)) ug € Srs))-

Where S(1), S(B;), S(Bs), S(0;), S(05), S(y;) and S(yy) are the

universal sets of the arrival rate, service rate, breakdown rate, working
vacation, service for working vacation, repair time and the parameter of

impatience time ‘T" respectively. Define f(x, y1, ¥9, 21, 29, U1, Ug) as the

system performance measure related to the above defined fuzzy queuing

model, which depends on the fuzzy membership function

membership function of the performance measure A, By, B, 01, 01, 71, Vo

can be defined as

M By, B, 01, 03, 11, 79) D) = Sgpﬂ g (), wg; (1) g, (2)s 1, (21),

xe

y1€S(B1)
y2eS(B2)
21€8(61)
29eS(69)
u1eS(r1)
ugeS(y2)

M@(Zz), Mg(uﬂ, M@(uz)/H = f(x, y1, Y2, 21, 29, Uy, Ug)} 1

If the a-cuts of f(X, (By, By, 01, 09, Y1, o) degenerate to some fixed value,

then the system performance is a crisp number, otherwise it is a fuzzy

number.
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The mean system size when the server is on working vacation

period

E[L,] = [ha(uy - 2g( + y)I[hg - ¢ - ¢)]

do _ Ck
a2(uy — hg@ + )] + |1 - [(@ = c®) (i)

~ AL =) B+ )+ py(o+ )c* (1~ )]

Under the stay state condition

p:k—g<1
n
Here
k
H(k) = (1 —kc)
1-c")
1
g:_aq_l_p’0<g<1
q
¢
c =—(0.5)
z;( )

The mean system size when the server is busy period

_ | 9rag® oy — 2B + )] [y(hg — (@ + & + V)] + 22 a”d(¢ + 2a)
E(Ly) : 5
Aa(uy = 2g(B + )] (¢g + 2a)q

[a(uy =g + )] g - ¢ - )]

Dha?(uy - 2g(B + )] + {1 ?O;k [~ c®) oy —2E1 — ) (B + Y))]

+py(o + )1 - ¢)]

2 (@ + 9)dy } N [m(a +9) (y® + Ba®(rg)*)e" (1 - c)},
g% (9 + 20) (41 + Ap) q* A (A + Ag)(1-cP)

Where
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Ay = holuy - rg(B + 7))

Ay = [0 ) Oy =250 ) (B 1) + e+ w1 )]

The mean system size when the service is breakdown

B(L,) = B| #r0a’ oty = 2g( + D)l — @+ & + 1)+ 2o 4(6 + 20)
Y [l 228 + 1)) (08 + 20)g”

a(uy =g + )] g - ¢ - )]

ha(uy — 2g(® + )] + | 1 foik (1= c®)Opy =261 =) (B + 7))

L +py(o + o)k - c)] |

{ 2 (@ + 0)dy } [Mu(a +9) (yy® + Ba®(28)°)e" (1 - o)
q” (b +20) (A + A) g Ay (4 + Ap) (1~ ")

x2g ad(l — ck o e
+[A1(A1 +A2)(1—ck)}+[ o1 VE[L,,, 1(A; + Ag) + g0 A (a0 + ¢)c (1 - ¢)]
Where

A = hapy — g + 7))
A2 = : _chk [(1 — ck)(kuy — Kg(l - c) ([3 + 'Y)) + M’Y(a 4 TE)Ck(l _ C)]
E[L,] = [ha(wy - 28(B + V)I[rg - &1 - c)]

do
o (uy —rgB+ )] +|1-c”
+py(o+ ) (1 - )]

[(1 = ¢®) ey = 280 =€) (B + 7))

we obtain the membership function some performance measures, namely the

mean system size when the server is on working vacation E[L,], the mean
system size when the server is busy period E(L;) the mean system when the

server is breakdown E[L;]. For the system in term of this membership
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function are, as follows

ng (M) = s {7 (), ug; () g, (2): wg; (210),

y1€S(B1)
y2eS(B2)
21€8(61)
29eS(69)
u1eS(r1)
ugeS(y2)

H@(ZQ)y “’E(ul)’ HE(”Z)/M = f(xa Y15 Y2, 215 225 Uq, U’Z)} (2)
Where

M = [xug (111 — xg(ys + ug))][xg — 29(1 - ¢)]
[xud (v — xg(yy + ug))] + ai—i) [(1 - ¢®) (xyyuy - x29(1 - ©)

(y2 +u1) + 31w (v +21)cF (1 - ¢)]

Here, A) = xug(yiu; — xg(yg + ug))

