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Abstract 

In this paper, an initial value problem for a system of ‘n’ singularly perturbed delay 

differential equations with Robin initial conditions is considered. A Shishkin piecewise uniform 

mesh is implemented and combined with a classical finite difference method to create a 

numerical method for solving this problem. The numerical approximations obtained are 

essentially first order convergence uniformly with respect to the singular perturbation 

parameters. Numerical result is provided in support of the theory.  

1. Introduction 

In this section, the initial value problem for a linear system of n 

singularly perturbed first order delay differential equations with Robin initial 

conditions is considered 

               2,0,1  xxfxuxBxuxAxuExuL


  (1.1)  

       xlxuExuxu 


 where  ,0,1 x   (1.2) 

For all           Tn xuxuxuxux ,,,,2,0 21 


  and       ,, 21 xfxfxf   

  ., T
n xf   xAE,  and  xB  are nn  matrices.   


,diagE  
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 n ,,, 21   with       ,,,1,,0 121 xbbbdiagxBn 


  

   .,,2 xbxb n  For all  ,2,0x  the components  xaij  and  xbi  of  xA  

and  xB  respectively, satisfy 

    0, xaxb iji  for nji 1  and       


ji iijii xbxaxa   (1.3) 

and 
 

     


n

j iij
x

xbxa
12,0

min0    (1.4) 

Further, the functions       njixbxaxf iiji  ,1,,,  are assumed to be in 

  .2,02C  Based on the foregoing assumptions, 2Cu 


 where 

          .2,11,02,02,1 210  CCCC   The problems (1) and (2) can 

be rephrased as follows:  

 
           

               








2,0on1

1,0on

2

1

xfxuxBxuxAxuExuL

xgxuxAxuExuL
xuL 




  (1.5) 

where        1 xxBxfxg


 and    .00 


u  The reduced problem 

corresponding to (1.5) is given by  

           

            







2,0on1

1,0on1

00

0

xfxxuxBxuxA

xxBxfxuxA



 

2. Analytical Results 

Lemma 2.1 Maximum Principle. Let 


 be any function in the domain 

of L


 such that   ,00


  then   0


 xL  on  2,0  implies that   0
~

 x


 on 

 .2,0  

Lemma 2.2. Let 


 is any function in the domain of ,L


 such that for each 

 ,2,0x  then  

    .
1

,0max






 





LCx  

Lemma 2.3. Let u


 be the solution of (1.1), (1.2). Then, there exists a 
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constant C such that, for  ,2,0,,,2,1  xni   we have  

         xuflCxuflCxu iiii   ,, 1


 

 .2 fflC i  


 

Proof. The proof is similar to [8]. 

3. Bounds on the Solution and Its Derivatives 

A Shishkin decomposition of u


 is given by ,wvu


  where 

 Tnvvvv ,,, 21 

  is the solution of 

         xgxvxAxvExvL


1  on  1,0  (1.6) 

             xfxvxBxvxAxvExvL


 12  on  2,0  (1.7) 

with      000 00 uEuv 


 and  Tnwwww ,,, 21 

  is the solution of  

        01


 xwxAxwExwL  for  1,0x  

            012


 xwxBxwxAxwExwL  for  2,0x  

with       .000 vuw


  Here, v


 is called the smooth component of u


 and 

,w


 the singular component. 

Lemma 3.1. For all  2,0x  and for ,,,2,1 ni   there exists a 

constant C such that   Cv k
i   for 1,0k  and .1 ii Cv   

Proof of Lemma 3.1. The proof is analogous to [7].  

The layer function associated with the solution u


 are denoted by  

     .2,0,,2,1;1,0,, 


xnipex ipx
ip B  

The following elementary properties of these layer functions for all 

1,0,1  pnji  should be noted. 

   xx jpip ,, BB   for all    tsx jpip ,,,0 BB   for all ,0  ts  
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  1, pipB  and   10 ,  xipB  for all .px   

The bounds of the singular component w


 derived in terms of these layer 

functions, are contained in the following lemma. 

Lemma 3.2. Let    xBxA ,  satisfies (1.3) and (1.4). Then there exist a 

constant C, such that for each  ,1,0x  and ,,,2,1 ni    

     
 

 
 

   





n

q

n

q
q

q
ii

q

q
ini

x
Cxw

x
CxwxCxw

1 1

,0,0
,0 ,,

BB
B  

and for  2,1x  

     
 

 
 

.,,
1 1

,1,1
,1    





n

q

n

q q

q
ii

q

q
ini

x
Cxw

x
CxwxCxw

BB
B  

4. The Shishkin Mesh 

A piecewise uniform Shishkin mesh NNN     where 

  2
0
N

j
N x  and   2

1
2

N
Nj

N x


   with N mesh intervals is now 

constructed by dividing the interval  2,0  into 22 n  subintervals as follows.  

             .2,11,11,,,,02,0 11211 nnnn     

On each of the sub-intervals      ,1,1,1,,,0 11  ii  

  ,11,11,1  niii   a uniform mesh with 
n

N

4
 mesh-intervals is 

placed and on each of the sub-intervals  1,n  and  ,2,1 n  a uniform 

mesh with 
4

N
 mesh-intervals is placed. The n transition points between the 

uniform meshes are defined by  












 Nn

n ln,
2

1
min  and  (4.1) 

,ln,
2

min 1












  Nii

i  for .1,,2,1  ni    (4.2)  
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The construction leads to a class of n2  possible Shishkin piecewise 

uniform meshes 
b

M   where b


 denotes an n-vector with 0ib  if 
2

1 i
i  

and ,1ib  otherwise. It is to be noted that on any such mesh  

NjCxxh Njjj   1,11  

  ;1,ln ,  NpNC iipii B  if 1ib  

  ,12 1  
j

ij
i  for ,ji   if jkikbk  ,0  

5. The Discrete Problem 

On the mesh constructed above, the problem (1.1)-(1.2) is discretized and 

the corresponding discrete problems is given by  

              N
jjjjjjjj

N xxfxUxBxUxAxUEDxUL  ,1


 (5.1) 

        N
jjjjj

N xxlxUEDxUxUB   ,


 (5.2)  

where  
   

 
   

,1,,
1

1

1

1














 j
xx

xUxU
xUD

xx

xUxU
xUD

jj

jj
j

jj

jj
j







  

N,,2   

The problem (5.1)-(5.2) can be rewritten as follows.  

