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Abstract 

Our aim is to introduce -fundamentally nonexpansive mapping in modular function spaces 

and prove some lemmas and fixed point existence results. Also, we provide an example to 

support our results. 

1. Introduction 

Modular function spaces are the generalization of some class of Banach 

spaces which attracts many analysts to work in this field. The concept of fixed 

point in modular function spaces was introduced by Khamsi, Kozlowski and 

Reich [6] in 1990. The existence and convergence theorems for fixed points for 

nonexpansive type mappings in modular function space have been given by 

many researchers ([2, 4, 5, 8]). In 2016, Moosaei [7] gave some basic 

properties and fixed point theorems for fundamentally nonexpansive 

mappings in Banach spaces. It can be easily shown that nonexpansiveness 

implies fundamentally nonexpansiveness but converse need not be true. 

Example 1.1 [7].  Define a mapping T on [0, 4] as follows: 
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for all  .4,0x  Then T is fundamentally nonexpansive but not nonexpansive. 

Motivated by him, we introduced the concept of fundamentally nonexpansive 

mappings in modular function spaces as -fundamentally nonexpansive 

mappings. In this paper, we prove basic properties and some fixed point 

theorem for -fundamentally nonexpansive mapping in context of function 

modular . 

2. Preliminaries 

Let  be a nonempty set and  be a nontrivial -algebra of subsets of . 

Let  be a nontrivial -ring of subsets of  which means that  is closed 

under countable intersection, and finite union and differences. Suppose that 

AE   for any E  and .A  Let us assume that there exists an 

increasing sequence of sets nK  such that .nK  By   we denote the 

linear space of all simple functions with support from . Also   denotes 

the space of all extended measurable functions, i.e., all functions 

  ,:f  such that there exists a sequence 

  fgg nn  ,  and    wfwgn   for all .w  

We define 

   .a.e.:   wff   

Definition 2.1 [9]. Let X be a vector space (R or C). A functional  is 

called a modular if for arbitrary elements ,, Xgf   the following hold: 

(i)   00  ff  

(ii)    ff   whenever 1  

(iii)      gfgf   whenever .1,0,   
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If we replace (iii) by 

(iv)      gfgf   whenever .1,0,   

Then modular  is called convex. 

Definition 2.2 [9]. If  is convex modular in X, then the set defined by 

   0as0:  ffL   

is called modular function space. Generally, the modular  is not subadditive 

and therefore does not behave as a norm or a distance. However, the modular 

function space L  can be equipped with an F-norm defined by 

.:0inf






 













f
f  

In the case  is convex modular 

.1:0inf






 













f
f  

defines a norm on modular function space L  and it is called Luxemburge 

norm. 

Definition 2.3 [9]. Let    ,0:   be a nontrivial, convex and even 

function. Then  is a regular convex function pseudo modular if 

1.   ;00   

2.  is monotone, i.e.,    wgwf   for any w  implies 

   ,gf   where ;, gf  

3.  is orthogonally sub-additive, i.e.,     BABA fff    for 

any BA,  such that ;,  fBA   

4.  has Fatou property, i.e.,    wfwfn   for w  implies 

   ,ffn    where  ;f  
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5.  is order continuous in , i.e., ng  and   ,0wgn  then   .0 ng  

Definition 2.4. Let  be a regular convex pseudo modular. Then  is 

regular convex function modular if   0 f  implies 0f  a.e. The class of 

all nonzero regular convex function modular on  is denoted by R. 

Proposition 2.5 [9]. Let .R  

(i) pL  is -complete. 

(ii) -balls      rgfLgrfB   :,  are -closed. 

(iii) If   0 nf  for 0  then there exists a subsequence  ng  of  nf  

such that ..0 eagn   as .n  

(iv)    nn ff  inflim  whenever eaffn .  as .n  (Note: 

this property is equivalent to the Fatou property.) 

