Advances and Applications in Mathematical Sciences
Volume 21, Issue 9, July 2022, Pages 4887-4902

© 2022 Mili Publications, India

CLOSED SUPPORT INDEPENDENCE NUMBER OF
SOME STANDARD GRAPHS UNDER ADDITION AND
MULTIPLICATION

T. MARY VITHYA and K. MURUGAN

1Ph.D Scholar (Part Time External) Reg. 12371
Department of Mathematics

The Madurai Diraviyam Thayumanavar Hindu College
Tirunelveli, Tamil Nadu, India

(Affiliated to Manonmaniam Sundaranar University
Abishekapatti, Tirunelveli 627 012, Tamil Nadu, India)

E-mail: maryvithya@gmail.com

Department of Mathematics

The Madurai Diraviyam Thayumanavar Hindu College
Tirunelveli, Tamil Nadu, India

(Affiliated to Manonmaniam Sundaranar University
Abishekapatti, Tirunelveli 627 012 Tamil Nadu, India)

E-mail: murugan@mdthinducollege.org

Abstract

In this paper, closed support independence number of a set and closed support

independence number of a graph under addition and multiplication are introduced. Closed

support independence number of the path, star, complete graph, wheel, cycle, complete bipartite

graph and bistar under addition and multiplication are studied.

I. Introduction

Graphs considered in this paper are finite, undirected and without loops

or multiple edges. Let G = (V, E) be a graph with p vertices and ¢ edges.
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Terms not defined here are used in the sense of Harary [4]. For each vertex
v € V, the open neighborhood of v is the set N(v) containing all the vertices

u adjacent to v and the closed neighborhood of v is the set N(v)U {v} [6]. The
degree of a vertex v € (G) is the number of edges of G incident with v and is
denoted by deg(v) or deg v. In a graph G, an independent set is a subset S
of V(G) such that no two vertices in S are adjacent. A maximum independent
set 1s an independent set of maximum size [5].

Recently the concept of closed support of a graph under addition was
introduced by Balamurugan et al. [1] and further studied in [2]. Closed
support of a graph under multiplication was introduced in [3]. Motivated by

these definitions, the concept of closed support independence number of a

graph under addition and multiplication are introduced.

In this paper, closed support independence number of a set under
addition, closed support independence number of a graph G under addition,
closed support independence number of a set under multiplication and closed
support independence number of a graph G under multiplication are
introduced. Closed support independence number of some standard graphs

under addition and multiplication are studied.
The following definitions are necessary for the present study.

Definition 1.1. Let G = (V, E) be a graph. A subset S of Vis called an

independent set of G of no two vertices in S are adjacent in G.

Definition 1.2. An independent set ‘S’ is maximum in G if G has no
independent set S’ with | S"| > | S|

Definition 1.3. The number of vertices in a maximum independent set of

G is called the independence number of G and is denoted by o(G).

Definition 1.4 [1]. Let G = (V, E) be a graph. A closed support of a

vertex v under addition is defined by Z ueN[v] deg u and is denoted by supp

[v].
Definition 1.5 [1]. Let G = (V, E) be a graph. A closed support of the
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graph G under addition is defined by ZueV[G] supp (v) and is denoted by
supp [G].
Definition 1.6 [3]. Let G = (V, E) be a graph. A closed support of a

vertex v under multiplication is defined by H ueN[ deg u and is denoted by

]
mult [v]
Definition 1.7 [3]. Let G = (V, E) be a graph. A closed support of the

graph G under multiplication is defined by HueV[G mult[v] and is denoted

]
by mult[G].

II. Main Results

Definition 2.1. Let G = (V, E) be a graph. Let S denote the maximum
independent set of G. Closed support independence number of the set S under
addition, denoted by supp S*[G], is defined by supp S*[G] = zve 5 Supp [v]
Closed support independence number of G under addition, denoted by

supp a'[G], is defined by supp o*[G] = max {supp S;'[G};i > 1}.

Definition 2.2. Let G = (V, E) be a graph. Let S denote the maximum
independent set of G. Closed support independence number of the set S under
multiplication, denoted by suppS*[G], is defined by supp S*[G]=
HUE S multlv] Closed support independence number of G under
multiplication, denoted by suppa*[G], is defined by suppa*[G]=

max {mult S;[G},i > 1}.

