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Abstract 

The image of a fuzzy filter and the pre-image of a fuzzy filter under homomorphism are 

also fuzzy filters, are established. Further the effect of a homomorphism on join, meet and 

intersection of two fuzzy filters is studied. 

Introduction 

The notion of fuzzy sets was introduced by Lofti A. Zadeh in 1965. Zadeh 

had initiated fuzzy set theory as a modification of the ordinary set theory. In 

1971, Rosenfeld introduced fuzzy sets in the realm of group theory and 

formulated the concept of a fuzzy subgroup of a group. Since then, 

researchers in various disciplines of mathematics have been trying to extend 

their ideas to the broader framework of the fuzzy setting. In 1982, Liu 

developed the concept of fuzzy subrings as well as fuzzy filters in lattice. 

Then the literature of these fuzzy algebraic concepts has been developed by 

many other mathematicians. One of the structures that are most extensively 

used and discussed in the crisp mathematical theory is certainly the lattice 

structure. As it is well known, it is considered as a relational, ordered 

structure, on one hand and as an algebra on the other. The concept of lattice 

was first defined by Dedekind in 1897, and then developed by Birkhoff G. in 

1933. Here we made an attempt to study the algebraic nature of 

homomorphism of fuzzy filters of a lattice, by using the ideas of fuzzy theory 

and lattice theory. 
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1. Preliminaries 

Some well-known definitions and preliminary results are recalled. 

Definition 1.1. A relation defined on a set S which is reflexive, anti 

symmetric and transitive is called a partial ordering on S. A set S with a 

partial ordering  defined on it is called a partially ordered set or a poset and 

is denoted by  ., S  

Definition 1.2. Let  ,P  be a poset. Let A be a non-empty subset of P. 

An element Pu   is called an upper bound of A if ua   for all .Aa   An 

element Pu   is called the least upper bound  bul ..  of A if 

(i) u is an upper bound of A. 

(ii) if v is any other upper bound of A, then .vu   

An element Pl   is called the lower bound of A if al   for all .Aa   

An element Pl   is called the greatest lower bound (g.l.b) of A if 

(i) l is an lower  bound of A. 

(ii) if m is any other lower  bound of A, then .lm   

Definition 1.3. A lattice is a poset in which any two elements have a g.l.b 

and a l.u.b. We denote the l.u.b of ba   and g.l.b by .ba   

Example 1.4.  Consider the poset  4,3,2,1  with the usual ≤. Here 

4321   and 2 covers 1 and 3 covers 2 and 4 covers 3. Hence we obtain 

the diagram for this poset. This is also a lattice. 

  

Definition 1.5. Let  ,,L  be a lattice. A non-empty subset S of L is 

called a filter of L if it satisfies the following conditions: 
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(i) ., SyxSyx   

(ii) Sx   and Lr   with .Srxr   

Example 1.6. Now    ,,,,, dcbaL  is a ring under the operations 

  and  defined by the following tables: 

 a b c d 

a a b c d 

b b b d d 

c c b c d 

d d d d d 

 

 a b c d 

a a a a a 

b a b a b 

c a a c c 

d a b c d 

Example 1.7.    11 ,,,  nmS  is a ring, under the operations  and  

defined by the following table: 

1  m n  1  m n 

m m n  m m m 

n n n  n m n 

Definition 1.8. Let X be a non-empty set. A mapping  1,0:  X  is 

called a fuzzy subset of X. 

Definition 1.9. Let  be any fuzzy subset of a set X and 

  1,  itx ii  to n and  .1,0it  Then,  1iti  to n} is called the 

image set of  and is denoted by .Im   

Definition 1.10. Let  be any fuzzy subset of a set X and .Im t  Then 

the set    txXxt   is called the level subset of . Clearly, st   

whenever .st   
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Definition 1.11. A fuzzy subset  of a lattice L is called a fuzzy sublattice 

of L, if the following conditions are satisfied: 

For all ,, Lyx   

(i)       yxyx  ,min  

(ii)       .,min yxyx   

Definition 1.12. A fuzzy subset  of a lattice L is called a fuzzy lattice 

filter or fuzzy filter of L if, for all Lyx ,  the following conditions are 

satisfied: 

(i)       yxyx  ,max  

(ii)       .,min yxyx   

Theorem 1.13 [Characterization Theorem]. A fuzzy subset  of a lattice 

L, is a fuzzy filter of L if and only if, the level subsets  Im, tt  are filters 

of L. 

