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Abstract

In this paper, we define a new parameter split geodetic domination number of a graph. A

set S < V(G) is said to be a split geodetic dominating set of G if S is both a split geodetic set
and a dominating set of G the induced subgraph (V -S) is disconnected. The minimum

cardinality of the split geodetic dominating set of G is called split geodetic domination number of

G and is denoted by. vg5(G). The split geodetic domination number of some standard graphs are
determined. For any positive integers a, b,c¢ with a<a+1=0b<c, then there exists a
connected graph G such that g(G)=a, g5(G) = b, y45(G) = c¢. Also, for any three positive
integers a,b, ¢ with a,b,¢>2 there exist a connected graph G such that,

g(G) =aq, YS(G) =b, Ygs(G) =cC
1. Introduction

We consider undirected finite graph without loops and multiple lines. The
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graph considered here have at least one component which is not complete and
star graph. The order and size of G are denoted by p and ¢ respectively. For
basic graph theoretic terminology we refer to Harary [4]. Let v be a point in
V. The open neighborhood of v is the set N(v) consisting of all points « which

are adjacent with v and N[v] = N(v)U {v} is the closed neighborhood of a
point v in G. The distance d(u, v) between two points u and v in a connected

graph G is the length of a shortest © —v path in G. An u — v path of length

d(u, v) is called an u — v geodesic. The closed interval I[x, y] consists of all
points lying on some x —y geodesic of G and for a non empty subset S of
V(G), I(S) = Uy, yesI[x, y] A set S of points is a geodetic set if I[S] = V(G)
and the minimum cardinality of a geodetic set is the geodetic number of G
and is denoted by g(G). A geodetic set of cardinality g(G) is called a
2(G)-set.

A point v is a simplicial point of a graph G if (N(v)) is complete. A
simplex of a graph G is a sub graph of G which is a complete graph. A point in
a graph G dominates itself and its neighbours. A set of points D in a graph G
is a dominating set if each point of G is dominated by some point of D. The

domination number y(G) of G is the minimum cardinality of a dominating set

of G.

A subset S of V(G) is a geodetic dominating set of G if S is a geodetic set

and a dominating set of G. The minimum cardinality of a geodetic dominating

set is called the geodetic domination number of G and is denoted by y4(G).

The study of geodetic domination number was initiated by Escuardo, Gera,
Hansberg, Jafari Rad and Volkmann [2] in 2011. A dominating set D of a
graph G = (V, E) is a split dominating set if the induced subgraph (V\D) is
disconnected. The split domination number y,(G) of G is the minimum

cardinality of a split dominating set of G. The study of split domination
number was initiated by Veerabhadrappa R. Kulli and Bidarahalli
Janakiram [6] in 1997.

A geodetic set S of a graph G = (V, E) is a split geodetic set if the
induced subgraph (V —S) is disconnected. The split geodetic number g (G)
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of G is the minimum cardinality of a split geodetic set of G. The study of split
geodetic number was initiated by Venkanagouda M. Goudar, Ashalatha K. S.
and Venkatesha [8] in 2014. The following theorems are used in the sequel.

Theorem 1.1 [4]. Let be a vertex of a connected graph G. The following
statements are equivalent:

(1) v is a cut-vertex of G.

(11) There exist vertices u and w distinct from v such that v is on every
u—w path.

(i) There exists a partition of the set of vertices V — {v} into subsets U
and W such that for any vertices u € U and w € W, the vertex v is on every

u—w path.

Theorem 1.2 [1]. Every geodetic set of a graph contains its extreme
vertices.

2. Split Geodetic Domination Number of a Graph

Definition 2.1. A set S < V(G) is said to be a split geodetic dominating

set of G if S is both a split geodetic set and a dominating set of G (the induced
sub graph (V —8S) is disconnected). The minimum cardinality of the split

geodetic dominating set of G is called split geodetic domination number of G
and is denoted by 7y g5(G).

Example 2.2.

29 % 9

ie
Figure 1. Graph G.

For the graph G given in Figure 1, S; ={1,7} is a geodetic set,
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Sy = {1, 5,9} is a split geodetic set, Ss = {1, 3, 5, 8} is a split geodetic
dominating set. Thus geodetic number, geodetic domination number and split

geodetic domination number are different.

Theorem 2.3. Every split geodetic dominating set of G contains its

extreme points.