Ay = ﬁ [ - ¢®) (e — 2251 = ¢) (v + ug) + 12 (ug + 21)c*(1 - )]

and Az = xg — z9(1 —¢)

na, () = ng%) g () wg 1), ng, (v2), g, (1),
yeS(B1)
y2eS(B2)
21€8(61)
29eS(02)
u eS(ﬂ)
ugeS(v2)

M@(Zﬂ Mg(uﬂ, ME(L@)/N = f(x, y1, Y2, 21, 29, Ug, ug)f  (3)
Where

2
21xu9q” [xug(y1uy — x8(yg + ug)l[ug[xg — (21 + 22 + 19|
+ x2u§zl(zl + 2uy)

N =
[vug (yr1y — x8(ve + ug)P (21 + 2us)q?

Advances and Applications in Mathematical Sciences, Volume 20, Issue 6, April 2021



1010 G. KANNADASAN and D. DEVI

[xug (y1u1 — x8(yg + ug))l[xg — 29(1 - ¢)]

ooy [0 ) e = ez )

| (vg +w1) + ity (ug +21)c (1 - ¢)] i

(xu% (g — xg(ys + ug)) +

W2 (ug + 21) 21 } . l:xuzh(uz +21) (xy uf + y19%(xg)? ) (1 - ¢)
q% (21 + 2ug) + (A + Ap) q? A (A + Ag)(1 - )

Here A; = xuy(yiuy — x8(yg + ug))

z k k
Ay = (1—1,‘,/) [(1 =) ey —x29(1 =€) (vg +uy) + 310y (ug + 21)c* (1 = )]
—C
g, (0) = ng%) {7 (), wg; () g, (72): g, (21),

y1S(PB1)
y2eS(B2)
21€8(61)
22eS(69)

u1eS(r1)
ugeS(y2)

H@(Z2)7 Hﬂ(u’ll “E(uZ)/O = f(x7 Y15 Y2, 215 225 Uq, u2)} (4)

Where

2’1”2‘12 [xug(y1ug — x8(yg + ug)][u[xg — (21 + 29 + 1y )]

02 +x2u§21(21 + 2uy)
! [xug (3 uy - xg(yy +ug)P (21 + 2u9)q*

[xug (311 — x8(yg + ug))][xg — 25(1 - ¢)]

(w3 (2~ xg(yy + up)) + (fl ”i) [ - *) ey - 220~ ) (v3 + 1)

L+ (g +21)cf (1 - ¢)] _
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xug vy (ug + 21)

J{ 22 (ug + 21)211 }r (o u? + y1¢%(xg)* ) (1 - ¢)
a®(z + 2ug) + (A + Ap) G2 A (A + Ag)(1 - c?)

{Al a +i€‘;’+ (l_ck)}+[u221(1—ck)M(A1 + Ag)+ g2 A (uy +21)ck(1—c)]}.
Here,
M- [ (121 — %8 (3 +us))][xg — 25 (1~ )]
(a3 (11— g (v + )]+ (ffg) [
(1=c)(yg +u1 )+ 31t (ug + 2 ) (1-c)]
Ay = xug (v — x8(yg + uz))
Ay = ﬁ[a — P ey — x29(1 =€) (g + ug) + yyug (ug + 2 )k = ¢)].

Using the fuzzy analysis technique, we can find the membership of

HEL, ) MEL,]) MEL,]2S @ function of parameter a. Thus the a-cut approach

can be used to develop the membership function of HEL, ) MEL] MEL)
U R

4. Performance of Measure

The following performance measures are studied for this model in fuzzy

environment.

The mean system size when the server is on working vacation

period
Based on Zadeh’s extension principle pgz, 1(M) is the supremum of

minimum over {MX(X), “ﬁ(yl )’ “@(y2 )’ MQ(Zl )’ “@(22 )9 Hﬁ(ul )’ “E(u2 )}’

Advances and Applications in Mathematical Sciences, Volume 20, Issue 6, April 2021
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M- [xug (y111 —x8(yo +us))][xg —25(1-c)]
[xugbqul—ngQ*4@)ﬂ+zf%%%sﬁl—ck)00qu1—xaﬂl—C)

(v +u1)+ 3w (ug +2)cf (1 -c)]

to satisfy pm(M) =a, 0<ac<l.

