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Abstract

A labeled graph G which can be gracefully numbered is said to be graceful. Labeling the
nodes of G with distinct nonnegative integers and then labeling the e edges of G with the
absolute differences between node values, if the graph edge numbers run from 1 to e, the graph
G is gracefully numbered. In this paper, we have discussed the gracefulness of some of the
graphs formed from extended double hut graphs.

1. Introduction

Labeled graphs form useful models for a wide range of applications such
as coding theory, X-ray crystallography, radar, astronomy, circuit design,
communication network addressing and database management graceful
labeling f of a graph G with g edges is an injective function from the vertices
of G to the set {0, 1, 2, ..., q} such that when each edge xy is assigned the

label | f(x)—f(y)], the resulting edge labels are distinct and nonzero. The
concept above was put forward by Rosa in 1967.

Graphs consisting of any number of pairwise disjoint paths with common
end vertices are called generalized theta graphs. Various labelings have been
found for these graphs.
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In this paper, some new classes of graphs have been constructed by
combining some subdivisions of theta graphs with the star graphs

St(n), (n = 1). Only finite simple undirected graphs are considered here. Our

notations and terminology are as in [1]. We refer to [2] for some basic

concepts.

2. Results on the Gracefulness of Some Extended Double Hut
Graphs

Definition 2.1. The theta graph 0(a, B, y) consists of three edge disjoint
paths of lengths o, B, and y having the same end points. Let the theta graph
01(2, 2, 3) have the paths P9 11 v5:/%:02,06,05 and P9 13 04,05, Let the
theta graph 09(2,2,3) have the paths PB. o v x50 645 and

P3:x2, x3, x4, x5.

Definition 2.2. Attach an edge (vl, v6) to the theta graph 0;(2, 2, 3) to
form the hut graph 0j(2, 2, 3). Attach an edge (x1, x6) to the theta graph
09(2, 2, 3) to form the hut graph 05(2, 2, 3).

Definition 2.3. Let A be any graph and B be any tree graph. 4; o B

denotes the new graph formed by attaching a center vertex of B to a vertex
V; of A.

Definition 2.4. Let A be any graph. Let B and C be any tree graphs.
Ajj o (B, C) denotes the new graph formed by attaching a center vertex of B

to a vertex v; of A and a center vertex of C to a vertex v; of A, where i and j

are distinct.

Definition 2.5. Consider the theta graphs 6;(2, 2, 3) and 05(2, 2, 3).
Merge the vertices v3 and x4 and rename the single vertex as y3. Merge the
vertices vy and x3 and rename the single vertex as y,. Merge the edges
vsvy and x4x3 and rename the single edge as y3y,. The new graph formed is

called a double theta graph A with 10 vertices and 13 edges. Consider the hut
graphs 01(2, 2, 3) and 05(2, 2, 3). Merge the vertices vy and x4 and rename
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the single vertex as y3. Merge the vertices v, and x3 and rename the single
vertex as y;. Merge the edges vgu, and x4x3 and rename the single edge as
¥3¥4. The new graph formed is called a double hut graph A’ with 10 vertices
and 15 edges.

Theorem 2.6. The double theta graph A is graceful.

Proof of Theorem 2.6. Consider the double theta graph A with 10
vertices vl, v2, v5, V6, y3, y4, x1, x2, x5, x6. Let G = A. The vertex set
V(G) = {vi, yj, xkli =1,2,5,6;j =3, 4,kk=1,2,5,6}. The edge set
E(G) = {iv;/i = 1, 5} U viva/i = 1, 28U {wis; /i = 1, 5} U {xing 4/i = 1, 2 U {iy,a/i = 21U
{iia/i = 5 U {wiyi0fi = 21U {xi;_ofi = 5} U {yiyysa/i = 3}

Let f be the labeling on the set of vertices of G and g be the induced
labeling on the set of edges of G. The vertex label set of G can be written as
ViUVoUVs  where Vi ={f()/i =125 6}Vo = {f(3)j = 3 4. V3 = {f( Ve = 1,
2, 5, 6}. The edge label set of G can be written as E; UE;yUE; UEs UE;
UEg U Eg U EoUEy; where Ej ={g(viv)i=1,5}, By ={g(viv;;4)i=1,2},
E, ={g(xix;;1)i =1, 5}, E5 = {g(xix;,4 )i =1, 2}, E7 = {g(viy;1 )i = 2},

Eg = {g(viy;1)i = 5}, Eg = {g(xiy; )i = 2}, E1o = {g(xiy; )i = 5},
By = {g(yiy )i = 3}.

