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Abstract

This paper analyses batch arrival retrial queue with impatient customers, Bernoulli
vacation, feedback and server subject to starting failure. The server renders two phases of
heterogeneous service, first essential phase service (FEPS) and second optional phase service
(SOPS). The customers balk and renege at particular times. On completion of SOPS, with
certain probability the server may go for a vacation or remains idle. The customers are allowed
to make a feedback after both the phases. We derive steady state solutions and performance
measures for this model. We explore the various effects of system parameters numerically.

1. Introduction

Retrial queues are characterized by the fact that a customer arriving
when all accessible servers are busy leaves the service area and repeats the
demand after some time. This feature plays a vital role in telecommunication

networks, cognitive networks, cloud computing systems, production,
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manufacturing systems etc. Single server retrial queues with starting failures
are studied by Krishnakumar and Madheswari [7], Pavai Madheswari and
Suganthi [10] and Ayyappan and Udaya Geetha [3]. Many retrial queues with
non persistent (impatient) customers have attracted more attention. Such
types of retrial models are considered by Ebenasar, et al. [4], Arivudainambi
and Godhandaraman [2], and Bouchentouf and Guendouzi [1]. Some of the
researchers like Jain and Upadhyaya [5], Li. et al. [8], Kalidass and Kasturi
[6], Upadhyaya [11] and Pankaj Sharma [9] have developed two phase retrial
queueing models with the concept of feedback and vacation. In this paper, we
consider two phase retrial queueing model with customer impatience,
feedback, starting failure and Bernoulli vacation. The article is organised as
follows. In section 2, the prescribed model is formulated and analysed. Steady
state equations are obtained in section 3. Various performance measures are
discussed in section 4. Section 5, explores the numerical results for this

model. Conclusion is given in section 6.
2. Model Description

Consider a single server batch arrival retrial queueing system. The
customers arrive at the system according to Poisson stream of rate L. Let Y be
the batch size which is a random variable with P{Y =k} =C, k=1, 2,

3, ..., Z::l C, =1, and C(2) is the probability generating function (PGF)

with first two moments m; and mg. We assume that there is no waiting line

and therefore if the arriving customers find the server idle, and if the server
is started successfully, one of the customer in the batch gets the service and
all the other customers join the orbit. The probability of successful
commencement of service is a. Otherwise the repair of the server commences
and the arriving batch joins the orbit and make their retrials later. The

retrial times follow a general distribution with distribution function A(x),

probability density function (pdf) a(x) and corresponding Laplace Stieltjes
transform (LST) A*(s). Repair times follow general distribution with

distribution function H(x). Let h(x), H*(s) be the respective pdf and LST

with first two moments y; and yy. If the server is busy or unavailable, the
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new incoming batch may go to the orbit with probability p or leave the system
with complementary probability. On account of arrival of primary customer,
the retrial customer cancels his attempt for service and returns to the orbit
with probability g or departs the system with complementary probability. The
server provides FEPS to all the customers. It follows a general distribution

with distribution function By(x), pdf by(x), LST By(s) and first two
moments p; and pgg. As soon as the completion of FEPS with probability
r; the customer move to the SOPS or move to the orbit as a feedback

customer with probability B or may depart the system with probability
1o = (1 —B—r) After completing SOPS, the customer may enter to the orbit

as a feedback customer for receiving the service again with probability & or
may exit the system with probability 1 — 8. The SOPS times follow a general

distribution with distribution function Bj(x), pdf b;(x) and LST B;(s) with
first two moments p;; and py9. At the completion of second optional phase

service, the server may take a vacation with probability o or waits for next

service with probability 1 — . Vacation time follows a general distribution
with distribution function G(x), pdf g(x), LST G*(s) with first two moments
vy and Vg. Define  the  Markov  process: {N(t); t > 0}
= {X(t), C), go(t), &1(2), €2(¢), e3(t), €4(¢); ¢ = 0}, X(¢) = Orbit size at time
t, C(t) =Server state.

0 if the server isidle at time¢

1if the server is busy in FEPS at time ¢
C(t) = {2 if the server is busy in SOPS at time¢

3 if the server is on vacation at time ¢

4 if the server is on repair at time¢.