Definition 1.14. Let L and L, be two lattices. A function ,, Lyx   is 

called an homomorphism if, for all ,, Lyx   

(i)      yfxfyxf   

(ii)      .yfxfyxf   

Example 1.15. Now consider the lattice L defined in Example 1.6 and the 

lattice S defined in Example 1.7. Consider the function ,: SLf   defined 

by       mcfnbfmaf  ;;  and   .ndf   Then, f is an onto 

homomorphism. 

Remark 1.16.  Let f be any function from a lattice L to a lattice .L  Then 

  xffx 1  but in general,   xffx 1  where .Lx   

Proof. By example, Consider Example 1.15. Here, let .Lax   Then 

      .,11 camfxffx    Then   xffx 1  and   ,1 xffx   

Remark 1.17. Let f be any function from a lattice L onto a lattice .L  

Then   ,1 yffy   where .Ly   
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Proof. By example, consider Example 1.15. Here, let my   and 

            .,, 111 mcafyffcamfyf    Hence   .1 yffy   

Remark 1.18. A mapping LLf :  is called as an isotone mapping if a 

   bfafba   for all ., Lba   

2. Homomorphism of Fuzzy Filters 

Here we define the image and pre-image of fuzzy filters and showed that 

they are also fuzzy filters. Some of their properties are also studied. 

Definition 2.1. Let f be any function from a lattice L to a lattice ;L  be 

any fuzzy subset of L and  be any fuzzy subset of .L  

The image of  under f, denoted by  ,f  is a fuzzy subset of ,L  defined 

by, whenever, ,Ly   






 




 

otherwise0

)(if)(
)()]([

1

)(1
yfxSup

yf yfx  

The preimage of  under f, symbolized by  1f  is a fuzzy subset of L 

defined by 

       ,1 xfxf   for all .Lx   

Definition 2.2. Let f be any function from a lattice L to a lattice L  and 

let  be any fuzzy subset of L. Then  is called f-invariant if for all ,, Lyx   

     .yxyfxf   

Example 2.3. Consider Example 1.15. 

Let  and  be two fuzzy filters of L, where  and  are defined by, 

 
 

 








dbx

cax
x

,if7.0

,if3.0
 

and 

 
 

 








.,if4.0

,if4.0

dcx

bax
x  
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Here     ncfaf   and     .mcfbf   Then  is f-invariant, since 

    3.0 ca  and     7.0 db  and  is not f-invariant, since 

    .2.04.0  ca  

Lemma 2.4. Let f be any function from a lattice L to a lattice  ,;L  be 

any two fuzzy subsets of L and ,  be any two fuzzy subsets of .L  Then the 

following are true: 

(i)    1ff  

(ii)     ff 1  

(iii)     ff 1  provided that  is f-invariant 

(iv)     ff  

(v)    .11   ff  

Proof. (i) Let Ly   be arbitrary. 

Then, 

     
 

    
 

   xfxfyff
yfxyfx


 







11
supsup 11

 

     .1 yyff    

Thus        ,1 yyff   for all .Ly    Hence    .1 ff  

(2) Let Lx   be arbitrary. 

Then, 

           
  

  .sup
1

1 zxffxff
xffx





 (1) 

Here    ;1 xxff   But   .1 xffx   

Hence (1)        ,1 xxff   for all .Lx   

  .1   ff  
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(iii) Let Lx   be arbitrary. Then, 

           
  

  zxffxff
xffz






1
sup1  

 
   



,sup z
xz

 is f-invariant 

 .x  

Thus        ,1 xxff   for all .Lx   

   .1   ff  

(iv) Assume that   

   ,xx   for all .Lx   

Then,   

    
 

  ,
1

xSupyf
yfx




 where Ly   

 

  xSup
yfx


 1

 

    yf   

          Lyyfyf  ,  

   . ff  

(v) Assume that   

   ,yy   for all .Ly   

Now, 

        fxf 1  

  xf  

  .1 xf   
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Thus,          ,11 xfxf    for all .Lx   

   .11   ff  

Theorem 2.5. If f is a homomorphism from a lattice L onto a lattice ,L  

then for each fuzzy filter  of  fL,  is a fuzzy filter of ,L  and for each fuzzy 

filter   of   1, fL  is a fuzzy filter of L. 