We consider the following seven cases

g

Case () ) (x)=o, ug (1) = a, ug,(¥2) = o, pg, (21) > @, po,(22) 2

“"yl (ul) 2 a, l"’y2 (u2) 2 a,

Case (ii) ) (x) > o, pg (31) = o, pg, (¥2) = o, pg, (21) > a, pg, (29) >

8

Moy (ul) Z a, Hyg (u2) za,

Case (iii) ) (x) > o, pug, (1) > o, pg, (¥2) = o, pg, (21) > @, wg,(22) >

g

Moy (ul) Z a, Hyg (u2) za,

Case (iv) ) (x) > o, pug, (71) > o, pg, (¥2) = o, pg, (21) = @, pg,(22) >

g

ty, (1) 2, py, (wg) > a,

Case (v) ) (x)>a, pg (y1) > o, pg, (¥2) = o, ne, (21) 2 o, kg, (29) = o,

y, (1) 2 o, py, (ug) > a,

Case (vi) ) (x) > o, ug, (1) > o, pg, (¥2) = @, po, (21) > o, pe,(22) 2

g

p”yl (ul) = a? H'\{Z (u2) 2 a’

Case (vii) p) (x) > o, pg, (¥1) > o, pp, (v2) = o, pg, (21) 2 o, pg,(22) 2

g

Hy, () 2 o, py, (ug) = o
For case (i) the lower and upper bound of a-cuts of HE[L,) can be obtained
through the corresponding parametric non-linear programs,
Bz, )it = min M)

and
(B, 15t = max M}

Advances and Applications in Mathematical Sciences, Volume 20, Issue 6, April 2021
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Similarly we can calculate the lower and upper bounds of the a-cuts of
[E[L,,]l for the case (ii), (iii) and (iv). By considering all the cases

simultaneously the lower and upper bounds of the a-cuts of [E[L,,]] can be

written as
A A
M=—"13
us(4; + Ay)
Here,
Ay = xug(yuy — x8(yg + ug))
Z k k
Ay = m ! 5 [ = c®) (xyruy = x22(1 =) (v2 + wg) + yru (g + 21 )" (1 - c)]
—C

Ag = xg —z9(1 —¢)

= max {{M];

o Q

[BIL, 1z = min {[M]} and [E[L, ]l

L U L U L U L U L
X ﬁxﬁxa,yla <»n Syla,y2a < Y9 Syza,zla <z Szla,zg SzZa,

L U L U
Wy, SUW S Uy, Uy, S Ug S Uy .

o

If both [E[L,]* and [E[L,]Y

., are invertible with respect to a, the left

and right shape function, L(M) = [E[L, ]g I and R(M) = [E[Lv]g]_l can be
derived from which the membership function um(M ) can be constructed
as
L(M), [EIL, ] o). [EIL 1o ). [EIL, I
ng (M) = L [EIL DI, < M < [E[L]I, . (5)
R(M), [E[L, ]l < M < [E[L, ]l
In the same way we get the following results.

The mean system size when the server is busy period

Advances and Applications in Mathematical Sciences, Volume 20, Issue 6, April 2021
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L(N), [E[L Yo, [EIL 1Y, [EIL Y,

pEE ) = 1L, [E[L, Y., < N <[E[L,]Y, _ ©)

R(N), [E[L ]Il < N < [E[L ]I

=0 —
The mean system size when the server is breakdown

L), [E[L, ], [EIL, 1Y, [E[L, ]V,

mE)(0) = 1L [ElL Do <0 < [E[Ly ]l . @

R(0), [E[L ] < O < [E[Ly ]I,

5. Numerical Study

The mean system size when the server is on working vacation period.

Suppose the fuzzy arrival rate A, service rate E, Breakdown rate @,

working vacation 6y, service for working vacation 6, repair time y;, and
the parameter of impatience time ‘I is yy are assumed to be pentagonal

fuzzy numbers described by
% =[21, 22, 23, 24, 25], B, = [31, 32, 33, 34, 35], By = [71, 72, 73, 74, 75]
0, = [16, 17, 18, 18, 19, 20], 0, = [11, 12, 13, 14, 15], y; = [36, 37, 38, 39, 40],

ve = [26, 27, 28, 29, 30]

per mins respectively.

Then

Ma) = xI;lSla){x e s(h), G(x) = a}, xrélglé){x e s(r), G(x) > a},

Where

Advances and Applications in Mathematical Sciences, Volume 20, Issue 6, April 2021
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0,if x <
X —ag .

1-(1-r)=——=2if ay < x < ag
az — ag

1,if x = ag

G(x) =

ag —x .

1-(1-r)—2— if ag < x < ay
a4 —ag

as —x .

r——= if ay <x <as

a5 — Ay

0, if x > aj

That 1s,
Ma) =[21 + @, 25 — o], Bi(a) = [31 + a, 35 — a], Ba(a) = [T1 + a, 75 — a],
0;(a) = [16 + a, 20 — a], 05(at) = [11 + &, 15 — o], y1(at) = [36 + a, 40 — a],

y9(at) = [26 + a, 30 — a].

