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Abstract

Local convergence of high order methods for solving nonlinear equations defined on abstract

spaces has been studied extensively by a plethora of authors. But this is not the case for semi-

local convergence of these methods which is certainly a more interesting case. A technique is

developed based on majorizing sequences and the notion of restricted Lipschitz condition to

provide a semi-local convergence analysis for the third convergent order Noor-Waseem method.

Due to the generality of our technique it can be used on other high order methods. Numerical

applications complete this article.

1. Introduction

In this article we are concerned with the task of finding a solution x, for
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the nonlinear equation
L(x) = 0. (1.1)

where, £: D c 77 - 75 is a differentiable in the sense of Fréchet, 7; and
To stand for Banach spaces and D # 0 is an open set. Throughout the
article B(xg, p)={x e Ty :|x—xg | <p} and Blxg, p]=fx € 77 : || x —x0 |

< p} for some p > 0.

A plethora of applications from applied as well as the theoretical
disciplines can be reduced to determining the point x, € D. But this task is
very difficult in general. Moreover, the closed form of x, is hard to find
unless in special cases. This forces researchers and practitioners to resort to
iterative approximations to x,. A plethora of such approximations can be
found in the literature [1-13]. Among those the most use full are the high
convergence order ones. We notice that many local convergence results exist
for these methods relying on Taylor expansions and derivatives of order at

least one higher than the order of the method. As an example consider the
third order Noor-Waseen method [8] defined by

%, € D, yj, = x5 — L'(x) " Llxy)

X = xp, — 445 L ay), (1.2)

where A4, = S,C'(zxk%) + L'(yp).

The existence of derivatives up to fourth order has been assumed
although derivatives of order two and above do not appear on method (1.2).
Moreover, method (1.2) may converge even if derivatives other than the first
do not exist. Consider the academic and motivational example: in the scalar

1 3
case for D = [— 3 E}

f(t) =0, (1.3)

where
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f(t)z{tS —t* 4 3 log 12 ?f t#0
0 ift = 0.

Then, notice that x, =1 € D and
f"(t) = 6log 2 + 60t% — 24t + 22.

But then, the third derivative of f is unbounded on D. Therefore,
convergence is not assured by the results in [8]. There are no uniqueness of

x, results or error bounds on | x, —xs |, | ¥, — %5 | | X441 — %, || that can

be computed. The same observations can be made for the local results of
other methods [1-7, 9-13]. Hence, there is a need to develop results using
conditions only on the first derivative that appears on these methods. These

results should also provide the uniqueness of x, and the error bounds in

advance. Moreover, they should be given for the more interesting semi-local
case. It turns out that these objectives can be achieved not only for (1.2) but
for other methods too in a similar way. This is the novelty and motivation of
our article. That is to expand the applicability under weaker conditions for
these methods.

Majorizing sequences for method (1.2) are introduced and studied in
Section 2. The semi-local convergence is given in Section 3 for method (1.2).
Numerical applications appear in Section 4. Concluding remarks in Section 5

complete this article.

2. Majorizing Sequences

Scalar sequences are developed that majorize method (1.2). Let

Ly>0,L>0,L; >0 and n =0 be given constants. Define sequence {t,}
by

o =0, =n
2L(s, —t, )
tn+1 =8, + L(On n)
_F(tn —an)
_ L(Q(Sn — tn) + tn+1 — tn)(tn+1 — tn)
Sp+1 =ty Tt 2(1 — Lotn+1) . (21)
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Next, we present convergence criteria for sequence {,,}.
Lemma 2.1. Suppose that forall n =0, 1, 2, ...

Lo(tn + ZSn) < 6 and Lotn+1 <1. (22)

Then, sequence {t,} is nondecreasing bounded from above by Li and
0

converges to its unique least upper bound t* e [O, LL}
0

Proof. It follows by (2.1) and (2.2) that 0 <¢, <s, <t,,q < Li Hence,
0

*

we conclude lim, , ¢, =t". m

The second convergence result contains stronger criteria than (2.1) but
which are easier to verify. Consider recurrent polynomials on the interval
[0, 1) by

£V :2Lt”‘1n+%(3(1+t+---+t”)n+2t”ﬂ)—1’
) = LE+ )@+t T+ 2Lg(L +t + ...+ " -2,
LO 2
g1(t) = 2Lt - 2L + =2~ (5¢° - 2t)

and
go(t) = L3+ 1)1+ 6}t — L(3 + t) (1 + ¢) + 2Lgt2.