               

               













N
jjjjjjjji

N

N
jjjjjjjji

N

xxfxUxBxUxAxUEDxUL

xxxBxfxUxAxUEDxUL

,1

,1

2

1 



  

(5.3)  

with         ., N
jjjjj

N xxlxUEDxUxU  


  

Here D  and D  are called the backward and forward difference 

operators. The operators satisfies the following discrete maximum principle.  

Lemma 5.1. If  jx


 is any function in the domain of .NL


 The 

inequalities   00


  and   0


 j
N xL  for ,1 Nj   then   0


 jx  for all 

.0 Nj    
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Lemma 5.2 (Stability result). Let Q


 be any vector-valued function in the 

domain of .NL


 Then  

      .
1

,0max











 N
jxj

NN
j xQLQxQ


 

6. The Local Truncation Error 

From the discrete stability result, it is seen that in order to bound the 

error ,uU


  it suffices to bound  .uULN 
  Notice that, for ,N

jx    

        j
N

j
N

jj
N xULxuLxUxuL


  

   j
N xuLL


  

and            jiijiij
N xwDDxvDDxuLL  

   

which is the local truncation of the first derivative. Then, by the triangle 

inequality, 

           jiijiij
N xwDDxvDDxuLL  

 

The proof is similar to [8]  

Analogous to the continuous case, the discrete solution U


 can be split 

into V


 and W


 which are defined to be the solutions of the following discrete 

problems. 

                N
jjjjjjjji

N xxxBxfxVxAxVEDxVL   ,11


 

                N
jjjjjjjji

N xxfxVxBxVxAxVEDxVL   ,12


 

   j
N

j
N xvxV


  

and  

        N
jj

NN
jj

N xxWLxxWL   ,0,,0 21


 

The error at each point N
jx   is denoted by    .jj xuxU


  Then the 
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local truncation error  j
N xeL


 has the decomposition   j
N xeL


 

       .j
N

j
N xwWLxvVL


  It is to be noted that for any smooth 

function , the following two distinct estimates of the local truncation of its 

first derivative hold.  

     sxDD
jIs

j 


 
max2  

and      s
h

xDD
jIs

j
j 



 
max

2
  (6.4)  

where .1 jjj xxI  

7. Error Estimate 

Theorem 6.1. Let  xA  and  xB  satisfy (1.3) and (1.4). Let v denote the 

smooth component of the solution of the problem (1.1), (1.2) and V


 denote the 

smooth component of the solution of the problem (5.1), (5.2). Then  

    .1 CNxvVL j
N 

 

Theorem 6.2. Let  xA  and  xB  satisfy (1.3) and (1.4). Let w


 denote the 

singular component of the solution of the problem (1.1), (1.2) and W


 denote 

the singular component of the solution of the problem (5.1), (5.2). Then  

     .ln1 NCNxwWL ji
N 


 

Theorem 6.3. Let  xA  and  xB  satisfy (1.3) and (1.4). Let u


 denote the 

solution of the continuous problem (1.1), (1.2) and U


 be the solution of the 

discrete problem (5.1), (5.2). Then 

    .ln1 NCNxuxU jj



 

Proof. It is clear that, in order to prove the above theorem it suffices to 

prove that    .ln1 NCNuULN 


 But,     vVLuUL NN 
  

   .wWLN 
  Hence using theorem (6.1) and (6.2), the above result is 

derived. 
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Numerical Experiments 

The numerical method proposed above is illustrated through an example 

presented in this section. 

Example 1. Consider the initial value problem 

         1,0 xxgxuxAxuE


 

             2,11  xxfxuxBxuxAxuE


 

with             .100,100,100 332211  uuuuuu  

Where           ,1,0,3,1,1,1,

311

131

113
TxfdiagxBxA 


























 

     .,,,1,1,1 321  diagExg T
 

The numerical solution obtained by applying the fitted mesh method (6.1) 

and (6.2) to the Example is shown in Figure 1. The order of convergence and 

the error constant are calculated and are presented in Table 1.  

Table I. Values of 
 ppDD NNN ,,,  and N

p
C


 generated for the example. 

 Number of mesh points 

48 96 192 384 

0.100E+01 0.425E-01 0.244E-01 0.132E-01 0.690E-02 

0.125E+00 0.836E-01 0.660E-01 0.479E-01 0.322E-01 

0.156E-01 0.836E-01 0.660E-01 0.479E-01 0.322E-01 

0.195E-02 0.836E-01 0.660E-01 0.479E-01 0.322E-01 

0.244E-03 0.836E-01 0.660E-01 0.479E-01 0.322E-01 

ND  0.836E-01 0.660E-01 0.479E-01 0.322E-01 

Np  0.340E+00 0.462E+00 0.572E+00  



AN INITIAL VALUE PROBLEM FOR A SYSTEM …  

Advances and Applications in Mathematical Sciences, Volume 21, Issue 8, June 2022 

4669 

N
pC  0.149E+01 0.149E+01 0.137E+01 0.116E+01 

The Order of Convergence = 0.3404967E+00 

The Error Constant = 0.1485278E+01 
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