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Abstract

In this paper, a new class of fuzzy topological spaces, namely fuzzy Oz-spaces, is introduced
and studied. It is obtained that fuzzy extremally disconnected spaces are fuzzy Oz-spaces and
fuzzy Oz and fuzzy P-spaces are fuzzy extremally disconnected spaces and fuzzy Moscow spaces.
It is obtained that fuzzy Oz-spaces are not fuzzy hyperconnected spaces and fuzzy super-
connected spaces are not fuzzy Oz-spaces. Also the notion of weak fuzzy Oz-spaces is introduced
and studied. It is obtained that fuzzy fraction dense and weak fuzzy Oz-spaces are fuzzy
Oz-spaces.

1. Introduction

In order to deal with uncertainties, the idea of fuzzy sets, fuzzy set
operations was introduced by L. A. Zadeh [24] in 1965. Any application of
mathematical concepts depends firmly and closely how one introduces basic
ideas that may yield various theories in various directions. If the basic idea is
suitably introduced, then not only the existing theories stand but also the
possibility of emerging new theories increases and on these lines, C. L. Chang
[7] introduced the notion of fuzzy topological spaces by means of fuzzy sets in
1967 and his work paved the way for the subsequent tremendous growth of

the numerous fuzzy topological concepts.
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R. L. Blair [6], V. E. Scepin [12] and T. Terada [13] independently
introduced the concept of Oz-spaces, also known as perfectly k-normal spaces
which is analogous to that of normality, in classical topology. R. L. Blair
studied the class of Oz topological spaces in which every open set is
z-embedded. Weak Oz-spaces in which the closure of each co-zero set is a zero
set, were discussed to varying degrees in [2] and [8]. A. Chigogidze [8]
investigated weak Oz-spaces under the name of almost Scepin spaces. The
concept of Moscow space in classical topology was introduced by A. V.
Arhangel’skii [1] and the notion of Moscow spaces generalizes the notion of

perfectly k-normal spaces.

The concept of fuzzy extremally disconnected spaces was introduced and
studied by B. Ghosh [10]. The notion of fuzzy P-spaces was introduced and
studied by G. Thangaraj and G. Balasubramanian [14]. In the recent years,
there has been a growing trend among many fuzzy topologists to introduce
and study various types of fuzzy topological spaces. The purpose of this paper
is to introduce the concept of fuzzy Oz-spaces and to study its properties and
applications. In section 3, several characterizations of fuzzy Oz-spaces are

established. It is obtained that closure of fuzzy open sets are fuzzy Gjg-sets
and interior of fuzzy closed sets are fuzzy Fj -sets in fuzzy Oz-spaces. It is

established that fuzzy regular open sets are not fuzzy c-nowhere dense sets

and boundaries of fuzzy regular closed sets are fuzzy Gj-sets in fuzzy

Oz-spaces.

In Section 4, it is obtained by an example that fuzzy P-spaces need not be
fuzzy Oz-spaces. It is established that fuzzy extremally disconnected spaces
are fuzzy Oz-spaces and fuzzy Oz and fuzzy P-spaces, are fuzzy extremally
disconnected spaces and fuzzy Moscow spaces. A condition for fuzzy
Oz-spaces to become fuzzy Moscow spaces is also obtained by means of fuzzy
regular closed sets. Fuzzy semi-open sets are found to be fuzzy pre-open sets
in fuzzy Oz and fuzzy P-spaces. It is obtained that fuzzy Oz-spaces are not
fuzzy hyperconnected spaces and fuzzy super-connected spaces are not fuzzy
Oz-spaces. Also it is obtained that fuzzy perfectly disconnected and fuzzy

Oz- spaces are not fuzzy hyperconnected spaces.

In Section 5, the notion of weak fuzzy Oz-space is defined and studied.
Several characterizations of weak fuzzy Oz-spaces are established. It is
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obtained that interiors of fuzzy o-boundary sets are fuzzy Fj -sets and
closures of fuzzy o-boundary sets are fuzzy Gg-sets and fuzzy o-boundary

sets are fuzzy somewhere dense sets in weak fuzzy Oz-spaces.

In Section 6, the conditions under which fuzzy Oz-spaces become fuzzy
weak fuzzy Oz-spaces, are obtained. It is obtained that fuzzy fraction dense
and weak fuzzy Oz-spaces are fuzzy Oz-spaces. It is found that the notions of
fuzzy Oz-spaces and weak fuzzy Oz-spaces are identical in fraction dense

spaces.
2. Preliminaries

In order to make the exposition self-contained, some basic notions and

results used in the sequel, are given. In this work by (X, 7T') or simply by X,

we will denote a fuzzy topological space due to Chang (1968). Let X be a non-
empty set and I the unit interval [0, 1]. A fuzzy set A in X is a mapping from X
into I. The fuzzy set Oy is defined as Ox(x) = 0, for all x € X and the fuzzy

set 1y is defined as 1x(x) =1, for all x € X.

Definition 2.1[7]. Let (X, T') be a fuzzy topological space and A be any
fuzzy set in (X, T'). The interior, the closure and the complement of A are

defined respectively as follows:
(i) int(A) = vip/p <A, pe T},
) clr) = AfW/r <p1-peTl
(i) A'(x) =1-AMx), for all x € X.

For a family {A;/i € I} of fuzzy sets in (X, T'), the union ¥ = v;(%;) and

the intersection 8 = A;(A;), are defined respectively as
(iv) y(x) = sup;{;(x)/x € X}
(v) 8(x) = inf; {X;(x)/x € X}.
Lemma 2.1[3]. For a fuzzy set A of a fuzzy topological space X,

(1) 1—int(X) = ¢l(1 — 1) and (i) 1 — cl(r) = int(1l — 1).
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Definition 2.2. A fuzzy set A in a fuzzy topological space (X, T') is called

(1) fuzzy regular-open if A =intcl(A) and fuzzy regular-closed if
A = clint()) [3].

(2) fuzzy Gg-setif L = AjZ;(A;), where A; € T for i e I [4].
(3) fuzzy Fg-setif A = vi—;(%;), where 1 —-A; e T for i e I [4].

(4) fuzzy semi-open if A < clint(h) and fuzzy semi-closed if intcl(A) < A
[3].

(5) fuzzy pre-open if A < int cl()) and fuzzy pre-closed if ¢lint(r) < A [5].

Definition 2.3. A fuzzy set A in a fuzzy topological space (X, T), is called

(1) fuzzy dense set if there exists no fuzzy closed set pin (X, T') such that
A <p<1 Thatis, cl(A) =1, in (X, T) [15].

(11) fuzzy nowhere dense set if there exists no non-zero fuzzy open set u in
(X, T) such that u < cl()). Thatis, intcl(r) =0, in (X, T) [15].

(i) fuzzy first category set if A =vi—;(A;), where (;)’s are fuzzy
nowhere dense sets in (X, T'). Any other fuzzy set in (X, T') is said to be of
fuzzy second category [15].

(iv) fuzzy residual set if 1 — A is a fuzzy first category set in (X, T') [16].

(v) fuzzy somewhere dense set if there exists a non-zero fuzzy open set u
in (X, T') such that p < cl(A). That is, intcl(r) = 0, in (X, T) [19].

(vi) fuzzy c-nowhere dense set if A is a fuzzy F-set with int(A) =0, in

(X, T) [17].

(vii). fuzzy o-boundary set if A = viZ;(y;), where p; = cl(A;) A(1 —2;) and
(%;)’s are fuzzy regular open sets in (X, 7T") [18].
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Definition 2.4. A fuzzy topological space (X, T') is called a
(i) fuzzy P-space if each fuzzy Gg-set in (X, T) is fuzzy open in (X, T)
[14].

(1) fuzzy hyperconnected space if every non-null fuzzy open subset of
(X, T) is fuzzy dense in (X, T') [11].

(1i1) fuzzy super-connected space if it has no proper fuzzy regular open set

in (X, T) [9].

(iv) fuzzy extremally disconnected space if the closure of every fuzzy open
set of (X, T') is fuzzy open in (X, T") [10].

(v) fuzzy Moscow space 1if for each fuzzy open set A in
X, T), cl()) = v24(3;), where (3;)’s are fuzzy Gs-setsin (X, T) [22].
1=1\%% i [
(vi) fuzzy F'-space if A <1-p, where A and p are fuzzy Fj-sets in

(X, T), then cl(A) <1-cl(n), in (X, T) [21].