Let the labeling f on the vertices of G be defined by

fv;) = (2) for i =1, flv;)=(6)  fori=2
f(v;) = (10) for i = 5, fv;)=()  fori=86,
flx;) = (13) for i=1, flx;)=(@1)  fori=2,
f(x;) = (0) for i = 5, f(x;)=(11)  for i =8,
f(5:) =(9) for i = 3, f1)=@B)  fori=4.

The induced labeling g on the edges of G is defined by
gi v)=(04) fori =1, gvi v1)=() fori =5,
gi v 4)=(8) fori =1, gvi wvj,4)=@0) fori=2,

glxi x,,1)=02) fori=1gxi x;,;)=(@01) fori=>5,
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glxi x,4)=013) fori=1 gxi x;,4)=(10) fori=2,

gli  y;1)=(3) for i =2, gvi y;_1)=(7) fori =5,

glxi  y;19)=(2) for i =2, g(xi y;_9)=1(9) fori =35,

g8i i1)=(6)  fori=3.

The vertex labels of G can be arranged in the following order.
Vi =1{2,5,6,10}, Vo = {3, 9}, V3 = {0, 1, 11, 13}. The set of vertex labels of G
is VUVRUVL =1{0,1,2 3,5, 6,9,10, 11, 13}.

The edge labels of G can be arranged in the following order.
E, ={4,5}, E5 = {1, 8}, E4 = {11,12}, E5 = {10,113}, E; = {3}, Eg = {7}, Eq
= {2}, E1g = {9}, E;; = {6}. The set of edge labels of G is E; UEy UE, U Ej5

UE;,UEsUEyUE (UE;; ={,23,...,13}

Therefore the set of vertex labels and edge labels are distinct. So fis a
graceful labeling. Hence G = A is a graceful graph.

Theorem 2.7. The graph A, o (St(n)) is graceful, for a =1 and n > 1.

Proof of Theorem 2.7. Let G = A, o (St(n)) where A is the double theta
graph with 10 vertices vl, v2, V5, V6, y3, y4, x1, x2, x5, x6 and 13 edges and
St(n) is the star graph on n vertices u, uy, g, ..., u,(n >1) and (n-1)

edges. Here u is the center vertex and the other vertices are pendant vertices.
To form the graph G, attach the center vertex u of Si(n) to the vertex v, of

the double hut graph A and name it as v,. Let @ = 1.G has (n +10) vertices
and (n +13) edges.

The vertex set V(G) = {uy, v, yj, xp/1 =1, 2,..., mi=1,2,5,6;j = 3, 4
k=125 6. The edge set E(G)={viv, /i =1, 5}U{viv 4/i =1, 2} U
{eixg /i =1, 5} U iy 4/t = 1, 20 Uviygyafi = 20U {viy; 1 /i = 5} U {xiy o0 = 2}
Uiy _ofi =5 U {yiy1/i =3tUiy/i=1,1=1,2, ..., n}.

Let f be the labeling on the set of vertices of G and g be the induced
labeling on the set of edges of G.

Let f be the labeling on the set of vertices of G and g be the induced
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labeling on the set of edges of G. The vertex label set of G can be written as
ViUV, UV UV, where Vi ={f(y;)i=1275 6}V ={f()j=3 4},
Vi ={f(xpYk=1,2,5,6} and V; = {f(i;)1 =1, 2, ..., n}. The edge label set
of G can be written as £y UEy UE, U Es UE; UEgUEgU EjgUE;1UE
where Ey ={g(viv;,1)i=1,5}, Eg = {g(vivy,4 )i =1, 2}, E4 = {g(xix;y1)i =1, 5},
Es = {g(xix;,4)i = 1, 2}, Ey = {g(viy;1)/i = 2}, Eg = {g(viy;-1 )i = 5},

Ey = {g(xiy; )i = 2}, Eyo = {g(xiy;_2)i = 5}, By = {g(yiy;1)i = 3},

E o ={gvig)i=1,1=1,2,..., n}.