It follows by these definitions that
Lo
g1(0) = 2L, 1(1) = 5 82(0) = =3L, g5(t) = 2Ly.

The intermediate value theorem asserts that polynomials g; and gy
have zeros in the interval (0, 1). Denote by &; and 85 the smallest such

zeros. respectively.

It turns out that these polynomials are related.
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Lemma 2.2. The following assertions hold
M A = FO+ @@, 10 = £ at =5y,
@) £21@) = £20) + gae)t" M,
20 = 120) at t = 5,.
Proof. It follows by the definition of these polynomials in turn that:

W @) = £ - @)+ 100

= 2Lt"n + %(3(1 tt+ .+ D+ 2" ) -1
—2Lt" Iy - L—60(3(1 +t4+ .+ A+ 2" )+ 1+ f,gl)(t)

= fD@) + g1 (6)" ™,
and

@) = ;96 at ¢ = 5y,

n+l
since g1(8;) = 0.

@ £ (0) = f&) + L@+ 1)1+ )" — LB +6) (1 + )" ' + 2Lt 'y

= 12) + 25" ™

and
F20) = £2) as t = 5,
since g9(89) = 0. 5
Let
2Ln L2n+t )y
a:—,b:—’ ¢0’C:maxa’b
1 Lom 20— Loty) " " o, b}
3

60 = min{Sl, 82}, 0 = max {81, 82}
Lemma 2.3. Suppose
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Lot]_ <1, 2LOT‘| <1 (23)

and
OSCSSOSSSl—LoT]. (24)

Conditions (2.3) and (2.4) determine the smallness of n. Then, sequence

{t,,} is nondecreasing, bounded from above by t** = I N 5 and converge to its

unique least upper bound t* e [0, %} The following error estimates also

o
hold
0<s,—t, <&M (2.5)
and
0<t,, —s, < (2.6)

Proof. The following items shall be shown using induction
2L(Sk - tk)

0< 17
—Fo(tk — 2sp,)

< a, 2.7)

0< L(2(Sn — tn) + (tn+1 — tn)) (tn+1 — tn)
- 2(1 - LOtn+1)

<y(s, —t,) 2.8

and
0<t, <sp <tp,. (2.9)

These estimates hold for 2 = 0 by (2.1), the choice of a, b, conditions (2.3)
and (2.4). It follows that 0<# —sy<alsy—tp)=0om, 0<s —4

2
1-a n *k
< =1 . <
o n T—a Suppose 0 < s,

k+2

< afs) —tg) =om, so t <n+an=

1-a
1-a

k+1

-t < akn,O Stpp—Sp<a"m and fpq < n <t hold for all

k < n. Then, evidently (2.7) holds if

k+1 k+1
k LO 1-a” 1-a k
2L — 2 -a <0.
o’'n + 6{ - n+ ( - o n+a'n a<o0

or
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fOE)<0att=a (2.10)
Define function £ on the interval [0, 1) by
W) = lim F).
Tt follows by the definition of f{) and /) that

W (¢) = 250_”0 -1 @.11)

Then, by Lemma 2.2 (1) and (2.11), estimate (2.10) holds if

Lon

_ < =
) 1<0 att=oa.

But this is true by the right hand side of (2.4). Similarly, (2.8) holds if

L[2(sp, —t,) + (1 +v) (s, — tp)](0 +v) (s —t2)

2(1 — Lotp41) < vlse — )

or

LB 1)+ 1) —1y)

2(1 ~ Lotp41) =0

or

i 1_ yk+2

L3+ 7)1 + y)t™n + 2yLy ﬁn -2y <0,

or

A <0 att =y, (2.12)
Define function fogz) on the interval [0, 1) by
@) = 1im FP).
£26) = tim 20
By the definition of f,gz) and fo?), we get
() = of Zon _
£ (t)—2(1_t 1).