(vii) fuzzy perfectly disconnected space if for any two non-zero fuzzy sets A
and p defined on X with A <1 —p, cl(A) <1 -cl(u), in (X, T) [20].

(viii) fuzzy basically disconnected space if the closure of every fuzzy open
F,-set of (X, T) is fuzzy open in (X, T) [14].

(ix) fuzzy fraction dense space if for each fuzzy open set A in
(X, T), cl(r) = cl(n), where pis a fuzzy F;-setin (X, T) [23].

Theorem 2.1[3]. In a fuzzy topological space,
(a) The closure of a fuzzy open set is a fuzzy regular closed set.
(b) The interior of a fuzzy closed set is a fuzzy regular open set.

Theorem 2.2[19]. If X is a fuzzy somewhere dense set in a fuzzy

topological space (X, T), then there exists a fuzzy regular closed set A in

(X, T) such that n < cl(}r).

Theorem 2.3[18]. If A is a fuzzy c-boundary set in a fuzzy topological
space (X, T), then \is a fuzzy Fs-setin (X, T).
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Theorem 2.4[10]. For any fuzzy topological space (X, T), the following

are equivalent:
(a) X is fuzzy extremally disconnected space.

(b) For each fuzzy closed set A, int(A) is fuzzy closed.
(c) For each fuzzy open set M\, cl(A) + cl[1 —cl(L)] = 1.

(d) For every pair of fuzzy open sets A and p in X with
clM)+p=1,cl))+cl(n) =1.

Theorem 2.5[9]. If X is a fuzzy topological space, then the following are
equivalent:

(a) X is fuzzy super-connected space.

(b) Closure of every non-zero fuzzy open set in X is 1.

(c) Interior of every fuzzy closed set in X different from 1, is zero.

(d) X does not have non-zero fuzzy open sets h and p such that A +p < 1.

Theorem 2.6[22]. If the fuzzy topological space (X,T) is a fuzzy

extremally disconnected space, then (X, T) is a fuzzy Moscow space.

Theorem 2.7[10]. A fuzzy topological space (X, T) is fuzzy extremally
disconnected if and only if FSO(X) c FPO(X).

Theorem 2.8[22]. If each 1;(i =1 to ») is a fuzzy residual set in the fuzzy
Moscow space (X, T'), then there exists a fuzzy regular closed set y in (X, T)

such that y < vie;(%;).

Theorem 2.9[23]. If u is a fuzzy regular closed set in a fuzzy fraction
dense and fuzzy P-space (X, T'), then pis a fuzzy Fs-setin (X, T).

Theorem 2.10[21]. If a fuzzy topological space (X, T) is a fuzzy perfectly
disconnected space, then (X, T) is a fuzzy F'-space.

Theorem 2.11[20]. If A is a fuzzy pre-closed set in a fuzzy perfectly
disconnected space (X, T), then int(A) is a fuzzy regular closed set in (X, T).
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Theorem 2.12[16]. If A is a fuzzy first category set in a fuzzy topological
space (X, T), then there is a fuzzy Fs-setnin (X, T) such that L <n.

Theorem 2.13[23]. A fuzzy topological space (X, T) is a fuzzy fraction

dense space if and only if for each fuzzy regular closed set p in
(X, T), n = clln), wheren is a fuzzy Fg-setin (X, T).

Theorem 2.14[21]. If A <1 —p, where A and u are fuzzy c-boundary sets
in a fuzzy F'-space (X, T), then cl(.) <1-cl(n) in (X, T).

3. Fuzzy Oz-Spaces

Motivated by the works of R. L. Blair [6], V. E. Scepin [12] and T. Terada
[13], the notion of Oz-space in fuzzy setting is defined as follows:

Definition 3.1. A fuzzy topological space (X, T) is called a fuzzy Oz-

space if each fuzzy regular closed set is a fuzzy Gs-setin (X, T).

Example 3.1. Let X = {a, b, ¢}. Let I =][0, 1]. The fuzzy sets o, B and y

are defined on X as follows:
a: X — I is defined by o(a) = 0.5, a(b) = 0.5, ac) = 0.6,
B: X — I is defined by B(a) = 0.5, B(b) = 0.6, B(c) = 0.5,
y: X — I is defined by y(a) = 0.6, y(b) = 0.4, y(c) = 0.5.

Then, T={0,0B7vavBavyBvy,anB, any,yvoanBl

a v B vy, 1} is a fuzzy topology on X. By computation, one can find that
cl(a) = 1;int(1 — o) = 0;
cdB)=1-(ary)=pintl-B)=anry
cly) = ;int(1 - v) = 0;
cllov B) = ;int(1 — oo v B]) = O;
cllor 1) = 1 imt(1 — [ v 7]) = O
cBvy)=Lintd-[Bvy]) =0
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clloanB)=1-(axAB)=anpintl-[anp)=anp;
clany)=1-Bp=oaryntl-[any])=p
clly v [o AB) = Lintfl = (y v [e AB)] = O
cllovBvy)=Tintd -[avpvy)=0.

The fuzzy regular closed sets in (X,7) are 1-P,1-(aAp) and
1-(otAy).

Now 1-B=BAya(@aB)=any

1-(aaB)=an(avy)alrvieap)]=anp;

1-(ary)=(@vB)APBvy)r(avBvy) =5

Then, 1-B,1- (o AB) and 1—(a A y) are fuzzy Gg-sets in (X, T'). Thus
the fuzzy regular closed sets 1-B,1—(aAP) and 1—(aAy) are fuzzy
Gs-setsin (X, T). Hence (X, T) is a fuzzy Oz-space.

Example 3.2. Let X = {a, b, ¢}. Let I =0, 1]. The fuzzy sets o, B and y

are defined on X as follows.

a: X — I is defined by ofa) = 0.4, a(b) = 0.6, afc) = 0.4,
B: X — I is defined by B(a) = 0.5, B(b) = 0.4, B(c) = 0.5,
v : X — I is defined by y(a) = 0.6, y(b) = 0.5, y(c) = 0.4.

Then, T={0,0,B7avBavy,Bvy,arB any,BAry,av[BAy]
Bvoaayl ya(avB), avByvy, 1} is a fuzzy topology on X. By computation,

one can find that
clo)=1-B;int(l — o) = B;
cl) =1—(ovB)int(l —p) = a v p;
cy)=1-(any)intl-y) =any;
cllav p)=1-p;int(l —[o v p) = B;

claovy)=1-(aAB)intl —[avy])=aAB;
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cdBvy)=1-(arny)yintQ-[Bvy)=any;
clonB)=1-(aABvyxintl—[oAB)=aABvy;

o np) =1 @ ykintd — v ) = By

cBay)=1-(avplintd-[ovy])=avp;

cllavBry)=1-pintd-[avBAy) =B
cdBvlony])=1-@vary]intQ-[Bv(eay)=pvlenr)

cdly Alavp)=1-(BvloAy]int@-[y alavB))=pvoeAavk

claovBvy)=1—(aaB)intl—[avBvy])=anap.

The fuzzy regular closed sets in (X, 7T) are 1-B,1-(avp),1-BVvy),
1-(@AByl1-—(aAy)1-[Bv(eaany)] and 1-[avPBvy] and the fuzzy
regular closed set 1 — (o A y) is not a fuzzy Gg-setin (X, T'). Hence (X, T) is
not a fuzzy Oz-space.

Proposition 3.1. If A is a fuzzy regular open set in a fuzzy Oz-space, then
Lis afuzzy Fg-setin (X, T).

Proof. Let X be a fuzzy regular open set in (X, T'). Then, 1 -2 is a fuzzy
regular closed set in (X, T'). Since (X, T) is a fuzzy Oz-space, 1 - A is a
fuzzy Gg-setin (X, T). Then, A is a fuzzy F-setin (X, T).

Proposition 3.2. If A is a fuzzy regular open set in a fuzzy Oz-space, then
A is not a fuzzy c-nowhere dense set in (X, T).