(v) Consider the set     ,:0 fLfL  is order continuous} and 

 .0: 0   anyforLfLfE  

Then we have .0
  LLE  

Lemma 2.6 [2]. Let R  and satisfy (UUC1). Let    1,0nt  be 

bounded away from both 0 and 1. If there exists 0R  such that 

    RgRf nnnn   suplim,suplim  and 

    ,1lim Rgtft nnnnn   then 

  .0lim  nnn gf  

The sequence    1,0nt  is said to be bounded away from 0 if there exists 

0a  such that atn   for all .n  Similarly the sequence    1,0nt   is 

said to be bounded away from 1 if there exists 1b  such that btn   for all 

.n  

Lemma 2.7.  Let  nf   and  ng  be two bounded real sequences. Then 

1.    nnnnnnn gfgf suplim,suplimmax,maxsuplim    
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2. let   nnnnn gfh  1  with  1,0n  convergent to a real number 

 .1,0  Then   .suplim1suplimsuplim nnnnnn gfh    

Lemma 2.8 [1]. Assume that L  be modular function space. Let  satisfy 

the Fatou property. Let C be a nonempty -closed convex subset of L  and  nf  

be a sequence in L  with a finite asymptotic radius relative to C. If -satisfies 

the (UUC1)-condition, then all the minimizing sequences of  are modular-

convergent, having the same -limit. 

3. Main Results 

In this section, firstly we define -fundamentally nonexpansive mappings 

in modular function spaces and then prove some lemmas and fixed point 

existence results. Also, we provide an example in which the mapping T is      

-fundamentally nonexpansive mapping but not nonexpansive.  

Definition 3.1. Let R  and D  be a nonempty -bounded, -closed,   

-convex subset of .pL  Then   DDT :  is said to be fundamentally 

nonexpansive mapping if for each  Dgf ,  

   .2 gTfTgfT   

Lemma 3.2.  Let R  and D  be a nonempty subset of .L  Let 

  DDT :  be a mapping. Then the following hold: 

(i) If T is nonexpansive, then it is fundamentally nonexpansive. 

(ii) If T is fundamentally nonexpansive with   , TF  then T is quasi-

nonexpansive. 

Proof. (i) If T is nonexpansive, then 

   ,2 gTfTgfT   

which shows that T is fundamentally nonexpansive. 
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(ii) If T is fundamentally nonexpansive with   , TF  then let 

 TFp   

         ,22 fpfTpTfpTpTTfpfT   

hence    .pfpTf   This proves that T is quasi-nonexpansive. 

Lemma 3.3. Let R  and D  be a nonempty -bounded, -closed,         

-convex subset of .pL  Let    DDT :  be fundamentally nonexpansive 

mapping and   , TF  then  TF   is closed and convex. 

Proof. Suppose that  nf  is a sequence in  TF  which -converges to 

some . Df  

       fffTfTffTTff nnnn  2  

   .suplimsuplim ffTff nnnn    

By uniqueness of asymptotic center, fTf   and hence  TFf   which 

shows that  TF  is closed. Now, it remains to show that  TF  is convex. 

Let  TFgf ,  and .
2

gf
h


  

        






 


2
2 gf

hfhTfThfTThf  (3.1) 
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hghTgThgTThg  (3.2) 
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We conclude that 
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2







 








 






 


gf
hfThf

Thh
f  (3.4) 

Using (3.1), (3.3), (3.4) and Lemma 2.6,   0 Thh  and hence  TFh   

which implies that  TF  is convex. 

Lemma 3.4. Let R  and D  be a nonempty -bounded, -closed,         

-convex subset of .L  Let   DDT :  be fundamentally nonexpansive 

mapping, then  TF  is nonempty. 

Proof. By Lemma 2.8, the asymptotic center of a sequence in ,D  

particularly, the approximate fixed point for T is in .D  Let   .ffA n   We 

show that  .TFf   

       fffTfTffTTff nnnn  2  

   .suplimsuplim ffTff nnnn    

As asymptotic center is unique, fTf   and hence  .TFf   This shows 

that  TF  is nonempty.  