Bence, (2.12) holds, if
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LOII
—_— — <
1—¢ 1<0.

But this holds by the right hand side of (2.4). It then also follows from
(2.1) that (2.9) holds. The induction for assertions (2.7) and (2.8) is completed.

Hence, we deduce limy,_,, #;, =t <¢"" m

3. Semi-local Convergence
The conditions (H) are needed:
Assume:
(H1) There exists xg e D,m>0 such that L'(xg)" e L(Ty, 7;) and
| L) Llxo) | < m
(H2) There exists Ly > 0 such that for each x € D
| Lo (L' (2) - L)) || < Lol 2 - %o .

1

Define D; = U(xo, 7o
0

j )
(H3) There exist L > 0, L; > O such that for each u, w € D

| £0) (L) = L)) | < Lol u—w |,
and
| £x0) " L) | < Ly.
(H4) Conditions of Lemma 2.1 or Lemma 2.3 hold

and
(H5) U[xo, t*] c D.

Then, the following semi-local result for method (1.2) can be shown under

conditions H.

Theorem 3.1. Assume conditions H. Then, iteration {x,} given by
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method (1.2) is well defined in Ulxg, t"], remains in Ulxy, t*] for each
n=0,1,2 ... and converges to a solution x* of equation F(x)=0 in

Ulxg, t*]. Moreover, the following assertions hold

Iy = %n | < 8p =t (3.1)
I %ns1 = I | < tni1 —sn (3.2)

and
| 6" =2, || <t =1, (3.3)

Proof. By condition (H1) and (2.1),
' -1
Il vo =0 || = £(x0) " L(xp) | < = sp — o

Hence, (3.1) holds for n = 0 and y, € Ulxg, t']. Let u € Ulxy, t*]. Using
condition (h1) we get

| L@ L) = Lxo) | < Lol w =0 || < Lot™ <1,

so the Banach lemma on linear invertible operators [10] assures that E'(u)_l

exists and

1 71 ’ 1
I L) L'(xo) | < T Iz —xg]

. 3.4
e ©-4)

We can write by method (1.2)
a1 = o + L) Llxg)
— 44" ()
=y + (L) " — 4451 )L(xy,)
= yp + (445" = L) L(x)

= 3 — AL (o) — AR)C (o) Llxy). (3.5)
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Some estimates are needed assuming (3.1) and (3.2) for all 2k < n

42 - 36{ ZELE) - ()
= 3L ) - £ Z - (2 y) - L)
so by (H2) and (H3)

| £ ML ) - 32 ) £y

< 31z - 2L | Ty -y |

< 2L yp —xp || < 2L(sp, —tp,); (3.6)
| (4o (A - 4L (x0) |

< 11 L) e 222 - L) |

] L) (L ) = L£(x0)) ]

2xp, +y
Lol| %—xo I+ 1 v =0 |

IA
N

2 xp + xg || + - X
LO[ " k 0"3 "yk 0"+"yk_x0 "]

IN
N

)

STO[ (2tk+8k)+8k]

[SS I

= %(tk +28) < 1,

SO

1

| AL (o) | < (3.7)

1- %(tk + 2Sk)

Hence, by (2.1) and (3.5)-(3.7), we have
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L(sg, —t3) (s, — 1)

1 —%(tk + 28k)

2
[ Xpi1 = op || < = tp41 — Sk

and
| %p41 = %0 | < || Xps1 — 3k [+ 22 — %0 |
Stpi1 —Sp+Sp —ty =t <t"

Hence, xj,; € Ulxg, t"] and (3.2) holds for n = 0. Hence, iterate y;,; is
well defined (by (3.4) for u = xj,,1). It follows from method (1.2) that

L(xp11) = Lxp4q) — Lloxg) + Llxz,)

1
= L(xp41) = L(xp,) - 1 Ap(xp41 — %)
1
= (b = 7 Ar) (g1 — xp),

1
where b, = J L'(xp, +0(xp47 — x1))d0. We need an estimate:
0

1
b, = Ay = 4] L+ 0(ws - )0 - 30{ ZEII |- £y
0

= 3[j;£’(xk +0(xpq — xp))dO — E'(zxk%)]