Proof. Let X be a fuzzy regular open set in (X, T'). Then, intcl(A) = A, in
(X, T) and int [intcl(L)] = int(A). Then, intcl(A) = int(X) and int(X) # O, in
(X, T). Since (X, T) is a fuzzy Oz-space, by Proposition 3.1, A is a fuzzy
F-setin (X, T'). Thus, A is a fuzzy Fj-set with int(A) = 0 in (X, 7). Hence
X is not a fuzzy c-nowhere dense set in (X, T').

Remark. In view of the above proposition, one will have the following

result: “Fuzzy regular open sets are not fuzzy c-nowhere dense sets in fuzzy
Oz-spaces.”
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Proposition 3.3. If 1 is a fuzzy open set in a fuzzy Oz-space (X, T)) such
that cl(h) # 1, then cl()) is a fuzzy Gg-setin (X, T).

Proof. Let A be a fuzzy open set in (X, 7') such that cl() # 1. Then, by
Theorem 2.1, cl()) is a fuzzy regular closed set in (X, 7'). Since (X, T) is a
fuzzy Oz-space, cl(A) is a fuzzy Gg-setin (X, T)).

Proposition 3.4. If p is a fuzzy closed set in a fuzzy Oz-space (X, T) such
that int(n) # 0, then int(u) is a fuzzy Fy-setin (X, T).

Proof. Let u be a fuzzy closed set in (X, 7') such that int(u) # 0. Then,
1 - is a fuzzy open set in (X, T') such that c¢/(1 —p) = 1. Since (X, T) is a
fuzzy Oz-space, cl(l —p) is a fuzzy Gg-setin (X, T') and thus 1 —int(u) [1] is
a fuzzy Gg-setin (X, T'). Hence int(n) is a fuzzy Fg-setin (X, 7).

Proposition 3.5. If A is a fuzzy open set in a fuzzy Oz-space (X, T'), such
that cl(A) #1, then bd(L)=cl(A) Acll —L), where § is a fuzzy Gg-set in
(X, T).

Proof. Let A be a fuzzy open set in (X, 7) such that cl(A)= 1. Now
bd(r) =clA) Acll —1), in (X, T). Since (X,T) is a fuzzy Oz-space, by
Proposition 3.3, cl(r) is a fuzzy Gg-set in (X, 7). Let &=cl(r). Thus,
bd(r) = 8 A cl(1 — 1), where 3 is a fuzzy Gg-setin (X, T).

Corollary 3.1. If A is a fuzzy open set in a fuzzy Oz-space (X, T') such
that cl(L) #1, then there exists a fuzzy Ggs-set & in (X,T) such that
bd(r) < 8.

Proposition 3.6. If p is a fuzzy closed set in a fuzzy Oz-space (X, T) such

that int(u) = 0, then bd(n) = u Ay, whereyis a fuzzy Gs-setin (X, T).

Proof. Let p be a fuzzy closed set in (X, 7') such that int(n) # 0. Now
bd(n) = cl(n) A cl(l — p), in (X, T'). Then, bd(un) = cl(p) A (1 — int(n)) [1]. Since
(X, T) is a fuzzy Oz-space, by Proposition 3.4, int(u) is a fuzzy F,-set in
(X, T) and then 1—int(n) is a fuzzy Gg-set in (X, T). Let y =1 —int(p).
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Since p is a fuzzy closed set in (X, T'), ¢l(n) = p. Hence bd(n) = p Ay, where y
is a fuzzy Gs-setin (X, T).

Corollary 3.2. If u is a fuzzy closed set in a fuzzy Oz-space (X, T) such
that int(n) = 0, then there exists a fuzzy Gg-set y in (X, T) such that

bd(n) < .

Proposition 3.7. If A is a fuzzy open set in a fuzzy Oz-space (X, T'), such
that cl(A) #1, then there exists a fuzzy Fg-set . in (X,T) such that
& < intcl(r).

Proof. Let A be a fuzzy open set in (X, 7) such that cl(A)= 1. Now
A v [1-cl())] is a fuzzy open set in (X, T). Since (X, T) is a fuzzy Oz-space,
by Proposition 3.3, cl(Av[l—cl(})]) is a fuzzy Gs-set in (X, T). Now
cln v [1—clh)]) = cl(h) v el = cl())) = cl(h) v (1 — int cl(L)). Then,
1—inteld) <clAv[1—clX)]) and 1-clAv[l-clA)])<intcl(r). Let
§=1-clAv[l-cl})]) and thus & is a fuzzy Fs-set in (X,7T) and
8 < intcl(nr).

Corollary 3.3. If A is a fuzzy open set in a fuzzy Oz-space (X, T) such
that cl(\) #1, then there exists a fuzzy Fs-set 8 and a fuzzy Gg-set 0 in
(X, T) such that § < intcl()) < 0.

Proof. Let A be a fuzzy open set in (X, 7T') such that cl(A) # 1. Then, by
Proposition 8.7, there exists a fuzzy Fg-set § in (X, 7) such that
8 <intcl(h). Now int cl(r) < cl()). By proposition 3.3, cl(}) is a fuzzy Gg-set
in (X, T). Let 06=cl(A). Hence there exists a fuzzy Fg-set § and a fuzzy
Gs-set 0in (X, T') such that & < ¢l(r) < 6.

Corollary 3.4. If A is a fuzzy open set in a fuzzy Oz-space (X, T) such
that cl(L) # 1, then there exists a fuzzy Fs-set 8 and a fuzzy Gg-set 0 and a
fuzzy open set y > A in (X, T) such that 8 <y < 6.

Proof. Let L be a fuzzy open set in the fuzzy Oz-space (X, T'). Then,
A =int(X) < int ¢l(L). By Corollary 3.3, there exists a fuzzy F;-set § and a
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fuzzy Gg-set 6 in (X, 7T) such that 8 <intcl(X) < 6. Let y =intcl(r) and
then y is a fuzzy open set in (X, T'). Thus there exists a fuzzy F-set § and a
fuzzy Gg-set 0in (X, T') such that & <y < 6.

Proposition 3.8. If uis a fuzzy closed set in a fuzzy Oz-space (X, T') such
that int(u) # 0, then there exists a fuzzy Ggs-set © in (X, T) such that
clint(u) < 0.

Proof. Let p be a fuzzy closed set in (X, T'). Then, 1 - p is a fuzzy open
set in (X, T). Since (X, T) is a fuzzy Oz-space, by Proposition 3.7, there
exists a fuzzy Fj-set 8 in (X,7T) such that & <intcl(l-p). Then,
8 <1-clint(n) [1]. This implies that clint(u)<1-8§, in (X,7T) Let
0 =1—3. Then, 0 is a fuzzy Gg-set in (X, T). Hence for the fuzzy closed set
u, there exists a fuzzy Gg-set 0 in (X, T') such that c¢lint(u) < 0.

Corollary 3.5. If p is a fuzzy closed set in a fuzzy Oz-space (X, T), such
that int(u) = 0, then there exists a fuzzy Fg-set § and a fuzzy Gg-set 0 in
(X, T) such that & < clint(u) < 0.

Proof. Let u be a fuzzy closed set in (X, T') such that int(u) # 0. Then,
by Proposition 3.8, there exists a fuzzy Gg-set 6 in (X,7T) such that
clint(n) < 0. Now int(u) < clint(n) in (X, 7). By Proposition 3.4, int(u) is a
fuzzy F;-set in (X, T'). Let 8 = int(u). Hence there exists a fuzzy Fj-set §
and a fuzzy Gg-set 01in (X, 7T') such that 8 < c¢lint(n) < 0.

Proposition 3.9. If A is a fuzzy somewhere dense set in a fuzzy Oz-space
(X, T), then there exists a fuzzy Gg-set nin (X, T') such that n < cl()).

Proof. Let A be a fuzzy somewhere dense set in (X, 7). Then, by
Theorem 2.2, there exists a fuzzy regular closed set n in (X, T') such that
n < cl(r). Since (X, T) is a fuzzy Oz-space, n is a fuzzy Gg-set in (X, 7).
Hence there exists a fuzzy Gg-set nin (X, T') such that n < cl(}).

