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Abstract

In this paper, an initial value problem for a system of ‘n’ singularly perturbed delay
differential equations with Robin initial conditions is considered. A Shishkin piecewise uniform
mesh is implemented and combined with a classical finite difference method to create a
numerical method for solving this problem. The numerical approximations obtained are
essentially first order convergence uniformly with respect to the singular perturbation
parameters. Numerical result is provided in support of the theory.

1. Introduction

In this section, the initial value problem for a linear system of n
singularly perturbed first order delay differential equations with Robin initial

conditions is considered

Li(x) = Ei'(x) + A(x)i(x) + Blx)i(x —1) = f(x), x e (0, 2] (1.1)
Bii(x) = ui(x) — Eii'(x) = I(x) where x € Q" =[-1, 0], (1.2)

For all x € [0, 2] i@(x) = (1 (x), ug(x), ..., u,(x))! and f(x) = (f(x), folx),

i, f,@)!. E,A(x) and B(x) are nxn matrices. E = diag(g), § =
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(e1, €95 ..., €,) Wwith 0 <g <eq,...,<g, <1, B(x) = diagh), b = (b (x),
bo(x), ..., by(x)). For all x € [0, 2], the components a;;(x) and b;(x) of A(x)
and B(x) respectively, satisfy

b; (x), aij(x) <0forl<i#j<n and aii(x) > ziijl alj(x)+bl(x)| (1.3

and 0 < o < min a;i(x) + b;(x 1.4
Jmin (37 @) + bi(x) (1.4)
Further, the functions f;(x), @;j(x), b;(x), 1 < i, j < n are assumed to be in

Cz([O, 2]). Based on the foregoing assumptions, u € C?  where
C =C°([-1,2)NC(o, 2) N C%((0, 1)U (1, 2]). The problems (1) and (2) can

be rephrased as follows:

La(x) = {Zlﬁ(x) = Eii'(x) + A(x)ii(x) = g(x) on (0, 1]

- (1.5)
Loii(x) = Ei'(x) + A(x)a(x) + B(x)a@(x —1) = f(x) on (0, 2]

where g(x) = f(x) - B(x)j(x —1) and (0) = (0). The reduced problem

corresponding to (1.5) is given by

{A(x)ﬁo(x) = f(x) = B(x)i(x ~1) on (0, 1]
A(x)iio (x) + B(x)idg (x)x —1) = f(x) on (0, 2]

2. Analytical Results

Lemma 2.1 Maximum Principle. Let z be any function in the domain
of L such that BE(0) > 0, then LZ(x)>0 on (0, 2] implies that C(x) >0 on
[0, 2]

Lemma 2.2. Let i is any function in the domain of L, such that for each

x € [0, 2], then

16| = Cmax{ BE0) . 21 ZE |

Lemma 2.3. Let u be the solution of (1.1), (1.2). Then, there exists a
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constant C such that, for i =1, 2, ..., n, x € (0, 2], we have
|w@) [< CUT |+ F I 1w < Ceg I DI+ £ I | ()|
<Ce?{ TN+ FI+1F I

Proof. The proof is similar to [8].
3. Bounds on the Solution and Its Derivatives

A Shishkin decomposition of # 1is given by @ =0+ w, where

5 = (v, U, ..., Uy)! is the solution of
Lo(x) = Ev'(x) + A(x)o(x) = g(x) on (0, 1] (1.6)
Lot(x) = Ev'(x) + A(x)o(x) + B(x)o(x —1) = f(x) on (0, 2] (1.7)

with Bo(0) = iig(0) — Eiiy(0) and @ = (wy, ws, ..., wy,)" is the solution of
Lyii(x) = Ei'(x) + A(x)i(x) = 0 for x e (0, 1]
Loii(x) = Ei'(x) + A(x)o(x) + B(x)io(x —1) = 0 for x € (0, 2]

with Bio(0) = B(@(0) — 6(0)). Here, ¥ is called the smooth component of & and

W, the singular component.

Lemma 3.1. For all x €[0, 2] and for i =1,2,...,n, there exists a

constant C such that || vl(k) | <C for k=0,1and | v} | < Ce;".

Proof of Lemma 3.1. The proof is analogous to [7].

The layer function associated with the solution # are denoted by
B, i(x) = e_(x_p)a/gi, p=0,1i=12,..,nxel0,2]

The following elementary properties of these layer functions for all
1<i<j<n, p=0,1 should be noted.