Example 2.3. Consider the following graph G.
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In G,degv; =3, degvg =6, deguvg =3, degvy =2, and deg vs = deg vg
deg v; = deguvg =1.

Maximum independent sets of G are {S;, Sy, S3}, where
Sy = {v1, vs, Vg, U7, Vgl Sg = {v3, Us, U, U7, Ug} and Sg = {vy, vs, Vg, U7, Ugl:
Closed support independence number of G under addition.

Consider the set S;

supp [v;] = Zdeg u = deg vy + deg v3 + deg vy + deg v; = 14
ueN[v |

supp [vs] = Zdeg u=deguvy +deguvs =7
ueNlvs]

supp [vg] = Zdeg u=deguvy +degug =7
ueN[uvg]

supp [v7] = Zdeg u=deguvy +deguv; =7
ueN[v7]

supp [vg] = Zdeg u=deguvy +degug =7
ueN[vg]

Hence supp S{[G] = z & Supp [v} = 42
veS;
Consider the set Sy

supp [vs] = Zdeg u = deg v; + deg vy + deg vy + deg vy = 14
ueN[vs]
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supp [us] = 7, sup plvg] = 7, supp [v;] = 7 and supp[vg] = 7
H & = =
ence supp Sy [G] ZUESZ supp [v] = 42
Consider the set Sy

supp [vy] = Zdeg u =deguv; +deguvg +deguy =8
ueN[v4]

supp [vs] = 7, supp [vg] = 7, supp [v;] = 7 and supp [vg] = 7

Hence supp S3[G] = ZUES supp [v] = 36
3

Therefore supp a*[G] = max {supp S; [G], supp S5 [G], supp S3 [G]}
= 42.
Closed support independence number of G under multiplication.

Consider the set S;
mult[v,] = HueN[vl]deg u = deg vy x deg vy x deg vy x deg v; = 108
mult [vs] = HuEN[U5]deg u = deg vy x deg v5 = 6
mult [vg] = HuEN[%]deg u = deg vy x deg vg = 6
mult [v;] = HyeN[Uﬂdeg u = deg vg x deg v; = 6
mult [vg] = HUEN[US]deg u = deg vy x deg vg = 6

Hence supp S[G] = HU

mult [v] = 139968
eS;

Consider the set Sy

mult [vs] = HueN[US]deg u = deg vy x deg vy x deg vy x deg v = 108
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mult [vs] = 6, mult[vg] = 6, mult[v;] = 6 and mult[vg] = 6
Hence supp S5[G] = mult [v] = 139968
pp S3[G] I I s, [v]
Consider the set Sy
mult [vy] = I I eN{y4}deg,° u = deg v; x deg v3 x deg vy =18
mult [vs] = 6, mult[vg] = 6, mult[v;] = 6 and mult[vg] = 6

Hence supp S3[G] = H mult [v] = 23328

veS;
Therefore supp o*[G] = max {supp S;[G], supp S5[G], supp S3[G]}
= 139968

Theorem 2.4. Let G = Ky, where n>1 be a star. Then suppa'[G]

= n(n +1) and supp «*[G] = n".

Proof. Let G = K; , where n >1. Let v, v, v, ..., v, be the vertices of
G where v is the central vertex and vy, vy, ..., U, are the pendant vertices.
Then degv =n,degv; =1;1<i<n. S={v,Uy,...,0,} is the unique

maximum independent set of G.

supp [v;] = Zdegu =degv+deguv; =n+1
ueN[v]

Similarly supp [vs] = supp[vg] = ... = supp[v,] = n +1.
a1 =
Hence supp a'[G] = Zues supp [u]
=n(n +1).

Similarly supp o*[G] = H S mult [u]
ue
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Theorem 2.5. Let G = P,, where n > 1 be a path on n vertices. Then

2F€ﬂ#n$ow
3n-6
2

3n-31 is odd
n-3if niso and supp o*[G] =

+ G —
supp o' [G] {Sn —4 if nis even (
2

j if nis even
Proof. Let G = P, where n > 1. Let vy, vy, ..., v, be the vertices of G.
Then degvy =degv, =1 and degv; =2 forall i =2,3,..., n—1.
Case (i). Suppose n is odd.