Proof. Let f be an homomorphism from a lattice L onto a lattice .L  

Assume that  is a fuzzy filter of L and   is a fuzzy filter of .L  

To prove: 

(i)  f  is a fuzzy filter of .L  

(ii)  1f  is a fuzzy filter of L. 

For (i). It is enough to prove   sf   is an filter of ,L  for all  .Im  fs  

Let   ft Im  be arbitrary. 

Then for some ,Ly   we have, 

    
 

   ,1sup
1




txyf
yfx

 since    1 x  for all .Lx   

Now, if ,0t  then    .Lf t
  

Assume that .0t  

Let 0  be any real number such that . t  

Let   tfz   be arbitrary. 

     tzf   

 

  


y
zfy 1

sup  

  , y  for some  zfy 1  

 y  
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    fyf  

 . fz  

Hence     . ff t (1) 

And let,   fz  be arbitrary. 

 yfz   for some y such that   . y  

     , zf  since  zfy 1  

     ,tzf   since 0  be arbitrary. 

   .tfz   

Hence     tff  (2) 

From (1) and (2), we get      ff t (3) 

Clearly  0  

  is an filter of L. 

  f  is an filter of .L  

Now (3)   tf   is an filter of .L  

  f  is a fuzzy filter of .L   

Thus  f  is a fuzzy filter of .L  

For (ii). 

To prove  1f  is a fuzzy filter of L. 

Here 

                 yfxfyfxfyxfyxf  ,min1  

      yfxf   11 ,min  

and 
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                 yfxfyfxfxyfxyf  ,min1  

      .,min 11 yfxf    

Hence  1f  is a fuzzy filter of L. 

Theorem 2.6. Let f be a homomorphism from a lattice L onto a lattice .L  

If  and  are fuzzy filters of L, then the following are true: 

(i)       fff  

(ii)       fff  

(iii)      . fff   

Proof. Let Ly   and let 0  be given. 

(i) Let     yf   and       .yff   

Now 
 

   .
1

xSup
yfx




 

   0x  for some Lx 0  such that   .0 yxf   

     ,,min

0

baSup
bax




 where ., Lba   

    ,,min 00 ba   for some Lba 00 ,  such that 

.000 bax   

Then          21 ,min

21

yfyfSup
yyy




 (1), where ., 21 Lyy   

         ,,min 00 bfaff   since      000 bfafxfy   

          0
1

0
1 ,min bffaff    

    ,,min 00 ba   by Lemma 2.4 

  

,  since 0  is arbitrary (2) 
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Now (1)           ,,min 21
21

yfyfSup
yyy




 where ., 21 Lyy   

    1yf   and     ,2yf   for some Lyy 21 ,  such 

that .21 yyy   

 1x  and  ,2x  for some ,, 21 Lxx   such that 

 1
1

1 yfx   and  2
1

2 yfx   by Definition 2.1 

    21 ,min xx   

   ,21 xx   by Proposition 4.8 

 

    ,
1

xSup
yfx




 since  yfxx 1
21

  

     . yf  

Hence   (3) 

From (2) and (3), we have, .  

           ,yffyf   for all .Ly   

     . fff  

(ii) Let     yf   and       .yff   

Now 
 

   zSup
yfz


 1

 

   x  for some  yfx 1  

    21 ,min xx   for some Lxx 21 ,  such that 21 xxx   

           ,,min 2
1

1
1 xffxff    by Lemma 2.4 

            21min xffxff   

         21 , xfxfff   

       ,xfff   since f is an homomorphism  
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. (4) 

Again       yff   

          ,,min 21
21

yfyfSup
yyy




 where ., 21 Lyy   

 

 
 

 



























 

zSupzSupSup
yfzyfzyyy
2

1
1

1
21

,min  

 

 
 

  ,,min

2
1

1
1 












 

zSupzSup
yfzyfz

 for some Lyy 21 ,  such 

that 21 yyy   

    21 ,min xx   for some    2
1

21
1

1 , yfxyfx    

   21 xx   

 
 

    ,

1
1

xSup
yfx




 since  2121 xxfyyy   

     . yf  

Hence .  (5) 

From (4) and (5), we have .  

           yffyf   

     . fff  

Clearly    and .   