B, i(x) < B, i(x) forall x >0, B, ;(s) < B, ;(t) forall 0 <s <t <o
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B,i(p)=1and 0 < B, ;(x) <1 forall x > p.
The bounds of the singular component @ derived in terms of these layer
functions, are contained in the following lemma.

Lemma 3.2. Let A(x), B(x) satisfies (1.3) and (1.4). Then there exist a
constant C, such that for each x € [0,1), and i =1, 2, ..., n,

|w;(x) | < CBg ,(x), | wi(x) | < CZZ_IM’ wi(x) | < CZ By, Z( x)

Eq
and for x €1, 2]

%1 q( ) sB1 q(x)

|wi) | < OBy (), [wi(e) | < OF " 220 Jeani(a) | < O

4. The Shishkin Mesh

A piecewise uniform Shishkin mesh AV =0 MNUa*’N  where

o ={xj}év/2 and QN = {x]}lj\\]/2 with N mesh intervals is now
—+1
2

constructed by dividing the interval [0, 2] into 2n + 2 subintervals as follows.
[Oa 2] = [Oa Tl] U (Tl, T2]“‘(Tn—1, Tn] U (‘Cn, 1] U (1$ 1+ tl](l + T, 2]
On each of the sub-intervals [0, 7], (t;, 7; +1] (0, 1+ 11],

(I+rt;,1+1;+1),1<i<n-1, a uniform mesh with 4—]\’2 mesh-intervals is

placed and on each of the sub-intervals (t,,1] and (1+1,, 2], a uniform

mesh with % mesh-intervals is placed. The n transition points between the

uniform meshes are defined by

. 1 ¢
T, :mm{g,znlnN} and (4.1)
. Tiv1 € .
ri:rmn{T,ElnN}, fori=12,...,n—1. (4.2)

Advances and Applications in Mathematical Sciences, Volume 21, Issue 8, June 2022



AN INITIAL VALUE PROBLEM FOR A SYSTEM ... 4665
The construction leads to a class of 2n possible Shishkin piecewise

uniform meshes M} where b denotes an n-vector with b =01if 1; = T‘Tﬂ

and b; =1, otherwise. It is to be noted that on any such mesh
h] =X;—Xj1 = Cny_1,1<j<N

T; < CSi lnN, %p,i(p+ri) = N—l; if bi =1
=2 U, 11 for i<, if b, =0Vki<k<j
5. The Discrete Problem

On the mesh constructed above, the problem (1.1)-(1.2) is discretized and
the corresponding discrete problems is given by

INU(x;)ED Ul(x;) + A(x;)U(x;) + B(x;J0(x; -1) = f(x;), x; € QY (5.1)

BNU(x;) = U(x;) - ED'U(x;) = l(x;), x; € QF (5.2)
. Ux;)-U(x; -1 . Uxyq) - Ulx;
xj—xj—l xj+1—xj

2,...,N
The problem (5.1)-(5.2) can be rewritten as follows.

{@N{”J)i(xj) = EDU(xj) + Ax))0(x;)) = f(x;) - Blxj)olx; ~1). x; € @

(5.3)
with BNU(x;) = Ulx;) - ED'Ulx;) = I(x;), x; € Q*V.
Here D~ and D' are called the backward and forward difference

operators. The operators satisfies the following discrete maximum principle.

Lemma 5.1. If T(xj) is any function in the domain of LY. The

inequalities BY(0) > 0 and ENT(xj) >0 for 1< j<N, then Y(x;) 2 0 for all
0<j<N.
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Lemma 5.2 (Stability result). Let Q be any vector-valued function in the

domain of LN Then

1§y 1 < max I BYGO) s 226Gt v

6. The Local Truncation Error

From the discrete stability result, it is seen that in order to bound the

error U — i, it suffices to bound LY (U — &). Notice that, for x ;€ oV,
N(a(x;) - Ulx;)) = Na(x;) - VO (x;)
= (L = IV)u(x;)
and (L = IV)a(x;) = &;(D™ - D);(x;) + &;(D™ — D)y (x;)

which is the local truncation of the first derivative. Then, by the triangle

inequality,
T N\~ - _
| (L= LV )u(x;)| <] &(D™ = Dyylx;) | +] &(D™ — D)w(x;) |
The proof is similar to [8]