S = {1, v3, Us, ..., U, } 1s the unique maximum independent set of G.

supp [v;] = Zdeg v =deg vy +deguv; =3
UGN[U]_]

Similarly supp [v,] =3

supp [vg] = Zdeg v =deg vy +deg vy +deguvg =6
veN[vs]

Similarly supp [vs] = supp[v7] = ... = supp[v,,_o] = 6

Hence supp o[G] = ZUES supp [v]

=3+6(”;3j+3

=3n-3
mult [v] = HUGN[Ul]deg v =deg vy x deg v; = 2
Similarly mult[v,] = 2
mult [vs] = HUEN[US]deg v =deg vy xdeg vy x degvg = 8
Similarly mult [vs] = mult[v;] = ... = mult|v,_9] = 8

Hence supp o*[G] = H S mult [u]

ue
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n-3
= 2x 8( 2 ) x 2

e

Case (ii). Suppose n is even. There are two subcases.

Subcase (a). In this case, we consider the two maximum independent

sets with only one pendant vertex.
Without loss of generality let S; = {v;, vs, U5, ..., Up_1 }-

Proof is similar for the other set.

supp [v;] = Zdeg v =deg vy +deguv; =3
veN [v]

supp [vg] = Zdeg v =deg vy +deguvy +deguvg =6
veN [Ug]

Similarly supp [v5] = supp[v7] = ... = supp[v,_3] = 6

supp [v,_1] = Zdeg v=deguv, o +deguv, +deguv,_; =5
veN [v, 1]

Hence supp S{[G] = z g SUPp [v]

=3+6(n_4)+5

2
=3n-4

As before, mult[v;] = mult[v,]=2 and multvs] = mult[vs] = ...

= mult|v,_3] =8

mult[v,_1] = HueN[v 1]deg v=deguv,_gxdeguv, xdeguv,_; =4
-

Hence supp S{[G] = H mult [u]

ueS;
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- 2x 8(%) x4 = 2(3n2_6)

Subcase (b). In this case, we consider all the maximum independent sets

with both the pendant vertices.
Without loss of generality let Sy = {vy, vs, Us, ..., U,_3, U, }.
Proof is similar for the other set.
As  before, supp[v;]=supplv,]=3 and supplvg]=supplvs]=-...

= supp[v,_3] =6

Hence supp S5[G] = ZUES supp [v]
2

=3+6(”;4j+3

=3n-6
Therefore supp a"[G] = max {supp S;’[G};i > 1}
supp o [G] = max {supp Sy'[G], supp S3[G]}
= max{3n — 4, 3n — 6}
=3n-4

Similarly supp S3[G] = I I mult [u]
€92

:2><8(nT_4jx2

) 2(3n278j

Therefore supp o*[G] = max {mult S;'[G], mult S5[G]}

. {2(37126)’ 2(3n28)}

) 2(37;6)
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Theorem 2.6. Let G = C,, where n > 3 be a cycle on n vertices. Then

3n-3 i is odd
supp " [G] = { " L_f m ot nd
3n if nis even
)
2 . .
supp o*[G] = 8 if nis odd‘

if nis even

Proof. Let G = C,, where n > 3. Let vy, vs, ..., v, be the vertices of G.
Then degv; =2 foralli=1,2,3, ..., n

Case (i). Let n be odd.

Consider the maximum independent set S = {v;, vs, Us, ..., U,_o}-

Proof is similar for the other set.

supp [v;] = Zdeg v=deguvy +degv, +degv; =6
UEN(Ul)

Similarly supp [v3] = supp[vs] = ... = supp[v,_s] = 6

Hence supp a*[G] = 6(71;1)
=3n-3
mult[v] = I I eN[Ul]deg v =deguvg xdeguv, xdegv; =8

Similarly mult [vg] = mult[vs] = ... = mult[v,_s] = 8

Hence supp o[G] = H S mult [v]
ve

ey

Case (ii). Let n be even.