Proposition 3.10. If X is a fuzzy set defined on X in a fuzzy Oz-space
(X, T) such that clint(A) # 1, then clint()) < pn, where p is a fuzzy open set

in (X, T).
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Proof. Let L be a fuzzy set defined on X such that cl/int(A) # 1. Then,
int(}) is a fuzzy open set in (X, 7). Since (X, T') is a fuzzy Oz-space, by
Proposition 3.3, cl[int(A)] is a fuzzy Gg-set in (X, 7). Then, cl[int(p)]
= Aj21(%;), where A; e T. This implies that cl[int(A)] < A; for each i € I. Let
p =2;. Hence clint(X) < p, where p is a fuzzy open set in (X, 7).

Proposition 3.11. If A is a fuzzy semi-open set in a fuzzy Oz-space
(X, T), then there exists a fuzzy Ggs-set pin (X, T) such that A < p.

Proof. Let A be a fuzzy semi-open set in (X, 7). Then, A < clint(X) in
(X, T). Now int(A) is a fuzzy open set in (X, T'). Since (X, T) is a fuzzy
Oz-space, by Proposition 3.3, cl[lint(A)] is a fuzzy Gg-set in (X, T). Let
clint(r)] = p. Then, pis a fuzzy Gg-set in (X, T'). Thus, for a fuzzy semiopen
set A, there exists a fuzzy Gg-set pin (X, T') such that A < p.

Proposition 3.12. If A is a fuzzy regular closed set in a fuzzy Oz-space
(X, T), then bd()) is a fuzzy Gg-setin (X, T).

Proof. Let A be a fuzzy regular closed set in (X, 7T'). Then, clint(A) = A,
in (X, T). Now cl[clint(L)] = cl(A) and then clint(X) = cl(L) (A). Since int())
is a fuzzy open set in (X, T'). Then, by Theorem 2.1, clint(A) is a fuzzy
regular closed set in (X, T'). From (A), cl(\) is a fuzzy regular closed set in
(X, T'). Since a fuzzy regular closed set is a fuzzy closed set in a fuzzy
topological space, A is a fuzzy closed set in (X, 7') and then 1 -\ is a fuzzy
open set in (X, T'). By Theorem 2.1, cl(1 — ) is a fuzzy regular closed set in
(X, T). Since (X, T is a fuzzy Oz-space, the fuzzy regular closed sets cl(})
and cl(1-2) are fuzzy Gg-sets in (X, T). Since bd(X) = cl(L) A cl(l — 1),
bd()) is a fuzzy Gg-set in (X, T'). Hence bd()A) is a fuzzy Gj-set, for the
fuzzy regular closed set A in (X, 7).

Proposition 3.13. If A and u are fuzzy open sets in a fuzzy Oz-space
(X, T) such that A <1—p, then there exist fuzzy Fg-sets § and A in (X, T)

suchthat A <3, u<n and § <1-n.
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Proof. Let A and p be any two fuzzy open sets in (X, 7) such that
A<l-p Now A<1-p, implies that clA)<cll1-2) and then
cl(A) <1-int(n) and int(u) <1-cl(r). Since p =int(u), p<1-cl(r), in
(X, T). Since (X, T) is a fuzzy Oz-space, by Proposition 3.3, cl(A) is a fuzzy
Gs-set in (X, T). Then, 1-cl(r), is a fuzzy Fg -set in (X, 7). Let
n=1-cl(}) and then n is a fuzzy F,-set in (X, T') such that p <mn. Also
A <1-p, implies that p<1-A and cl(p)<cll-p)=1-int(r). Then,
int(A) <1 - cl(n). This implies that A = int(A) <1 — cl(n). By Proposition 3.3,
cl(p) is a fuzzy Gg-setin (X, T). Then, 1 —cl(n), is a fuzzy F;-setin (X, 7).
Let 8 =1 —cl(n) and then 3 is a fuzzy F-setin (X, T') such that A < 8.

Now A <1-cl(n) <1 -y, impliesthat A <8 <1-p (D).

Also u<l-clr)<1-2, implies  that p<n<l-2 and
1<pu<1-n>=1-(1-2A) That is, A<1-n<1-p (2). From (1) and (2),
L <3<1-n<1-pu Hence, for the fuzzy open sets A and p in (X, T) such
that A <1-p, there exist fuzzy F,-sets § and n in (X, 7T) such that
A<d,u<nand §<1—n.

4. Fuzzy Oz-Spaces and Other Fuzzy Topological Spaces

When analyzing the properties of fuzzy Oz-spaces, it is obtained that
fuzzy Oz-spaces need not be fuzzy P-spaces. For, consider the following

example:

Example 4.1. Let X = {a, b, ¢c}. Let I =[0, 1] The fuzzy sets a, B, y and

S are defined on X as follows:

a: X — I is defined by ofa) = 0.6;0(b) = 0.4; ac) = 0.5,

B: X — I isdefined by B(a) = 0.4;B(b) = 0.5; B(c) = 0.6,

y: X — I is defined by y(a) = 0.5;y(b) = 0.7; y(c) = 0.4,

8 : X — I is defined by 8(a) = 0.5;8(b) = 0.5;8(c) = 0.5.

Then, T ={0,0,B, v,avB oavy,pvy,anp any,Bry,av[pay]
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BvlonylyvieaplanBvyl Balavyl yalavplaapay,
a Vv B vy, 1} is a fuzzy topology on X. Also by computation, one can find that

cll@)=1-[B nfovylintd—a)=BAfavy)

clB)=1~[y AlovBlhint@ - p) =y Ao v B]

cl(o) = 1;int(1 - y) = O;
clavp)=1-BAykintQ-[avB)=pAry

cllavy)=Lint - [avy]) =0;

clBvy)=1LintQ - [Bvy])=0;
cllanB)=1-[ov (B Aylintd-[oaAB)=ov(@Ay)
cllany)=1-[Bv(aay)int@-[ary])=Pv(eAy)
cdBry)=1-(avBrintd-[BAy)=avp;
clavBay)=1-BA(avylintd-[av@Ay)])=pnlevy)
cdBvlory)=1-[y alavBlint(X -[Bv[eAy])=7vn(avp)
clly voAB)) =1Lint@ — [y v (@ AB)) = 0;

clo nBvy)=1-[y AlavPB)int@—[ov B Ay)])=7vAlevp)
cdBafovy)=1-[ov(@ABlint@-BAa(evy))=av@Aay)
cly Alovp) =1-[Bv(aay}int@—[y A(avp)])=Bv(Ark
cllaABvy)=Lintl-[avpvy) =0
clanBry)=1-(avpyintd-[avpvy)=avp

The fuzzy regular closed sets in (X,7) are 1—(avpB),1-(BAYy)
1-(avBay1-@Bvloeay])1-[BA(avy) and 1—(y Ao v B]). Also by
computation, one can find that the fuzzy regular closed sets are fuzzy Gs-
sets. Hence (X, T') is a fuzzy Oz-space. By computation, & = (o v ) A (a0 v 7)
A(B Vv y) and thus § is a fuzzy Gg-set in (X, T'). But & is not a fuzzy open set
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in (X, T) and hence (X, T) is not a fuzzy P-space.

Proposition 4.1. If a fuzzy topological space (X, T) is a fuzzy extremally
disconnected space, then (X, T) is a fuzzy Oz-space.

Proof. Let L be a fuzzy regular closed set in (X, 7'). Then, clint(L) = A
(A). Now int(A) is a fuzzy open set in (X, T). Since (X,T) is a fuzzy
extremally disconnected space, cl(int(L)) is a fuzzy open set in (X, 7) and
then from (A), X is a fuzzy open set in (X, T'). Also for the fuzzy open set X in
the fuzzy extremally disconnected space (X, T'), cl(r) is a fuzzy open set in
(X, T). Now A <cl(r), implies that A = A Acl(A) and A, cl(A) € T, implies
that A is a fuzzy Gg-set in (X, T'). Hence the fuzzy regular closed set A is a
fuzzy Gg-setin (X, T), implies that (X, T') is a fuzzy Oz-space.

Proposition 4.2. If a fuzzy topological space (X, T) is a fuzzy Oz and

fuzzy P-space, then (X, T) is a fuzzy extremally disconnected space.