Proof. Let v be an extreme point of G and let S be a split geodetic
dominating set of G. Suppose v ¢ S, then S is not a geodetic set. Hence S is

not a split geodetic dominating set of G, which is a contradiction. Because
every split geodetic dominating set is a geodetic set. Hence every split

geodetic dominating set contains its extreme points.

Theorem 2.4. Every split geodetic dominating set of G contains its end

points.

Proof. Since end points are extreme points. The result follows from
Theorem 2.3.

Theorem 2.5. Let G be a connected graph of order p, then
2<y4(G)<p-2.

Proof. A split geodetic dominating set needs at least two points and
hence v45(G) > 2. Suppose that y4,(G) > p —1. Consider y44(G) = p —1. Let
v be a point of G and let S = V(G) — {v} be a split geodetic dominating set of
G. Then (V —8S) is connected, which is a contradiction to our Definition 2.1.

Therefore, y45(G) < p - 2.

Theorem 2.6. If a connected graph G has n extreme points, then
Ygs(G) =

Proof. Let G be a connected graph with n extreme points. Then by
Theorem 2.3, y45(G) > n.

Remark 2.7. Consider the graph given in Figure 2.
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Figure 2. G.

The extreme points of graph G are u, x. The split geodetic dominating set

of Gis {u, v, x, y}. Tt is clear that v4,(G) > 2.

Theorem 2.8. Let G be any connected graph of order p > 4. Then
ygs(G)= 2 if and only if there exists a split geodetic dominating set
S = {u, v} of G such that d(u, v) < 3.

Proof. Assume that yg(G)=2. Let S be a minimum split geodetic
dominating set of G. Suppose that d(u, v) > 4, then it has at least 3 internal
points such that ygs(G) > 2, which is a contradiction to our assumption.

Hence d (u, v) < 3.

Conversely, Assume that there exists a split geodetic dominating set
S = {u, v} of G such that d(u, v) < 3. Then by Theorem 2.5, S is a minimum

split geodetic dominating set of G. Hence y44(G) = 2.

Theorem 2.9. Let G be a connected graph with a cut point v. Then every
split geodetic dominating set S of G contains at least one element from each
component of G — {v}.

Proof. Suppose there exists a component G; of G — {v} such that G;

contains no point of S. By Theorem 2.3, contains extreme points of G. Hence

Gy does not contain any extreme point of G. Let u € Gj. Since Sis a split
geodetic dominating set of G, there exists a pair of points x, y € S such that
u e I[x, y] < I[S] and u € N[S] Let the x — y geodesicin Gbe P : x = uy,

Uy ooy Uy ooy Uy =¥ In G with u # x, y. Since v is a cut point of G, by
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Theorem 1.1, the x —u sub path P, of P and the u — y sub path P, of P

both contains v, it follows that P is not a path, which is a contradiction. Hence
S contains at least one element from each component of G — {v}.

Theorem 2.10. For any two integers a and b with a > 2 and 0 < b < 2,

there exists a connected graph G of order p =>4, such that

Ves(G) < p - {%me(G)J

Proof. Let G be a connected graph with diameter d = 3a + b. Consider a
shortest path P : ug, uy, ...ug of length d and let A = {ug, us, ...us,, Usqsp}
where, |A|=a+2 when b=0 and |A|=a+2 when b=1 2. Let
S = (V(G)/(V(P)/ A)) where S gives split geodetic dominating set of G. Then

S = (VENV(PNA) - p-| 2220

3
Ygs(G) < p - {—Zdw;’m(G)J-
Theorem 2.11. For any two integers m, n > 2, y g5 (K, ,) = min{m, n}.

Proof. Let =K, ,, such that U ={y,ug,...,u,} and
V ={v, vg,...,0,} be the partitions of G with m<n Now, let
S = {u, ug, ...uy,} for all v; e Ifu;, u;] < I[S] for 1<i# j<m Since,
(V —8S) is disconnected. Therefore S is a split geodetic dominating set of G

and 1s minimum. Because if we remove one point from S, then the set will not
be a geodetic set and not a split geodetic dominating set. Thus

Y gs (K, ) = min{m, n} = m.
Theorem 2.12. If T is a caterpillar graph, then v 44(T) = p —d + 2.

Proof. Let T be caterpillar graph. Let d =d(u,v) and let
P:u=vy,v,...vy =v be a u—-v path. Let £ be the number of end points
of T. Then p =d -1+ k. By Theorem 2.4, end points belongs to S. So that
S = V(G)—{vy, ..., vg_1} 1s connected. Then I[S]=V[G] V -(SUvy) is
disconnected and so, Yg(T) = |S|+1=k+1=p—-d+2.
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Theorem 2.13. For the wheel W,, = K; + C,,_4, (p > 6),

+ 2

_p o p+1
Vas(Wp) = Tzfpzs evevnand

2

if pis odd.