S; = {v;, v3, Us, ..., U,_1} and Sy = {vg, Uy, Vg, ..., U,} are two maximum

independent sets of G. Consider the set S;.
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Proof is similar for the set Ss.

As before supp [v; ]| = supp [v3] = supp[vs] = ... = supp[v,_1] = 6
Hence supp a*[G] = 6(%)
= 3n.

Similarly supp o*[G] = H mult [v]

veS;

_4l2)

Theorem 2.7. Let G = K,, where n >1 be the complete graph on n

vertices. Then supp o' [G] = n(n — 1) and supp o*[G] = (n - 1)".

Proof. Let G = K,, where n > 1. Let vy, vy, ..., v, be the vertices of G.
Then degv; =n-1 for all =123, ..,n S ={}l<i<n are

maximum independent sets of G.

Consider the set S;. Proof is similar for other sets.

supp [v;] = Zdeg v =deg vy +degug + ...+ deg v, + deg vy
veN[v]

=n(n-1)
Hence supp a[G] = n(n —1)

Similarly supp o*[G] = H s mult [u]
veS;

=(n-1)"
Theorem 2.8. Let G = K, , where m>n,m,n>1 be a complete
bipartite graph. Then supp o' [G] = m(mn + n) and supp o*[G] = (nm")™.
Proof. Let G = K,, , where m > n be a complete bipartite graph with
the bipartition (X, Y) where X = {x;, x9, ..., x,,} and Y ={y1, ¥9, ..., ¥, }-

Advances and Applications in Mathematical Sciences, Volume 21, Issue 9, July 2022
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Then degx; =n;1 <i<m, and degy; =m;1 <i<n. S={x,x9,...,x,} 18

the unique maximum independent set of G.

supp [x1] = Z deg u
]

ueN[x;
n
= deg x1 + Zdeg Yj
j=1
=mn+n

Similarly supp [x9] = supp [x3] = ... = supp [x,,,] = mn + n.
+ p—
Hence supp o' [G] = zueS supp [u]
= m(mn + n).
mult [x;] = I I EN[xl]deg u = deg y; x deg yg x ...x deg y, x deg x;
=nm"
Similarly mult[xy] = mult[x3] = ... = mult[x,,] = nm"
Theref G =
erefore supp o[G] HueS mult [v]
= (nm™)™.

Theorem 2.9. Let G = W,, where n > 4 be a wheel of order n. Then

supp o.*[G] = ((:;;j(ms) if n is odd

2

and

)(n +8)if nis even

1
[27(n — [T if n is odd
2

supp o[G] = -
[27(n —1)] 2" if n is even

Proof. Let G = W,, where n > 4. Let vy, vy, Uy, ..., U,_1 be the vertices
of G where vy is the central vertex. Then degvy =n—1 and degv; = 3 for
alli=123,...,n-1L
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Case (i). Let n be odd.

{v1, U3, Us, ..., U9} and {vg, Uy, Ug, ..., U,_1} are the two maximum
independent sets of G. Consider the set S; = {v;, v3, Us, ..., U,_9}. Proof is

similar for the other set.

supp [v1] = Zdeg v=deguvy +degv,_; +degvy +degv; =n+8
veN[y ]

Similarly supp [v3] = supp [v5] = ... = supp [v,_9] =n + 8

Hence supp o'[G] = ZUES supp [v]
1

:[”glyn+&

mult[v,] = HveN[vl]deg v = deg vg x deg v,,_; x deg vy x deg vy

=3x3x(n-1)x3=27(n-1)

Similarly mult [vg] = mult[vs] = ... = mult[v,_s] = 27(n —1).

supp o [G] = Hv S mult [v]
€91

n-1
=[27(n -1 2
Case (ii). Let n be even.

{vy, U3, Us, ..., U,_3}  and  {vg, U4, Ug, ..., U,_g} are two maximum

independent sets.

Consider the maximum independent set Sy = {vy, Us, Us, ..., U,,_3}.

Proof is similar for the other set.

As before, supp [v;] = supp [v3] = supp[vs] = ... = supp[v,_3] = n + 8

Hence supp o'[G] = ZUGS supp [v]
2

:(”gzyn+@
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Similarly supp o*[G] = H mult [v]

veS,

n-1
=[271n-1)] 2.