Proof. Let A be a fuzzy open set in (X, 7). If cl(A) =1, then clearly
clA) e T. In this case (X,T) is a fuzzy extremally disconnected space.
Suppose that A is a fuzzy open set in (X, 7T') such that cl(r) # 1. Since (X, T')
is a fuzzy Oz-space, by Proposition 3.3, cl(A) is a fuzzy Gg-setin (X, T). Also
since (X, T) is a fuzzy P-space, the fuzzy Gg-set cl(}) is a fuzzy open set in
(X, T). Hence cl(A) is a fuzzy open set in (X, T'), for the fuzzy open set X in
(X, T), implies that (X, T) is a fuzzy extremally disconnected space.

Remark 4.1. The converse of the above proposition need not be true.
That is, a fuzzy extremally disconnected space need not be a fuzzy Oz and

fuzzy P-space. For, consider the following example:

Example 4.1. Let X = {a, b, ¢}. Let I =0, 1]. The fuzzy sets a, B and vy

are defined on X as follows:
a: X — I is defined by o(a) = 0.5; a(b) = 0.6; a(c) = 0.4,

B: X — I isdefined by B(a) = 0.4;B(b) = 0.5; B(c) = 0.6,

Advances and Applications in Mathematical Sciences, Volume 22, Issue 7, May 2023



ON FUZZY OZ-SPACES 1533
y: X — I is defined by y(a) = 0.6;y(b) = 0.4; y(c) = 0.5,
8 : X — I is defined by d(a) = 0.5;5(b) = 0.5;8(c) = 0.5.

Then, T={0,0B71avBavy,Bvy,arB oany,BAry,av[BAy]
BvilonvlyvienBloaaBvylBalavylyalavplanpay,
a v Bvy, 1} is a fuzzy topology on X. By computation, one can find that the
closure of each fuzzy open set is fuzzy open in (X, T') and thus (X, 7T) is a
fuzzy extremally disconnected space. By computation, one can find that
d=(avB)alavy)aBvy)alavBvy)a(avBaryDa@Bvioay]) and
thus 8 is a fuzzy Gj-set in (X, T'). But & is not fuzzy open in (X, T'), implies
that (X, T) is not a fuzzy P-space. Also 1—(aa AB AYy) is a fuzzy regular
closed set in (X, 7). Now 1— (o ABAY)# Aj=1(0;), where (0;)’s are fuzzy
open sets in (X, 7'), implies that (X, T) is not a fuzzy Oz-space.

Proposition 4.3. If a fuzzy topological space (X, T) is a fuzzy Oz and
fuzzy P-space, then (X, T) is a fuzzy Moscow space.

Proof. Let (X, T') be a fuzzy Oz and fuzzy P-space. Then, by Proposition
4.2, (X, T) is a fuzzy extremally disconnected space. By Theorem 2.6, (X, T)

is a fuzzy Moscow space.

Remark 4.2. It is to be noted that a fuzzy Moscow space need not be a

fuzzy Oz-space. For, consider the following example:

Example 4.2. Let X = {a, b, ¢}. Let I =0, 1]. The fuzzy sets a, p and y

are defined on X as follows:
a: X — I is defined by o(a) = 0.6; a(b) = 0.4; alc) = 0.6,
B: X — I is defined by B(a) = 0.5;B(b) = 0.5; B(c) = 0.5,
y: X — I is defined by y(a) = 0.4;y(b) = 0.6;y(c) = 0.4.

Then, T ={0, o, B, v, avB avy,Bvy,anB, any, Bay, 1} is a fuzzy
topology on X. By computation, one can find that o, y, a AP, a Ay and B Ay

are fuzzy Gs-sets in (X,7T) and for each fuzzy open set
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0=(o,Bv,avB oavy,Bvy,anB, any,Bary) in (X,T) cl0)=vi,(5;),
where (3;)’s =(a, vy, a VB, a vy, Bvy) are fuzzy Gg-sets in (X, T'), implies
that (X,7T) 1is a fuzzy Moscow space. Also by computation
clint[l —-(a Ay)]=1—-(aAy) implies that 1—-(aAy) is a fuzzy regular
closed set in (X, T). Now 1—(aABAY)# Aeq(0;), where (0;)’s are fuzzy
open sets in (X, 7'), implies that (X, T) is not a fuzzy Oz-space.

The following proposition gives a condition for a fuzzy Oz-space to become

a fuzzy Moscow space.

Proposition 4.4. If cl(A) = vi—{(5;), where (3;)’s are fuzzy regular closed
sets, for a fuzzy open set A in a fuzzy Oz-space (X, T), then (X, T) is a fuzzy

Moscow space.

Proof. Suppose that for a fuzzy open set A in (X, T), cl(A) = vi;(5;),
where (3;)’s are fuzzy regular closed sets in (X, T'). Since (X, T') is a fuzzy
Oz-space, the fuzzy regular closed sets (§;)’s are fuzzy Gg-sets in (X, 7).
Thus, for a fuzzy open set A in (X, T'), cl(r) = vi21(5;) where (§;)’s are fuzzy
Gs-sets in (X, T') implies that (X, T) is a fuzzy Moscow space.

The following proposition shows that fuzzy semi-open sets are fuzzy pre-

open sets in fuzzy Oz and fuzzy P-spaces.

Proposition 4.5. If A is a fuzzy semi-open set in a fuzzy Oz and fuzzy
P-space (X, T), then ) is a fuzzy pre-open set in (X, T).

Proof. Let A be a fuzzy semi-open set in (X, T'). Since (X, T') is a fuzzy
Oz and fuzzy P-space (X, T'), by Proposition 4.2, (X, T') is a fuzzy extremally
disconnected space. By Theorem 2.7, the fuzzy semi-open set A is a fuzzy pre-
open set in (X, 7).

Proposition 4.6. If a fuzzy topological space (X, T) is a fuzzy Oz and
fuzzy P-space, then for each fuzzy closed set p in (X, T), int(n) is a fuzzy
closed set in (X, T).
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Proof. Let p be a fuzzy closed set in (X, T'). Then, by Theorem 2.1, int(n)
is a fuzzy regular open set in (X, 7). Since (X, T) is a fuzzy Oz-space, by
Proposition 3.1, the fuzzy regular open set int(n) is a fuzzy Fg-setin (X, 7).
Since (X, T') is a fuzzy P-space, the fuzzy Fj-set int(n) is a fuzzy closed set
in (X, T).

Proposition 4.7. If a fuzzy topological space (X, T) is a fuzzy Oz and
fuzzy P-space, then for every pair of fuzzy open sets h and p in (X, T) with
cl\) =1 -y, then cl(A) =1—-cl(n), in (X, T).

Proof. Let A and p be fuzzy open sets with cl/(A) =1 -, in (X, 7). Then,
clM)+pn=1, in (X, T). Since (X, T) is a fuzzy Oz and fuzzy P-space, by
Proposition 4.2, (X, T) is a fuzzy extremally disconnected space. Then, by
Theorem 2.4 (d), for the pair of fuzzy open sets A and p in
(X, T), cl(r) + cl(n) =1 and hence cl(A) =1 —cl(p), in (X, T).

Proposition 4.8. If A is a fuzzy open set in a fuzzy Oz and fuzzy P-space
(X, T'), then there exists a fuzzy open set win (X, T') such that A < p.

Proof. Let A be a fuzzy open set in (X, T'). Since (X, T') is a fuzzy Oz
and fuzzy P-space, by Proposition 4.2, (X,7T) is a fuzzy extremally
disconnected space. Then, cl(}) is a fuzzy open set in (X, T'). Let p = cl(A).
Now A < cl(X), implies that A < p, in (X, T). Thus, for the fuzzy open set 2,
there exists a fuzzy open set pin (X, T') such that A < p.

Remark 3.3. In view of the above proposition one will have the following
result: “If A is a fuzzy open set in a fuzzy Oz and fuzzy P-space (X, T'), then
there exist an increasing sequence of fuzzy open sets ;(i =1 to «) in (X, T')

”

suchthat A <y <pg <pg <py <.

Proposition 4.9. If § is a fuzzy closed set in a fuzzy Oz and fuzzy P-space
(X, T), then there exists a fuzzy closed set v in (X, T') such that n < 8.

Proof. Let § be a fuzzy closed set in (X, T'). Then, 1 -3 is a fuzzy open
set in (X, T'). Since (X, T) is a fuzzy Oz and fuzzy P-space, by Proposition
4.8, there exists a fuzzy open set uin (X, 7') such that 1 -8 < p and then
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1-u <38 Let n=1-p Then, nis a fuzzy closed set in (X, T'). Hence for the
fuzzy closed set , there exists a fuzzy closed set n in (X, T') such that n < 8.