3. Steady State Distribution

Define probability densities
R,(x,t)dx = P{C(t) =0, X(t) =n, x <gp(t) <x+dx};t>0,x>20,n>1

S,(x, t)dx = P{C(t) =1, X(t) =n,x <gt)<x+dx};t>20,x>0,n>0
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W, (x, t)dx = P{C(t) =2, X(¢)=n,x <egt) <x+dx};t>0,x>0,n>0
G,(x,t)dx = P{Ct) =3, X(t)=n,x <e3(t) <x+dx}; t>20,x>0,n>0
H,(x,t)dx = P{Ct) =4, X(t) =n, x <gyt) <x+dx};t>0,x>0,n>1.

The system of steady state equations that governs the model is given below

MRy = 1y j : So (%) (x)dx + B3 j : Wi () (x)dx + j : Go(x(x)dx (1)

dii R,(x) = [ + n@)]R, (x), n > 1 )

2 So(x) = ~[ph + mo(x)}So ) &)

% S, (x) = —(pA + po(x))S,(x) + pk; C.S, 4(x), n =1 4
L Wo(x) = Lo+ (2 () ©)

d% W, (x) = ~[ph + g (£)]W, (x) + pxg CuW,_p(x), n > 1, ®)
d;‘i Go(x) = ~[ph + v(x)|Gy (x) (7)

j_x G, (x) = —[p + v(x)]G, (x) + pki CrGpp(x), n 21 ®)
4, (x) = Lo + 1) (2) ©)

d% H,(x) = —[ph + y(x)]H,, (x) + px:;ckﬂn_k(x), n> 2. (10)

With boundary conditions
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By(0)= 1o [ Sphno () + @B [ Wy (el + B s (oo ()
+ 66I W, _1 () (x)dx + I H, (x)y(x)dx + J G,(x)(x)dx,n>1 (11)
0 0 0

So(0) = adeyRy + o j : Ry (xn (x)dx + 0Ag j : Ry (x)dx (12)

n+l

$0(0) = oy 1By + o "Ry (@) + g Y Cy[ Byl
k=1

ah + qu: ij': R, poi(x)dx; n > 1 (13)

W, (0) = n j : S, (x)ue(x)dx; n > 0 (14)

Go(0) = wd j : Wy (x )y (x)dx (15)

G,(0) = 03 I : W, ()1 ()dx + 0 j : W, (g ()dx; n > 1 (16)
H,(0) = ARy + @ J : Ry (x)n(x)dx an

H,(0) = axkz: ij: R, ,(x)dx + J : R, (x)n(x)dx, n > 2. (18)

The normalizing condition is

Ry + ij.: R, (x)dx + Z‘O:J.: S, (x)dx + i]: W, (x)dx
n=1 n=0 n=0

+ ij: G, (x)dx + ij: H,(x)dx = 1. (19)
k=1

n=0

Advances and Applications in Mathematical Sciences, Volume 21, Issue 4, February 2022



1778 M. NILA and D. SUMITHA

Define the probability generating functions

R(x, z) = Zn:Rn(x)zn, S(x, z) = iSn(x)zn, H,(x, z) = iH(x, z)
n=1 n=0 n=0

H, (x)z"", W(x, z) = iWn(x)zn, G(x, z) = iGn(x)z".
n=0 n=0

Multiplying equations (1)-(18) by 2" and summing over n,n = 0,1, 2, 3, ...

we obtain the following partial differential equations.

(d% A n(x)jR(x, 2)=0 (20)
(di + pA(L - c(e)) + uo(x))S(x 2) = 1)
(4 P~ o)+ 1y () Vi, 2) = 0 (22)
(di + pA(1 - c(2)) + v(x) |G, 2) = (23)
[di P~ (@) + 7 x))H(x, 2) = 0. (24)

Solving the equations (20)-(24), we get

R(x, z) = R(0, z)e ™ (1 — A(x)) (25)
S(x, 2) = S(0, z)e PM-c@k (1 _ B, (x)) (26)
W, 2) = W(O, 2)e P14k - B, (x)) @7
G(x, z) = G(0, z)e P (1 — G(x)) (28)
H(x, 2) = H(0, 2)e PGk (1 — H(x)) (29)