Proof. We prove this theorem by consider the following cases.
Case (i). Let p be an even.
The set S ={y1, ¥3, ¥55---» ¥p-1, %} is a minimum split geodetic

dominating set of W,. The points yg, y4, ...y, belongs to the geodesic path

such that I[S]=V(W,) and the set S has §+1 points. Hence

+ 2
Ygs(Wp) = pT

Case (i1). Let p be an odd.
The set S ={y,¥s3, ¥5>-.-» Yp-2, X} is a minimum split geodetic
dominating set of W,. The induced sub graph (V- 8S) is disconnected and

p+1
-

p-1 .
the set S has 5+ 1 points. Hence v 44(W),) =

Theorem 2.14. For cycle C,, of order p > 6, then ygs(Cp) = [B—l

3
Proof. Case (i). Let Cs,_;:vy,09,...,03,.1,V; be a cycle with
3n-1=p for n >3 points. The set S = {v;, vy, ..., U3,_9} 1s a minimum

split geodetic dominating set and the set S has [3n3—1—‘ points. Hence

Vgs(Can_1) = [g]

Case (i)). Let Cs, : v1, vg, ..., Us,, U1 be a cycle with 3n = p for n > 2
points. The set S = {vy, vy, ...Ug,_o} is a minimum split geodetic dominating

set and it is clear that vy, v3, v, Vg, ...U3,_1, U3, lies on geodesic path. The

set S has {g—‘ points. Hence vy 44(Cs,,) = {g—‘

Case (iii). Let Cs,,,1 : v1, Vg, ..., Us,,1, U1 be a cycle with 3n+1 = p for
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n > 2 points. The set S = {v, vy, ..., U3,,1} is a minimum split geodetic

dominating set. The set S has [g—l points. Hence y44(Cs,41) = {g—‘

Theorem 2.15. Let G' be the graph obtained by adding an end line (v, u)
to a cycle C, =G of order p>6 where veG and u¢G. Then

vgs(G') = {pglJ +1.

Proof. Let G’ be the graph obtained by adding an end line (v, u) to a

C, = G cycle of order p > 6 such that v e G and u ¢ G. We discuss the

following cases:-
Case (i). G = C3,_1-p, n = 3.
Let S = {u, vs, vs, U7, Uy, ..., U3,_a} be a split geodetic dominating set of

G', where u is an end point of G'. Suppose S’ = (S —{v;}), v; € S, then S’ is

not a dominating set. Hence S is a minimum split geodetic dominating set of

G. Thus, 7,4,(G') = Lp ki 1J +1.

3
Case (i)). G = C3,_p, n > 2.

The set S = {u, vs, vs, Ug, ..., U3,,_1} 1s a split geodetic dominating set of
G' where u is an end point of G’ and I[S]=V[G'] Thus (V-S) is

disconnected. Hence Ygs(G') _ Lp ; 1J 1

Case (iii). G = C311-p, 1 2 2.

The set S = {u, vs, vg, Vg, ..., U3, | is a split geodetic dominating set of
G' and I[S]=V[G]l Thus (V-S) is disconnected. Hence y44(G’)
= tp; lJ +1.

Observation 2.16.

. + 2
(1) For path P,, p > 5, then ygS(Pp) = Lpg J
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(1) Let G' be the graph obtained by adding an [ end lines
W, w), (v, ug), (v, ug), ..., (v, uy) to a cycle C, =G of order p > 6 where

veG and y, ug, ..., 4y £ G. Then Ygs(G') = [pglj + 1.

(iil) v g5(Ky x Pp) = [%1 +1, p>2

3. Realization Results

In this section, we give the realization results for the split geodetic
dominating number of a graph G.
Theorem 3.1. For any positive integers a, b, ¢ with a <a+1=> <c,

then there exists a connected graph G such that g(G) = a, g,(G)=b,
Vgs(G) = c.

Proof. Let Ky 5 be a complete graph with partite sets X = {y, z} and
Y = {m, n}. Let H; be a graph obtained from Ky g by adding new points
21, 29, .-, Zq—1 and joining z;(1 <i < a —1) with z. Let Hy be (¢ —b) copies
of path P: g;, b, u;, v;, 1 <i < c—b). Let G be a graph obtained from H;
and Hy by adding two points w and x and joining v;(1 <i < ¢ —b). to the
point x and joining g;(1 <i < ¢ —b) to w and also join x and y. The resulting
graph G is given in Figure 3.