Remark 4.4. In view of the above proposition one will have the following
result: “If § is a fuzzy closed set in a fuzzy Oz and fuzzy P-space (X, T'), then
there exist a decreasing sequence of fuzzy closed sets n;(i =1 to «) in (X, T)

”»

such that § > m > No > N3 > N4 > ...

The following proposition shows that fuzzy Oz-spaces are not fuzzy

hyperconnected spaces.

Proposition 4.10. If a fuzzy topological space (X, T) is a fuzzy Oz-space
then (X, T) is not a fuzzy hyperconnected space.

Proof. Let L be a fuzzy open set in (X, T') such that cl(\) = 1. Since
(X, T) is a fuzzy Oz-space, by Proposition 3.3, cl(A) is a fuzzy Gj-set in
(X, T). Then, cl(r) = AjZ1(A;), where A; € T. This implies that cl(A) < A; for
each i € I and cl(A) < &; < cl(r;) implies that cl(A) # 1, in (X, T) and hence
(X, T') is not a fuzzy hyperconnected space.

Proposition 4.11. If a fuzzy topological space (X, T) is a fuzzy Oz and
fuzzy P-space, then (X, T) is a fuzzy basically disconnected space.

Proof. Let A be a fuzzy open F,-set in (X, T'). Since (X, T') is a fuzzy
Oz-space, by Proposition 3.3, cl(A) is a fuzzy Gj-set, for the fuzzy open set A
in (X, T). Also since (X, T) is a fuzzy P-space, the fuzzy Gj-set cl(A) is a
fuzzy open set in (X, 7). Hence, for the fuzzy open Fg-set A in
(X, T), cl(r) e T, implies that (X, T') is a fuzzy basically disconnected space.

Proposition 4.12. If L is a fuzzy Gg-set in a fuzzy Oz and fuzzy P-space
(X, T) such that cl(L) # 1, then cl()) is a fuzzy Gg-setin (X, T).

Proof. Let A be a fuzzy Gg-set in (X, 7T) such that cl(A)# 1. Since
(X, T) is a fuzzy P-space, X is a fuzzy open set in (X, T'). Since (X, T) is a
fuzzy Oz-space, by Proposition 8.3, cl(A) is a fuzzy Gg-setin (X, T).
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Corollary 4.1. If p is a fuzzy Fg-set in a fuzzy Oz and fuzzy P-space
(X, T) such that int(u) # 0, then int(u) is a fuzzy Fg-setin (X, T).

Proof. Let p be a fuzzy F,-set in (X, T) such that int(u) = 0. Then,
1-p is a fuzzy Gg-set in (X, T') such that cl(1 —p)=1. Since (X, 7T) is a
fuzzy Oz and fuzzy P-space, by Proposition 4.12, cl(1 — p) is a fuzzy Gjy-set in
(X, T). Now cl(1 —p) =1-int(u) [1], implies that 1 — int(n) is a fuzzy Gj-set
in (X, T'). Thus, int(y) is a fuzzy Fg-setin (X, T).

The following proposition shows that fuzzy super-connected spaces are
not fuzzy Oz-spaces.

Proposition 4.13. If (X, T) is a fuzzy super-connected space, then

(X, T) is not a fuzzy Oz-space.

Proof. Let A be a fuzzy open set in (X, T'). Then, by Theorem 2.1, cl(A) is
a fuzzy regular closed set in (X, T'). Since (X, T') is a fuzzy super connected
space, by Theorem 2.5, cl(A)=1, in (X, T). Then, cl(r) = Aj=;(%;), where
(A;)’s are fuzzy open sets in (X, T'). Hence the fuzzy regular closed set cl())
is not a fuzzy Gg-setin (X, T). Hence (X, T) is not a fuzzy Oz-space.

Proposition 4.14. If (1;)’s (i =1 to ) are fuzzy residual sets in a fuzzy
Oz-space and fuzzy Moscow space (X, T), then there exists a fuzzy Gg-setyin
(X, T) such that y < viz;(%;).

Proof. Let (A;)’s (i =1 to ) be fuzzy residual sets in (X, T). Since
(X, T') is a fuzzy Moscow space, by Theorem 2.8, there exists a fuzzy regular
closed set y in (X, T') such that y < viZ;(;). Also since (X, T) is a fuzzy
Oz-space, the fuzzy regular closed set y is a fuzzy Gj-set in (X, 7). Hence
there exists a fuzzy Gg-setyin (X, T') such that y < vi2;(;).

Proposition 4.15. If (i;)’s (i =1 to ) are fuzzy first category sets in the
fuzzy Oz and fuzzy Moscow space (X, T'), then there exists a fuzzy F-setn in

(X, T) such that ~i2q (1;) <.
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Proof. Let (u;)’s (i =1 to ) be fuzzy first category sets in (X, 7'). Then,
[1 - (y;)]” are fuzzy residual sets in (X, T'). Since (X, T') is a fuzzy Oz and

fuzzy Moscow space, by Proposition 4.14, there exists a fuzzy Gg-set y in
(X, T) such that y < viZ;(1— ;). This implies that y <1-v;2;(y;) and then
Aieq (u;) £1—17. Let n =1 - y. Hence there exists a fuzzy F,-setnin (X, T)

such that A/Z; (i) <.

Proposition 4.16. If A and pu are fuzzy open sets in a fuzzy F-space and
fuzzy Oz-space (X, T) such that L <1 -y, there exist fuzzy Fj-sets & and n

such that L <8, pn<mand A <cl(d)<1-clm)<1-p, in (X, T).

Proof. Let A and p be fuzzy open sets in (X, 7). Since (X, T') is a fuzzy
Oz-space, by Proposition 3.13, there exist fuzzy Fj-sets § and n in (X, T)
such that A <8, p<mn and 8§ <1-n. Also since (X, T) is a fuzzy F-space,
for the fuzzy Fj-sets 8 and m with 8§<1-7, in (X,7) and
A<eld)<1-cln)<1-y in (X, T).

Proposition 4.17. If A and p are fuzzy open sets in a fuzzy F-space and
fuzzy Oz-space (X, T') such that . <1 -y, then cl(A) <1-cl(n), in (X, T).

Proof. Let A and p be fuzzy open sets in (X, T'). Since (X, T) is a fuzzy
F-space and fuzzy Oz-space, by Proposition 4.16, there exist fuzzy F-sets &
and n such that A <8 pu<mn and cl(8)<1-cln), in (X,T) Now
A<8 u<n implies that cl(A)<cld) and cl(u)<cln) and then
cl()) < cl(8) <1 -cl(n) <1 - cl(n). Hence, for the fuzzy open sets A and p with
L <1-p in a fuzzy F-space and fuzzy Oz-space (X, T), cl(r) <1-cl(n) in
(X, T).

Proposition 4.18. If A and u are fuzzy open sets in a fuzzy perfectly
disconnected and fuzzy Oz-space (X,T) such that A <1-p, then
clh) <1-cl(p), in (X, T).

Proof. The proof follows from Proposition 4.17 and Theorem 2.10.

The following proposition shows that fuzzy perfectly disconnected and
fuzzy Oz-spaces are not fuzzy hyperconnected spaces.
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Proposition 4.19. If a fuzzy topological space (X, T) is a fuzzy perfectly
disconnected and fuzzy Oz-space, then (X, T) is not a fuzzy hyperconnected

space.

Proof. Let A and p be non-zero fuzzy open sets in (X, 7') with A <1 -p.
Since (X, T) is a fuzzy perfectly disconnected and fuzzy Oz-space, by
Proposition 4.18, c¢lh <1 —cl(u), in (X, T). If cl(A) =1, then 1 <1 -cl(n) and
cl(n) =0 and this will result in p =0, in (X, T), a contradiction. Also, if
cl(n) =1, then cl(u) <1-1=0 and cl(A) = 0 and this will result in A = 0, in
(X, T'), a contradiction. Hence the fuzzy open sets A and p are not fuzzy

dense sets in (X, T'). Hence (X, T') is not a fuzzy hyperconnected space.