Theorem 2.10. Let G = B, , where m >n,n>1 be a bistar on
m+ n + 2 vertices.

mm+2)+nn+2)if n>1

Then supp o [G] = { and

m2+3m+4ifn:1

m+1)"(n+1)" ifn>1

<IG] =
supp oG] { 2(m +1)"* ifn=1

Proof. Let G =B, , where m=2=nLet uwu,uy,..., uy, x, Yy, v,

U9, ..., U, be the vertices of G. Then degx =m+1,degy=n+1 and

deguy; =degv; =1,1<i<m,1<j<n

Case (i). Suppose n > 1.

S = {iy, ug, ..., Uy, Uy, Vg, ..., U,} is the unique maximum independent

set of G.

supp [ ] = Zdegv =degx +deguy =m+ 2
veN[y ]

Similarly supp[y;]=m+2V 2<i<m

supp [v;] = Zdegv =degy+degu =m+2
UEN[U]]

Similarly supp[vj]=m+2V 2<j<n

Hence supp o'[G] = Z beg SUPP [v]

m n
=D supplu]+ ijl supp [v;]

=m(m+2)+n(n + 2)
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mult[u; ] = HUEN[ul]deg v=degxxdegu =m+1
Similarly mult[u;]=m+1,1<i<m
mult [v] = HUGN[Ul]deg v=degyxdeguv =n+1
Similarly mult[vj]=n+1,1<j<n

Hence supp o[G] = H S mult [v]
ve

=(m+1)"(n+1)".
Case (ii). Suppose n = 1. There are two subcases.

Subcase (a). In this case we consider the maximum independent set with

all the pendant vertices. Let S = {i, uo, ..., U, U1}
Now put n =1 in case (1)

Hence supp S [G] = m? + 2m + 3

Similarly supp S;[G] = | I 5 mult [v]

1
=2(m+1)™

Subcase (b). In this case, we consider the maximum independent set

Sy = {iy, us, ..., u,,, ¥} as before,

supp [y;]=m+2V1<i<m

supp [y] = Zdeg v =deg x +deg v +degy
veN[y]

Hence supp S§[G] = m? + 3m + 4
Therefore supp o [G] = max {supp S; [G], supp S5 [G]}

= max {m? + 2m + 3, m® + 3m + 4}
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—m?2+3m+4

As before mult[u;]=m+1,1<i<m

mult[y] = HveN[y] deg v = deg x x deg v; x deg y = 2(m +1)

Hence supp S3[G] = H mult [v]

UESZ
= 2m +1)"*!

Therefore supp o*[G] = max {mult S;[G], mult S5[G]}

max {2(m +1)", 2(m + 1"}

2(m + 1™,
II1. Conclusion

In this paper, the closed support independence number of some standard

graphs under addition and multiplication are studied. Further studies can be

observed for some special graphs.

(1]

(2]

(3]

(4]
(5]

(6]

References

S. Balamurugan, M. Anitha, P. Aristotle and C. Karnan, Closed support of a graph under
addition I, International Journal of Mathematics Trends and Technology 65(5) (2019),
120-122.

S. Balamurugan, M. Anitha, P. Aristotle and C. Karnan, Closed support of a graph under
addition II, International Journal of Mathematics Trends and Technology 65(5) (2019),
123-128.

S. Balamurugan, M. Anitha, P. Aristotle and C. Karnan, Closed support of a graph under
multiplication, International Journal of Mathematics Trends and Technology 65(5)
(2019), 129-133.

F. Harary, Graph Theory, Narosa Publishing House, New Delhi, 2001.

Min-Jen Jou and Gerard J. Chang, The number of maximum independent sets in graphs,
Taiwanese Journal of Mathematics 4(4) (2000), 685-695.

S. R. Nayaka, Puttaswamy and S. Purushothama, The open neighborhood number of a
graph, International Journal of Scientific Engineering and Science 1(6) (2017), 52-54.

Advances and Applications in Mathematical Sciences, Volume 21, Issue 9, July 2022