1
o [ £+ 0 -5 )0 ~ L)
So,

, 1 p 1 1 2%y +
| o) Clonen) 1 53] 1 = (25522 1 0, - 50 o

1
R NERT AP
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L
< 5(2(8/?, —tg) + (trs1 — ) (b1 —t2), (3.8)

L2(sp —t) + (tpq — ) (tpeq — ¢
[ Yp+1 = %pe1 | < Cls k)2(1(—kz,10tk+f)))( 1 ~ ) = Sp41 — thl

and

| ¥rs1 = %0 | < | Yrs1 = Xpra |+ %k — %0 |

*
S Skl ~lpr1 Tlpe1 —l0 = Spy1 ST

These computations complete the induction for (3.1) and (3.2). Sequence
{t;,} is fundamental as convergent. Then, so is {x;} (in a Banach space T}).

Hence, there exists x* € Ulxg, t*] such that limj_,,, x; = x5 = x*. Then, by

letting £ — o in (3.8) we get F(x") = 0, where we also used the continuity

of F. o

Remark 3.2. The limit point ¢* can be replaced by Li and % given
0 _

in closed form in (h5) under the conditions of Lemma 2.1 and Lemma 2.3,

respectively.
The uniqueness of the solution result follows.

Proposition 3.3. Assume:

(1) There exists element x* € U(xy, py) = D for some pg > 0 which is a

simple solution for equation L(x) = 0.
(2) Condition (H2) holds.

(3) There exists p; = pg such that
L
70(00 +pp) < 1. (3.9

Define Dy = DN\ Ulx, py]. Then, the element x* is the only solution of
equation L(x) = 0 in the set Ds.

Proof. Assume there exists u* € Dy satisfying £(u") = 0. Define linear
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1
operator M = IO L'(u* +t(x* —u”))dt. Then, in view of (H2) and (3.9), we

obtain in turn

| £(x0) (M - L'xo)) | < Lofol [(@-0) (& - x [) + 0] ™ — x [[Jd0

L
< 70(90 +pp) <1
Therefore, operator M 1is invertible. Hence, also using the identity
0=LW")-L(x")= Mu" - x"), we deduce that u* = x". o

Remark 3.4. Notice that not all conditions (H) are used in Proposition

3.3. But if they were used, then we can certainly set py = .

4. Numerical Experiment

We verify the conditions of Lemma 2.1 for an example in this section.
Example 4.1. Let us consider a scalar function £ defined on the set
D = Ulug, 1-s] for s € (0, 1) by

L(x)=x2 s

-8

Choose y = 2 and uy = 1. Then, we obtain the estimates n = 1 5

| L) (%)~ L'ug)) | = | x* —uf |
<lx+ul|x—ug | <(x—u|+2up ) x—u
=(1-s+2)|x-ug|=B-s)x-ul
so Ly =3 -5,
| L) (L) - L&) | = |y -« |
<|ly+x|ly—x|<(y-—ug+x—uy+2ul|)|y—x]|

=(y—uo [+ x—ug [+2[ug Ny - x|
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| L) (L) = L@ | = (| y—ug | +]x—ug [ +2]ug )| ¥~ x|

<Q-s+1-s+2)|y—x|=22-5s)|y—x|

for each x, y €, D so L; = (2 —s)%. Then, for s = 0.95 we have

Table 1. Sequence (2.1) and condition (2.2).

n 1 2 3 4 5 6

0.0183 | 0.0193 | 0.0193 | 0.0193 | 0.0193 | 0.0193

tn+1

Sy, 0.0167 | 0.0193 | 0.0193 | 0.0193 | 0.0193 | 0.0193

Ly(t, +2s,) | 0.0683 | 0.1169 | 0.1189 | 0.1189 | 0.1189 | 0.1189

Lot,, 1 0.0376 | 0.396 | 0.0396 | 0.0396 | 0.0396 | 0.0396

Hence, the conditions of Lemma 2.1 hold.
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