The following proposition ensures the existence of fuzzy Gy-sets by
means of fuzzy pre-closed sets in fuzzy perfectly disconnected and fuzzy
Oz-spaces

Proposition 4.20. If A is a fuzzy pre-closed set in a fuzzy perfectly
disconnected and fuzzy Oz-space, then there exists a fuzzy Gs-set & in (X, T)
such that & < A.

Proof. Let A be a fuzzy pre-closed set in (X, T'). Since (X, T') is a fuzzy
perfectly disconnected space, by Theorem 2.11, int(A) is a fuzzy regular
closed set in (X, T'). Let & = int(A) and then 8 <A, in (X, 7). Since (X, T')
is a fuzzy Oz-space, the fuzzy regular closed set & is a fuzzy Gg-set in (X, T)).
Hence there exists a fuzzy Gg-set 8 in (X, 7)) such that § <.

Proposition 4.21. If A is a fuzzy regular open set in a fuzzy extremally
disconnected space (X, T'), then A is a fuzzy closed Fg-setin (X, T).

Proof. Let L be a fuzzy regular open set in (X, T'). Then, intcl(A) = A
(A). Since (X, T') is a fuzzy extremally disconnected space, for the fuzzy open
set intcl(}) in (X, T), cfint cl())] is a fuzzy open set in (X, T'). From (A),
cllint cl(A)] = cl()), in (X, T). Thus, cl(}) is a fuzzy open set in (X, T') and
then intcl(d) = cl(r) (B). From (A) and (B), A =intcl(X) =cl(A) and thus
A =cl()), in (X, T). This implies that A is a fuzzy closed set in (X, T'). By

Advances and Applications in Mathematical Sciences, Volume 22, Issue 7, May 2023



1540 G. THANGARAJ and M. PONNUSAMY

Proposition 4.1, the fuzzy extremally disconnected space (X, T) is a fuzzy

Oz-space and thus by Proposition 3.1, the fuzzy regular open set A is a fuzzy
F,-setin (X, T). Hence the fuzzy regular open set A is a fuzzy closed F-set

in (X, 7).

Proposition 4.22. If u is a fuzzy regular closed set in a fuzzy extremally
disconnected space (X, T'), then pis a fuzzy open Gg-set in (X, T).

Proof. Let p be a fuzzy regular closed set in (X, 7). Then, 1 -p is a
fuzzy regular open set in (X, 7). Since (X,7T) is a fuzzy extremally
disconnected space, by Proposition 4.21, 1 -p is a fuzzy closed Fg-set in

(X, T). This implies that p is a fuzzy open Gg-setin (X, 7).
5. Weak Fuzzy Oz-Spaces

Definition 5.1. A fuzzy topological space (X, 7T) is called a weak fuzzy
Oz-space if for each fuzzy Fj-set 8 in (X, T), cl(§) is a fuzzy Gg-set in
(X, T).

Example 5.1. Let X = {a, b, ¢}. Let I =0, 1]. The fuzzy sets a, B, y and
8 are defined on X as follows:

a: X — I is defined by o(a) = 0.5; a(b) = 0.6; a(c) = 0.4,

B: X — I is defined by B(a) = 0.4;B(b) = 0.5; B(c) = 0.6,

y: X — I is defined by y(a) = 0.6;y(b) = 0.4; y(c) = 0.5,

8 : X — I is defined by &(a) = 0.5;5(b) = 0.5;8(c) = 0.5.

Then, T ={0,0,B, v,avBavy,Bvy,anB,any,BAry, avI[BAay]
BvlonylyvieaBlanBvylBalavylyalavplanpay,
a v B vy, 1} is a fuzzy topology on X. Also by computation, one can find that
S=[l-(avB)]vi-(avy)]vl-Bvy]v[l-(av[BAy])] and §is a fuzzy
F,-set in (X, T). By computation cl(8)=[1-(aA[BVvy]} in (X, T). Also
A-(ABvyD)l=(@vB)APBVY)A(avBvy) implies that 1—(a A [B Vv 7])
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is a fuzzy Gg-set in (X, T'). Thus, for the fuzzy F;-set §in (X, T'), cl(3) is a
fuzzy Gg-setin (X, T'), implies that (X, T') is a weak fuzzy Oz-space. It is to
be noted that 8 is not a fuzzy open set in (X, 7).

Proposition 5.1. If 1 is a fuzzy Gy-set in a weak fuzzy Oz-space (X, T),
then int(L) is a fuzzy Fy-setin (X, T).

Proof. Let A be a fuzzy Gg-setin (X, T). Then, 1 — n is a fuzzy Fj-setin
(X, T). Since (X, T') is a weak fuzzy Oz-space, cl(1 —n) is a fuzzy Gj-set in
(X, T). Now cl(1 —n) =1-int(n), implies that 1 —int(n) is a fuzzy Gg-set in
(X, T) and thus int(n) is a fuzzy Fs-setin (X, T).

Proposition 5.2. If X is a fuzzy first category set in a weak fuzzy Oz-space
(X, T'), then there exists a fuzzy Gg-setyin (X, T) such that cl(A) <.

Proof. Let A be a fuzzy first category set in (X, 7). By Theorem 2.12,
there is a fuzzy F;-set n in (X, T) such that A <m. Then, cl(A) < cl(n).
Since (X, T) is a weak fuzzy Oz-space, cl(A) is a fuzzy Gg-set in (X, T'). Let
y = cl(n). Then, yis a fuzzy Gg-setin (X, T') such that cl(A) <.

Proposition 5.3. If u is a fuzzy residual set in a weak fuzzy Oz-space
(X, T), then there exists a fuzzy Fs-setdin (X, T') such that § < int(p).

Proof. Let p be a fuzzy residual set in (X, T'). Then, 1 — u is a fuzzy first
category set in (X, 7). Since (X, T) is a weak fuzzy Oz-space, by Proposition
5.2, there exists a fuzzy Gg-set vy in (X, T) such that c¢l/(1 —p) <y. Then,
1-int(n) <y and 1 -y < int(u). Let 8 =1 —1y. Then, §isa F;-setin (X, T)
such that & < int(p).

Proposition 5.4. If A is a fuzzy c-boundary set in a weak fuzzy Oz-space
(X, T), then cl()) is a fuzzy Gg-setin (X, T).

Proof. Let A be a fuzzy c-boundary set in (X, 7'). By Theorem 2.3, A is a
fuzzy Fs-set in (X, T). Since (X, T) is a weak fuzzy Oz-space, cl()) is a
fuzzy Gg-setin (X, T).
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Proposition 5.5. If A is a fuzzy c-boundary set in a weak fuzzy Oz-space
(X, T), then intcl(L) is a fuzzy Fg-setin (X, T).

Proof. Let A be a fuzzy c-boundary set in (X, T'). Since (X, T) is a weak
fuzzy Oz-space, by Proposition 5.4, cl(A) is a fuzzy Gg-set in (X, T). By
Proposition 5.1, int ¢l(}) is a fuzzy F;-setin (X, T).

Proposition 5.6. If A is a fuzzy c-boundary set in a weak fuzzy Oz-space
(X, T), then A is a fuzzy somewhere dense set in (X, T).

Proof. Let X be a fuzzy c-boundary set in (X, 7). Since (X, T) is a weak
fuzzy Oz-space, by Proposition 5.5, int cl(A) is a fuzzy F;-set in (X, T) and
then intcl(A) # 0, in (X, T). Hence X is a fuzzy somewhere dense set in

(X, T).

Proposition 5.7. If A <1 —p, where A is a fuzzy open set and pis a fuzzy
F,-set in a weak fuzzy Oz-space (X, T'), then there exist fuzzy Fj-sets 8 and A
in (X, T) such that A <8, p < m.

Proof. Suppose that A <1-p, where A is a fuzzy open set and p is a
fuzzy F;-set in (X, T). Now A <1-p, implies that int(A) < int(1 — p) and
then int(A) <1-cl(n), in (X, T). Since A =int(A), A <1-cl(u), in (X, T).
Since (X, T') is a weak fuzzy Oz-space, cl(u) is a fuzzy Gg-set in (X, 7).
Then, 1-cl(u), is a fuzzy F;-setin (X, T'). Let 8 =1-cl(n) and then § is a
fuzzy F-setin (X, T) such that A <3&. (A).