Analogous to the continuous case, the discrete solution U can be split

into V and W which are defined to be the solutions of the following discrete

problems.
(IVV);(x}) = EDV(x;) + A(x;WV(x;) = f(x;) - Blaj)g(x; —1), x; e QN
(LYV)(x) = EDVi(xj) + A(x;V(x;) + Bx;V(x; - 1) = f(x}), x; e QN
BMV(x;) = BNo(x;))
and
(W) (x;) =0, x; e O N, (BAW)(x;) = 0, x; e @
The error at each point x; € OV is denoted by U(x;) - d(x;). Then the

Advances and Applications in Mathematical Sciences, Volume 21, Issue 8, June 2022



AN INITIAL VALUE PROBLEM FOR A SYSTEM ... 4667

local truncation error LY. é(x;j) has the decomposition N é(x;) =

INW -0) (x)+ IN(W - w) (xj). Tt is to be noted that for any smooth
function 9, the following two distinct estimates of the local truncation of its

first derivative hold.

(D™ = D)) | < 2max 56)|

and | (D™ -~ D)5(x;) | < 71 axl &'(s) | (6.4)

where ]] =Xj—Xj1.

7. Error Estimate

Theorem 6.1. Let A(x) and B(x) satisfy (1.3) and (1.4). Let v denote the

smooth component of the solution of the problem (1.1), (1.2) and V denote the
smooth component of the solution of the problem (5.1), (5.2). Then

| IN(V -0)(x;)| < CNL.
Theorem 6.2. Let A(x) and B(x) satisfy (1.3) and (1.4). Let w denote the

singular component of the solution of the problem (1.1), (1.2) and W denote
the singular component of the solution of the problem (5.1), (5.2). Then

| (LN (W - ®));(x;)| < CN' InN.

Theorem 6.3. Let A(x) and B(x) satisfy (1.3) and (1.4). Let @i denote the

solution of the continuous problem (1.1), (1.2) and U be the solution of the
discrete problem (5.1), (5.2). Then

| U(x;) - a(x;)| < CN ' InN.
Proof. It is clear that, in order to prove the above theorem it suffices to
prove that | (IZN(U -@))|| < CN'InN. But, |(IN@ -a)|<| NV -0)|

+| (EN(W - @) |. Hence using theorem (6.1) and (6.2), the above result is

derived.
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Numerical Experiments

The numerical method proposed above is illustrated through an example
presented in this section.

Example 1. Consider the initial value problem

Ei'(x) + A(x)i(x) = 8(x) Vx € (0, 1]
Ei'(x) + A(x)i(x) + Bx)a(x —1) = f(x) Vx e (1, 2]
with 2;(0) — £4(0) = 1, uy(0) — eus(0) = 1, ug(0) — eui(0) = 1.

3 -1 -1
Where A(x)=|-1 3 -1} B(x)=diag-1-1,-1), f(x)=(3,0,1),
-1 -1 3
gx)=(@1,1, l)T, E = diag(e;, g9, €3).

The numerical solution obtained by applying the fitted mesh method (6.1)
and (6.2) to the Example is shown in Figure 1. The order of convergence and

the error constant are calculated and are presented in Table 1.

Table 1. Values of ng, DN, pN, p*and CZY: generated for the example.
p

n Number of mesh points
48 96 192 384
0.100E+01 | 0.425E-01 | 0.244E-01 | 0.132E-01 | 0.690E-02
0.125E+00 | 0.836E-01 | 0.660E-01 | 0.479E-01 | 0.322E-01
0.156E-01 | 0.836E-01 | 0.660E-01 | 0.479E-01 | 0.322E-01
0.195E-02 | 0.836E-01 | 0.660E-01 | 0.479E-01 | 0.322E-01
0.244E-03 | 0.836E-01 | 0.660E-01 | 0.479E-01 | 0.322E-01
DN 0.836E-01 | 0.660E-01 | 0.479E-01 | 0.322E-01
N 0.340E+00 | 0.462E+00 | 0.572E+00
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C;,V 0.149E+01 | 0.149E+01 | 0.137E+01 | 0.116E+01

The Order of Convergence = 0.3404967E+00

The Error Constant = 0.1485278E+01

4.5 T T T T T T T T T

i

1.5 1 1 1 1 I 1 ! 1 1
0 0.2 0.4 0.6 0.8 1 1.2 14 1.6 1.8 2
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