RO, 2) = (ry + B2) j : S(x, 2)ug(x)dx + (3 + 52)® I : W, 2)uy (x)dx
+ I: G(x, z)v(x)dx + I: H(x, z)y(x)dx — ARy (30)
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50.2) = 2P L & [ e, 2wy + 22
j : R(x, 2)e(e)dx + 224 j : R(x, 2)e(2)dx @1
WO, 2) = n j: S(x, 2)po(x)dx 32
GO, 2) = (5 + 52)o I: W(x, 2)py (x)dx 33)

H(0, z) = axj: R(x, z)c(z)dx + o I: R(x, z)n(x)dx + arRyc(2). (34)

Solving equations (30)-(34) we obtain,
R(0, 2) = S(0, 2)K (2) - Ror{(1 - aic(2)H™ (ph — phc(2)))}
/1 - Q3(2JoH" (pA — phe(2)) (35)
S(0, 2) = oARy{zc(2) (1 — aH™ (ph — pre(2))Q3(2)) — @y (2)
(1 - ac(z)H" (pA — pre(2))}/ D(2) (36)
W(0, z) = arRyn By(ph — prc(z)) {zc(z) 1 — aH" (pA — pic(2))
@3(2)) - @ (2) (1 - aC(z)H" (p) — pre(2)))}/ D(Z) (37)
G(0, 2) = ahRor0(8 + 82)By(ph — phe(2)) B (ph — phe(2))
{ec(z) (1 — aH" (P — phe(2))
@3(2)) — Q1 (2) (1 — &e(2)H" (P — phe(2)))}/ D(2) (38)
H(0, z) = R(0, 2)a@s(z) + arc(2)R, (39)
where

D(2)=2*{1-6Q;3(2)H" (ph— pre(2))}—afzA* (M) +c(2)1 - A* (M) +g2)}K; (2)
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Qi(2) = 2A"(M) + c(2) (1 - A*(W)(@ + g2)
Ky (2) = By(ph — pre(z))[1ro + Bz] + 11 Bo(p) — phe(2))By (k. — phe(2))
(82 + 8) (® + ©G™ (P — phe(2)))

Q3(2) = c(2) + (1 - c(2)A"(2)

Inserting the expressions (35)-(39) in the equations (25)-(29) and integrating
with respect to x from 0 to o we obtain R(z), S(z), W(z), G(z), H(z).

R(z) = Ry(1 - A*(M)z{oc(2)K; (2) - 2(1 — Gc(z)H" (ph — phe(2)))}/ D(2)
S(z) = aRy{l - By(p — pre)Hze(z) (1 - GH" (ph — pre(2))@3(2))
- Q(2)(1 - aC(2)H" (p — pre(2))}/ D(Z) (p - pC(2))

W(z) = oRor By(ph — phC(2)){L - By(ph - prC(2))} {2C(z)

(1 - aH" (ph — phe(2))Rs(2))

- Q(2)(1 - aC(2)H" (p2 - pre(2)}/ D(Z) (p — pC(2))

G(2) = aRyr0By(ph — phe(2)) B (ph — phe(2))

(1 - G*(pr — pre(2))) (82 + 8)
{zc(2) (1 — GH"(ph — pre(2))@s(2)) — @ (2) (1 - Gc(2)
H*(ph — phe(2)))}/ D(2) (p — pe(2))
H(z) = GRy(1 - H" (ph — pre(2)) {oc(2) [2@5(2) — @ ()]

Ki(2) - 2°(1 - c(2)A* (W} D(2) (p - pe(z)).
4. Performance Measures

The probability that the server is idle during the retrial time is

R = Ry(1 - A" {a[phm N + B + 1 + 18 — 1]+ aphmyy; +my}/Dy.
The probability that the server is busy in FEPS is given by
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S = oA Ropor[m A* (M) + og(1 — A*(L)])/ Dy
The probability that the server is busy in SOPS is given by

W = ARyorpy 1[my A*(X) + ag (1 — A*(1))]/Dy.