Also A <1-p, implies that p<1-A and cl(un)<cll-2). Since
LeT,1-2 is fuzzy closed in (X,7) and cl1-2)=1-A and then
cllw) <@ -2). Now 1—A =pvelu)v (1 —-2), where pis a fuzzy F,-set and
(1 —2), cl(n) are fuzzy closed sets in (X, T') implies that 1 — A is a fuzzy F-
setin (X, T). Let n =1 -1 and then nis a fuzzy F,-setin (X, T') such that
p <n (B). Hence, for the fuzzy open set A and a fuzzy F;-set pin (X, T)
such that A <1-p, from (A) and (B), there exist fuzzy F,-sets 6 and n in
(X, T) such that L <8, p <.
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6. Weak Fuzzy Oz-Spaces and Other Fuzzy Topological Spaces

The following propositions give conditions under which fuzzy Oz-spaces
become weak fuzzy Oz-spaces.
Proposition 6.1. If each fuzzy Fg-set is a fuzzy open set in a fuzzy

Oz-space (X, T), then (X, T) is a weak fuzzy Oz-space.

Proof. Let § be a fuzzy F-setin (X, T). By hypothesis, § is a fuzzy open
set in (X, T'). Since (X, T) is a fuzzy Oz-space, by Proposition 3.3, cl(3) is a
fuzzy Gj-setin (X, T). Hence, for the fuzzy F-set 8, cl(3) is a fuzzy Gg-set
in (X, T'), implies that (X, T) is a weak fuzzy Oz-space.

Proposition 6.2. If the closure of each fuzzy Fj-set is a fuzzy regular

closed set in a fuzzy Oz-space (X, T), then (X, T) is a weak fuzzy Oz-space.

Proof. Let § be a fuzzy F-set in (X, T'). By hypothesis, cl(§) is a fuzzy
regular closed set in (X, 7). Since (X, T) is a fuzzy Oz-space, by Proposition
3.3, cl(8) is a fuzzy Gg-setin (X, T). Hence, for the fuzzy Fj-set §, cl(§) is a
fuzzy Gg-setin (X, T), implies that (X, T') is a weak fuzzy Oz-space.

Proposition 6.3. If the interior of each fuzzy Gs-set is a fuzzy regular

open set in a fuzzy Oz-space (X, T'), then (X, T) is a weak fuzzy Oz-space.

Proof. Let n be a fuzzy F-setin (X, T). Then, 1 —n is a fuzzy Gj-set in
(X, T'). By hypothesis, int(1 — 1) is a fuzzy regular open set in (X, 7). Then,
1—cl()) is a fuzzy regular open set in (X, T) and cl(n) is a fuzzy regular
closed set in (X, T). Since (X, T) is a fuzzy Oz-space, by Proposition 3.3,
cl(m) is a fuzzy Gg-set in (X, T). Hence, for the fuzzy F;-set m, cl(n) is a
fuzzy Gg-setin (X, T), implies that (X, T') is a weak fuzzy Oz-space.

Proposition 6.4. If each fuzzy F,-set is a fuzzy regular open set in a

fuzzy Oz-space (X, T), then (X, T) is a weak fuzzy Oz-space.

Proof. Let A be a fuzzy F;-set in (X, T'). By hypothesis X is a fuzzy

regular open set in (X, 7'). Since A is a fuzzy regular open set, A is a fuzzy

Advances and Applications in Mathematical Sciences, Volume 22, Issue 7, May 2023



1544 G. THANGARAJ and M. PONNUSAMY

open set in (X, T') and by Theorem 2.1, cl(X) is a fuzzy regular closed set in
(X, T). Since (X, T) is a fuzzy Oz-space, cl(}) is a fuzzy Gj-set in (X, T).
Thus, for the fuzzy Fj-set A in (X, T'), cl(A) is a fuzzy Gg-set in (X, T),
implies that (X, T) is a weak fuzzy Oz-space.

The following proposition gives a condition under which weak fuzzy
Oz-spaces become fuzzy Oz-spaces.

Proposition 6.5. If (X, T) is a fuzzy fraction dense and weak fuzzy
Oz-space, then (X, T) is a fuzzy Oz-space.

Proof. Let p be a fuzzy regular closed set in (X, T'). Since (X, T) is a
fuzzy fraction dense space, by Theorem 2.13, u = cl(n), where n is a fuzzy
F,-setin (X, T). Since (X, T) is a weak fuzzy Oz-space, cl(n) is a fuzzy Gy -
set in (X, 7). Thus the fuzzy regular closed set p is a fuzzy Gg-set in (X, 7).
Hence (X, T') is a fuzzy Oz-space.

Proposition 6.6. If A is a fuzzy open set in a fuzzy fraction dense and

weak fuzzy Oz-space (X, T), then there exists a fuzzy Gg-set m such that
L<nin (X, T).

Proof. Let A be a fuzzy open set in (X, T'). Since (X, T) is a fuzzy
fraction dense space, cl(A) = cl(n), where pis a fuzzy F;-set in (X, T'). Now
A <cl()), implies that A <cl(n), in (X, T). Since (X, T) is a weak fuzzy
Oz-space, cl(u) is a fuzzy Gg-setin (X, T'). Let n = cl(n). Hence there exists
a fuzzy Gg-set m such that A < n in (X, 7).

Corollary 6.1. If u is a fuzzy closed set in a fuzzy fraction dense and weak

fuzzy Oz-space (X, T'), then there exists a fuzzy F-set § such that 8§ < in
(X, T).

Proof. Let p be a fuzzy closed set in (X, T'). Then, 1 - u is a fuzzy open
set in (X, T). Since (X,T) is a fuzzy fraction dense and weak fuzzy
Oz-space, by Proposition 6.6, there exists a fuzzy Gg-set n such that
1-pu<mn, in (X,T). Then, 1-n<pu Let §=1-mn and then § is a fuzzy
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F,-set in (X, T). Hence, for the fuzzy closed set p, there exists a fuzzy
F,-set§in (X, T) such that § < p.

Proposition 6.7. If (X, T') is a fuzzy fraction dense and fuzzy Oz-space,
then (X, T) is a weak fuzzy Oz-space.

Proof. Let u be a fuzzy regular closed set in (X, T'). Since (X, T) is a
fuzzy fraction dense space, by Theorem 2.13, u = cl(n), where n is a fuzzy
F,-set in (X, T'). Since (X, T) is a fuzzy Oz-space, the fuzzy regular closed
set pis a fuzzy Gs-setin (X, T'). Thus, for the fuzzy F-setnin (X, T), cl(n)
is a fuzzy Gj-setin (X, T'), implies that (X, T') is a weak fuzzy Oz-space.

Remark 6.1. In view of the Propositions 6.5 and 6.7, one will have the
following result: “Fuzzy fraction dense and fuzzy Oz-space are weak fuzzy
Oz-spaces and fuzzy fraction dense and weak fuzzy Oz-space are fuzzy
Oz-spaces”.

Proposition 6.8. If A <1 —u, where A and p are fuzzy c-boundary sets in
a fuzzy F-space and weak fuzzy Oz-space (X, T), then there exist fuzzy
Gs-setsdandnin (X, T) suchthat L <8, u<n and §<1-n.

Proof. Suppose that A <1 —p, where A and p are fuzzy c-boundary sets
in (X, T). Since (X, T) is a fuzzy F-space, by Theorem 2.14, cl(A) <1 — cl(n),
in (X, T). By Proposition 5.4, for the fuzzy c-boundary sets A and p in the
weak fuzzy Oz-space (X, T'), cl(L) and cl(n) are fuzzy Gg-setsin (X, T'). Let
8 = cl(r) and n = cl(n). Then it follows that L <3, p<n and §<1-m, in
(X, 7).

Proposition 6.9. If (X, T) is a weak fuzzy Oz-space and fuzzy P-space,
then (X, T) is a basically disconnected space.

Proof. Let A be a fuzzy open F,-set in (X, T'). Since (X, T') is a weak
fuzzy Oz-space, for the fuzzy Fg-set A, cl(L) is a fuzzy Gg-set in (X, T).
Then the fuzzy Gg-set cl()) is a fuzzy open set in the fuzzy P-space (X, 7).
Hence for the fuzzy open F_-set A, cl(A) is a fuzzy open set in (X, T'), implies
that (X, T') is a basically disconnected space.
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