Then by (iv) of Lemma 2.4, we have, 

    ff   and     ff   

     . fff  (11) 

It is enough to prove      .  fff   
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Let Ly   be arbitrary. 

Now,     
 

   xSupyf
yfx





1

 

   u  (12), for some Lu   such that  .1 yfu   

and                  yfyfyff  ,min  

 

 
 

 













 

xSupxSup
yfxyfx 11

,min  

    ,,min sr  (13), 

where  
 

 ,
1

xSupr
yfx




 for some  yfr 1  and  
 

 ,
1

xSups
yfx




 for 

some  .1 yfs   

   ,u   since 
 

       .
1

uxSup
yfx




  

    ,yf    by (12) 

           ,yfyff    by (13) 

         fff  

Thus,        .  fff  

Remark 2.7. Let f be a homomorphism from a lattice L onto a lattice .L  

If  and  are fuzzy filters of L, then          , ffyf   with 

equality if at least one of  or  is f-invariant. But here we have 

         fff  even if both  and  are not f-invariant. This is 

possible in homomorphism because homomorphism is an isotone mapping. 

Theorem 2.8. Let f be a homomorphism from a lattice L onto a lattice .L  

If   and   are any two fuzzy filters of L  then  

(i)        .111   fff  

(ii)        .111   fff  
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Proof. For (i). 

Let Lx   and .0  

Let       xff   11  and     xf  1  

          ,,min 2
1

1
1

21

xfxfSup
xxx

 



 where Lxx 21 ,  

       2
1

1 ,min

21

xfxfSup
xxx





  

      21
1 ,min afaf    for some Laa 21,   such that 

.21 aax   

          .1
21   xfaaf  

,  since 0  is arbitrary. 

         xfff   111  

         111 fff  (1) 

Now,     xf  1  

    xf  

 
 

     zySup
zyxf




,min  where   Rzyxf ,,  

 r  for some Lsr ,  such that   srxf   

 r  and  s  

  1xf  and   2xf  for some Lxx 21 ,  such that 

 rfx 1
1

  and  sfx 1
2

  

  1xf  and   1xf  

       .,min 2
1

1
1 xfxf   (2)  

Now we prove .21 xxx   
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Suppose .21 xxx   

     2121 xfxfxx   since f is an isotone mapping. 

And      ,2121 xfxfxx   since f is homomorphism. 

.sr   

Hence   .srxf   

This proves that .21 xxx   

From (2), we have,      2121 xfxfxx   with x1 x2 = x  

       vfufSup
vux

 



11 ,min  

       .11   xff  

,  since 0  is arbitrary. 

           xffxf   111  

       .111   fff  (3) 

From (1) and (3), we have,      .111   fff  

For (ii). 

Let Lx   and .0  

Let       xff   11  and     xf  1  

 

          ,,min 2
1

1
1

21

xfxfSup
xxx

 



 where Lxx 21 ,  

       21 ,min

21

xfxfSup
xxx




 

      21 ,min afaf   for some Laa 21,  such that 

.21 aax   
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    21 aaf   

     .1   xf  

,  since 0  is arbitrary. 

          .111 xfxff    

Hence,          111 fff  (4). 

Now,     xf  1  

    xf  

 
     zySup

zyxf




,min
,

 where   Rzyxf ,,  

     ,,min sr   for some Lsr ,  such that   srxf   

 r  and  s  

  1xf  and   2xf  for some Lxx 21 ,  such that 

 rfx 1
1

  and  sfx 1
2

  

   1
1 xf    and    2

1 xf    

       2
1

1
1 ,min xfxf    (5)  

Now we prove .21 xxx   

Suppose .21 xxx   Then    ,21 xfxxf   since f is an isotone 

mapping. 

And      ,2121 xfxfxxf   since f is homomorphism. 

 .sr   

Hence   .srxf   This proves that .21 xxx   

From (5), we have,        2
1

1
1 ,min xfxf    with 

.21 xxx   
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       vfufSup
vux

 



11 ,min  

      xff   11  

.  

,  since 0  is arbitrary. 

           xffxf   111   

       .111   fff  (6) 

From (4) and (6), we have,      .111   fff  

Remark 2.9. Let f be a homomorphism from a lattice L onto a lattice .L  

If   and   are any two fuzzy filters of L  then the above equalities are 

replaced by ‘’. These equalities are possible here because of the isotonicity of 

f. 
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