The probability that the server is on vacation is given by

G = aARyriovy[m A™ (W) + ag(l — A*(V)))/ Dy

The probability that the server is under repair is given by

H = (1 - a)ARoyr[m A*(A) + ag(1 — A"(1)))/ Dy
Where

Dy = af2 — (pAmN + B +118) - [A*(A) + 1 — A" () (my + @)]} — pAmy vy 00
—amy (1 - A*(L)).
N = po1 +npgp + oy

Substituting the expressions of R, S, W, G, H in the normalizing condition
(19) and solving we obtain as

Ry = Di/ofl - q(1 - (1 — A*(W)) — A*(A) (pAmy N + B + 18)} — A" (Mjapimy v; -
+ (AN +adyq) [m A" +ag(l— A* (V)]
The PGF of the number of customers in the orbit is

P,(2) = Ry + R(2) + S(z) + W(z) + G(2) + H(2)

Py(2) = Bo{zA" (1)1 - ¢(2)) [p(z — oK (2)e(z)) — @z(1 - (1 - p)H" (ph — phe(2))]
+ofze(z) - Q1 (2))[1 - K1 (2) (1 - p(1 - ¢(2)) — (1 - 2)By (P — phe(2))
(B+ndBi (ph - pre(2))] + aoic(z) (2@5(2) - @1 (2) [Kq (2)

- H'(ph — phe(z)) + (1 - 2)

By (ph — pre(2))H™ (P — pre(2)) (B + 1n8B; (ph — phe(2))ly/ D(2) (p — pe(2))

The PGF of the number of customers in the system is
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P.(z) = Ry + R(z) + zS(2) + z2W(z) + G(2) + H(z).
The mean number of customer in the orbit is

T _ N4yN3 — N5Ny
Ly = lim 7 Fa®) = 3N2

Ny = 2Ry {my A" (M) [ap(phm N + B +118) 1) - ol — p)phmyyy + opmy |
af(pAmy N + pmy)[A*(A) + (1 = A (W) (my + ) — (my + 1)}
+og(l — A" (W)prmy (N 1)}
N3 = 3Ry {opm; A* () [mg + 2m M + ky] - 0A* (L) (1 - p) [my (p*A*mi'ys
+ pAmgyy + 2phmyyy) + (Mg + 2my )phmyyy ]+ apA™ (L) (mg + 2my)
[M +my —1]+ a(pAmy N + pmy)[(1 = A*()) (mg + 2myq) — (mg + 2my)]
+af(AT () + (1 = A™(W) (g +q) — (my +1)][2pmy M + (phmgN + pmgy)
+ PPPmi {ugg + ritg + nogve} + 21 D7 mT (Mo1k1 + Lo + © Py1vy)
+ 2n8ophmyvy ] + adg (L — A* (V) [p*mf (gg + 1y g + 1y 0vs)
+ 20 p*KPmi g1y + oYy + oy ) + phmg N + 2 8ephmyvy

22miye + pAmgyy)}

= 2phmyyy (B + 118) + 4my phmy (N = v1) - (p
Ny = -2pm Dy
Ny = -3p[Dymy, + Dymy ]
where
Dy = 201 - myq(1 = A"(A) = (A"(A) + (1 = A*(M) (g + @) (PAmy N + B + 113)]
— aphyi[my + 4my + 2mi(1 - A*(L))]

— 1 - A () (mg + 4amy) — apZaZmPyy — oky
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2,22 2.2 2
ky = [p"Xmi (nog + ripye + iovg ) + 21 p“A° mi (Ho1Hy1 + OLo1V; + Oy ;)
+2phmy (Bpoy +718(ko1 + K11 + ©Up)) + pmg N]
M = phmy N + B + rd.

The Mean number of customer in the system is given by

. d
L, = hn}Eps(z)

zZ—>

:Lq+S+W.

5. Numerical Results

Numerical evaluation of the effect of various system parameters on the
performance measures are done and the results are shown in tables. Here we
assume that retrial time, first essential phase service time, second optional
phase service time and vacation time follow exponential distribution with

rates m, lg, 1y and v. We choose the following parameters.
A=15p=049g=06¢t=0.5a=04c=04;b=0.2 ¢ =0.5
cg =05, g =04; h=0.6; f =0.8 po = 20; n; =10; v =10; r = 10; n = 20.