Theorem 3.5. Let R and D  be a nonempty -bounded, -closed, -

convex subset of .pL  Let   DDT :  be fundamentally nonexpansive 

mapping and  DT  be -bounded, -convex. Define a sequence  nTf  in 

 DT  by  Df1  and 
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  nnn TffTTf  12
1  for all ,n  

 where  .1,0  Then     TF  if and only if   .0lim 2  nnn TffT  

Proof.  Let  .TFp   Then, using the convexity of , we have 

     pTffTpTf nnn   12
1  

    pTfpfT nn  12  

     pTfpfT nn  12  

     pTfpTf nn  1  

 .pTfn   

This implies that   pTfn   is non-negative decreasing sequence. Since 

 DT  is -bounded and -convex, therefore  pTfn   lies in  DT  and 

hence   . pTfn  Therefore,   pTfn   is convergent. Let 

  RpTfn
n




lim  (3.5) 

And 

     pTfTpfTpfT nnn  22  

  RpfT n
n




2lim  (3.6) 

        .1limlim 2
1 RpTfpfTpTf nn

n
n

n






 (3.7) 

Using (3.5), (3.6), (3.7) and Lemma 2.6,   .0lim 2  nnn fTTf  Now, we 

prove the converse part. Let    ,0:, D  be -type functions 

corresponding to sequence  nTf  and  .2
nfT  We prove that for each 

   .pTpDp    

   pTfTpfT nn  2  (3.8) 
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Now, 

       TpTfTffTwpTfT nnnn  22 2  

          TpfTfTTfwTffTw nnnnn  222 22  

         TpfTwfTTfww nnn  22 2212  

             nnn fTTfwwTpfTw 222
21221   

 
    

    
 nnn fTTf

w

ww
TpfT 2
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2

21

212





  

 
 
  

 .
21

2 22
nnn fTTfTpfT 




  (3.9) 

From inequality (3.8) and (3.9), 

   
 
  

 












 nnnn fTTfpTfTpfT 22

21

2
,max  

Applying suplim n  and Lemma 2.7, 

     0,max pTp   (3.10) 

Also, 

        pTfpfTpTf nnn   12
1  

     pTfpfT nn  12  

Again from Lemma 2.6 

       ppp  1  

   .pp   (3.11) 

Combining inequality (3.10) and (3.11), 

       .ppTpTp   

Let  ng  be as minimizing sequence of . Then,    .lim   Drgnn  

According to inequality (3.11),    ,nn gTg   which shows that  nTg  is 

minimizing sequence of . Also,  ngT 2  is a minimizing sequence. 
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By Lemma 2.8, all the minimizing sequences are -convergent to same limit 

g. Therefore, 

      .0limlimlim 2   ggTgTggg nnnnnn  

As    ,2 gTgTggT nn   so,  ngT 2  is also a minimizing 

sequence. Since -limit unique, therefore, .gTg   Hence  .TFg   

Example 3.6.  Let    1,01,0: T  be a mapping defined as: 
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195
f  and .21.0

5
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g  We have the following calculations: 
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195
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 TgTfTgTf  

 
1000

15

5

05.1

1000

195
 gfgf   

which shows that    .gfTgTf   Therefore, T is not nonexpansive 

mapping. Now, we prove that T is -fundamentally nonexpansive mapping. 

Case 1. If  ,
5

1
,0  gf  then .11

5

1
 f  

     gfTTgfTTgfT  1122  
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1  gfgTfgTf  

Therefore, 

   .2 gTfTgfT   



SOME FIXED POINT RESULTS FOR -FUNDAMENTALLY … 

Advances and Applications in Mathematical Sciences, Volume 19, Issue 9, July 2020 

965 

Case 2. If 1,
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Therefore, 

   .2 gTfTgfT   
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From all cases, we observed that T is a -fundamentally nonexpansive 

mapping. 
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