Let S ={z,...2,_1} be the set of all extreme points of G. By Theorem
1.2, S belongs to every geodetic set of G. Here S is not a geodetic set of G.

However the set S; = {w, 21, ..., 2,1} is the minimum geodetic set of G.
Thus g(G) = a. The set Sy = S; U {y} is the minimum split geodetic set of G.
Thus a+1 =b gives g,(G) = b. The set Sg = Sy U {1y, us, ..., Up_p} is the

minimum split geodetic dominating set of G. Thus y44(G) = b +[c - b] = c.
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K=ty hpe—p) W=t V(e-d)

Figure 3. G

Theorem 3.2. For any three integers a, b, ¢ with a, b, ¢ > 2, there exists
a connected graph G such that g(G) = a, v5(G) = b, y44(G) = c.

Proof. We shall prove this theorem by considering 3 cases.

Case(i). a=b=c

Consider G = K, p» P > 2, the complete bipartite graph on a + p points.
Then g(G) = v5(G) = y4(G) = a.

Case (il). a<b=c

Let K, 1,1 be the complete bipartite graph with bipartite sets
U=1{w,uy, ..., ugq} and V = {hy, hy, ..., hyq}. Let P:l,ly,.... l3p_g1)m
be a path of order 3(b—a+1)+1. Let G be the graph obtained from
K, 1,4-1 and P by identifying the points u; and ;. The resulting graph G is
given in Figure 4.

l3o—a+1) Iz lbu=l Uy ug Ug—1

la(b—at it I
hi hQ hg hu—l
Figure 4. G
The set {I3(p_q11)+15 U1s U2s -5 Ug_1} is the minimum geodetic set of G.
The set {I3p_q1)+15 Bp—gi)-2> > las U5 - Ug_1} 1s both a minimum split
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dominating set and a minimum split geodetic dominating set of G. Thus
g(G) = a and y4(G) = b = ¢ = v4(G).

Case (iii)). b<a =c

Consider a complete bipartite graph Kj_ ;1 with bipartite sets
U=1{w,uy, ..., up_1} and V = {hy, hy ...ly_1}. Let G be the graph obtained
from Kjp_4 -1 by adding new points Ay, hg, ..., hy_p,1, ¥ and joining each
hi(1 <i<hy p,1) toxand x to each v;(1 <i < b-1). The resulting graph is

given in Figure 5.

Figure 5.G

The set {vy, vg, ..., Uy_1, M, ho, ..., Ag_ps1} 1s both a minimum geodetic

set and a minimum split geodetic dominating set of (. The set

{ui, ug, ..., up_1, x} is the minimum split dominating set of G. Thus

yS(G) = b and g(G) =a=c= Ygs(G)'

Theorem 3.3. For any two integers a and b with 2 < a < b, there exists a
connected graph G such that g4(G) = a, y(G) = b and v4(G) = a +b.

Proof. Let Cs;, : uy, ug, ..., ugp, g with p > 2 be a cycle of order 3p.
Let u =urgp9s1 be the opposite point of u; in C3p.  Let
Py, y1, --- ¥3(b-p) be a path of order 3(b — p). Let G be a graph obtained
from P and C3, by adding a -2 new points z, 23, ..., 259 and joining

each to z;(1 <i < a—-2) to u; and also join u and yg. The resulting graph G

Advances and Applications in Mathematical Sciences, Volume 21, Issue 4, February 2022
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is given in Figure 6. Let S = {2, 29, ..., 24_2, ¥3(5—p)} be the set of all

extreme points of G. By Theorem 1.2, S belongs to every geodetic set of G.
Here, S 1is not a split geodetic set of (G. However, the set
S =1{z1, 29, ---» 2q_9, Us y3(b,p)} is the split geodetic set of G, so that

gs(G) =a.

The set So ={w, ug, ug, ..., U, ..., Usp_9, Y2, ---» yg(b_p)_l} is the
minimum dominating set of G. Thus y(G) = b. Also, the union of S; and S,

gives minimum split geodetic dominating set of G, so that
Ves@ = S USy | = a+b

YT

Figure 6. G
4. Conclusion

In this paper, we define the split geodetic domination number of a graph.
This work can be extended to find split edge geodetic domination number,
upper split geodetic domination number, etc. The findings united in this
paper would support to the readers to develop various useful applications to
Science and Technology.
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