Performance measures such as R, the probability that the system is

empty, R-the probability that the server is idle in nonempty system, S-the
probability that the server is busy in essential service, W-the probability that
the server is busy in optional service, G-the probability that the server is on

vacation and L,-the mean system size are computed for different values of A,

Lo, M, p and ¢ and are given respectively in tables (1-5).

The values predict that

1. Increase in A decrease E; and increases all other performance

measures.

2. Increase in p decreases S and L, and increasesin Ry, W, G

3. Increase in n increases Ry, W, G and G and decreases in R and L,
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4. Increase in p and g decreases R; and increases all other performance

measures.

Table 1. Performance measures versus A.

A Ry R S w G L,

1.1 | 0.6265 | 0.0912 | 0.1046 | 0.0836 | 0.0418 | 0.6115
1.3 | 0.5722 | 0.1053 | 0.1194 | 0.0956 | 0.0478 | 0.7431
1.5 | 0.5212 | 0.1187 | 0.1334 | 0.1067 | 0.0533 | 0.8859
1.7 1 04732 | 0.1316 | 0.1464 | 0.1171 | 0.0586 | 1.0429
1.9 | 0.4278 | 0.1439 | 0.1586 | 0.1269 | 0.0634 | 1.2179

Table 2. Performance measures versus pg.

Ko Ry R S w G L,

20 | 0.5212 | 0.1187 | 0.1334 | 0.1067 | 0.0533 | 0.8859
25 105413 | 0.1198 | 0.1084 | 0.1084 | 0.0542 | 0.8313
30 | 0.5550 | 0.1206 | 0.0914 | 0.1096 | 0.0548 | 0.7955
35 | 0.5650 | 0.1212 | 0.0789 | 0.1105 | 0.0553 | 0.7703
40 | 0.5726 | 0.1216 | 0.0695 | 0.1112 | 0.0556 | 0.7514

Table 3. Performance measures versus 1.

n Ry R S w G L,

20 10.5212 | 0.1187 | 0.1334 | 0.1067 | 0.0533 | 0.8859
22 10.5308 | 0.1083 | 0.1337 | 0.1069 | 0.0535 | 0.8545
24 | 0.5388 | 0.0996 | 0.1339 | 0.1071 | 0.0536 | 0.8290
26 | 0.5457 | 0.0922 | 0.1341 | 0.1073 | 0.0537 | 0.8079
28 | 0.5516 | 0.0858 | 0.1343 | 0.1075 | 0.0537 | 0.7900
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p Ry R S w G L,
0.2 | 0.5579 | 0.1059 | 0.1245 | 0.0996 | 0.0498 0.7060
0.4 | 0.5212 | 0.1187 | 0.1334 | 0.1067 | 0.0533 0.8859
0.6 | 0.4790 | 0.1335 | 0.1435 | 0.1148 | 0.0574 1.1414
0.8 | 0.4298 | 0.1507 | 0.1554 | 0.1243 | 0.0622 1.5235
1.0 | 0.3717 | 0.1710 | 0.1694 | 0.1355 | 0.0677 2.1383
Table 5. Performance measures versus q.

q Ry R S w G L,
0.2 | 0.5345 | 0.1141 | 0.1302 | 0.1041 | 0.0521 0.8188
0.4 | 0.5280 | 0.1163 | 0.1317 | 0.1054 | 0.0527 0.8511
0.6 | 0.5212 | 0.1187 | 0.1334 | 0.1067 | 0.0533 0.8859
0.8 | 0.5142 | 0.1212 | 0.1351 | 0.1080 | 0.0540 0.9235
1.0 | 0.5069 | 0.1237 | 0.1368 | 0.1095 | 0.0547 0.9641

6. Conclusion

In this paper, we analysed batch arrival retrial queue with second

optional service, starting failure, Bernoulli vacation, feedback and impatient
customers. The PGF of system size when it is idle, busy on FEPS or SOPS,

repair or on vacation 1s found by supplementary variable technique.

Performance measures like the probability of the server is idle, busy on both

phases, under repair or on vacation, mean orbit size, mean system size are

derived. The numerical results are analysed for this model.
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