It is clear that, when «x = xg, ¥ = ylg, Vg = yzg, z = 21(0{7
2o =250, u; = 0, and uy = us", M attains it i 1 d wh
9 = 29,5 U = Uy, and ug = ug,, attains its maximum value and when

L L L L L L L
X =Xg, Y1 = leL’ Yo = y20€’ 21 = zlot’ 29 = z2au1 = ula, and Ug = U2a, M

attains its minimum value.

From the generated for the given input values of A, E, @, a, @, y_l and

Y25

(1) For fixed values of x, y1, ¥9, 21, 29 and u;, M decreases as uq
increases

(i1) For fixed values of yq, y9, 21, 29, #1 and ug, M decreases as x
increases

(i11) For fixed values of yg, 21, 29, 41, ug and x, M decreases as y;
increases

(iv) For fixed values of zj, 29, uy, g, x and y;, M decreases as y,

increases

Advances and Applications in Mathematical Sciences, Volume 20, Issue 6, April 2021
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(v) For fixed values of zq, uq, ug, x, y1 and yg, M decreases as z;

increases

(vi) For fixed values of uy, ug, x, ¥1, y9 and z;, M decreases as zj

increases

(vi)) For fixed values of ug, x, 1, ¥9, 2; and z9, M decreases as u;

increases

The smallest value of occurs when x-takes its lower bound, i.e.,

x =21+a and ¥, ¥9, 21, 29, 4y; and uy take their upper bounds given by
y1 =385—-a,y9 =75 -0,z =20-0a, 29 =15—-a, 4y =40 -a, ug = 30 —a

respectively.

And maximum value of E[L,] occurs when x =25-a, y; = 31 +a,
yo=Tl+0a,2 =16+a,29 =11+a,u =36+ a and uy = 26 + a.

If both [E[L, ]]g and [E[L, ]]IO{ are invertible with respect to ‘a’, then the
left shape function L(M)=[E[L, ]g ]! and right shape function
R(M) = [E[L, ]g]_1 can be obtained and from which the member function

“WL](M ) can be constructed as

0,if M <M

<
IA
IS

0.5(x — 2), if M, <

(M) =10.5(4 - x), if M, <

<
<

®)

HETL,]

0.5(5 — x), if Mj

IA
<
<

0, if M < Mj.

The values of My, My, M3, M, and M5 as obtained from (8) are

Advances and Applications in Mathematical Sciences, Volume 20, Issue 6, April 2021
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“E[Lp](M) =

0, if M < 0.0000

0.5(x — 2) if 0.0000 < M < 1.4204,
1,if x =1

0.5(4 — x), if 1.4204 < M < 3.1731
0.5(5 — x), if 3.1731 < M < 1.4102

0, if M > 0.0000.

In the same way we get the following results.

The mean system size when the server is busy period

ME V) =

0, if N <N,

IA

0.6(x —2), if N, < N < N,

06(4 - DC), if N2

IA

N < N,
0.6(5-x), if N3 <N < N,,

0, if N > N;.

The values of Ni, Ng, N3, Ny and Ny as obtained from (9) are

0, if N <0.0000

0.6(2 — x), if 0.0000 < N < 2.1054,

ngz (V) = 10.6(4 —x), if2.1054 < N < 5.2757,

0.6(5 - x), if5.2757 < N < 2.0023,

0, if N > 0.0000.

The mean system size when the server is breakdown
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0, ifO <0

—48(.')C - 2), if 01 <0< 02,

ng(0) = |-48(4 - x), if 0y <0 < 03, (10)
50(5 — .’)C), if 03 <0< 04,

0, if 0> 0.

The values of O;, Oy, O3, O, and Oj as obtained from (10) are
0, if O < 0.0000

—48(2 — x), if 0.0000 < O < 42.0621
um(O) = 4-48(4 — x), if 42.621 < O < 86.2749,

50(5 — x), if 86.2749 < O < 48.1721,

0, if O > 0.0000.

Conclusion

In this research paper we have studied the analysis of the M Y/ M/

queue with variant vacation on server breakdowns using Pentagonal Fuzzy
numbers. We have obtained the performance measure such as the mean
system size when the server is on working vacation period, the server is busy
period and the server is breakdown period. We have obtained numerical
results to all the performance measures for this fuzzy queues. The application
of this fuzzy queues, there are situations particularly customers arrivals in
super markets, restaurants and voice calls in communication centers where
the service provided is a group that, a group of customers can be served

simultaneously, batch servicing in this process.
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