Let the labeling f on the vertices of G be defined by

;) = (4) for i =1, £(;) = (0) for i = 2,
;) = () for i = 5, f0)=(n+13) fori=6,
fo)=(m+12) for i=1,  f(x;)=(2) for i = 2,
f(x;) = (5) for i = 5, £(x;) = (7) for i = 6,
f)=(+11) fori=3, fn)=(n+10) fori =4,

flw)=©G+9) for1<i<n

The induced labeling g on the edges of G is defined by

gi vi1)=(04) fori=1,g(i v,1)=m+12) fori=>5,
gi vi4)=(3) fori =1, gvi vi4)=(Mn+13) fori=2,
glxi x,)=@m+10) fori=1,gxi x;,,1)=(2) for i = 5,
glxi x.4)=(+7) for i =1, g(xi  x;,4)=(5) for i = 2,

gi  y1)=m+11) fori=2gui y_3)=n+9) fori=>5,
glxi  yi.9)=(n+8) for i =2, g(xi y;_9)=(Mm+6) fori=>5,
gyt yi1)=Q) fori = 3. g(vyy)=(@1+5) fori=1,1<1<n.

The vertex labels of G can be arranged in the following order.
Vi={0,14, (n+13)}, V5 ={(n+10), (n +11)}, V3 = {2, 5, 7, (n + 12)},
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V4{10,11, ..., (n + 9)}. The set of vertex labels of G is V; UV UVa UV,
~10,1,2 4,5, 710,11, 12, ..., (n +13).

The edge labels of G can be arranged in the following order.
El = {4’ (n + 12)}’ EZ = {(3’ (n + 13))}5 E4 = {2’ (n + 10)}’ E5 = {5’ (n + 7)}7
Ep ={(n+11)}, Eg = {(n+9)}, Eg = {(n+ 8)}, Eyg = {(n + 6)}, Eq1 = {1}, Eyp

={6,7, ..., (n+5)}. The set of edge labels of G is E; UEy UEs UE5UE;
UES UEg UElO UEll UE12 = {1, 2, 3, ceey (n+13)}.

Therefore the set of vertex labels and edge labels are distinct. So fis a

graceful labeling. Hence G = A, o (St(n)) for is a graceful graph a =1,
n=>1
Corollary 2.8 The graph Ayp o (St(n), S{m)) is graceful, for a =1, p = 2

and m, n > 1.

Proof of Corollary 2.8. To form the graph G = A,g o (St(n), St(m)),
attach the center vertex u of S#(n) to the vertex of the double theta graph A

and name it as v, and attach the center vertex w of S#(m) to the vertex 2]
of the double hut graph A and name it as Ugs for a=1,p=2 and m,n>1,

in the above theorem. G = Ay © (St(n), St(m)), is a graceful graph.

Theorem 2.9. The double hut graph A’ is graceful.

Proof of Theorem 2.9. Consider the double hut graph G = A" with 10
vertices Ul, v2, U5, V6, y3, y4, x1, x2, x5, x6.

The vertex set V(G) = {v;, yj, xp/i =1, 2,5, 6;j =3, 4k =1, 2, 5, 6]. The
edge set EG) = {iv1/i =1, 5} U {viv,a/i = 1, 2} U {xix;,5/i =1} U
i 1/i = 1, B U iy a/i = 2t U i 50 = 1} U i /i = 23U {viy;1 /i = 51U
{eiyiofi = 23U {wiy; ofi = 5} U {yiy; /i = 3}

Let f be the labeling on the set of vertices of G and g be the induced
labeling on the set of edges of G. The vertex label set of G can be written as

ViUV UV, where Vi ={f(y;)i=1,25 6,Vs ={f(3;)j =3 4} V3 = {f(x )k =1,
2, 5, 6}. The edge label set of G can be written as E; U Ey U E3 U E4 U E5
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UEs U E; U Eg U Eg U EjoU E;; where
Ey = {g(viv1)i =1, 5}, Ey = {g(viv;, 4)i =1, 2}, E3 = {g(viy,5)i = 1},
Ey ={g(xix; 1 )i =1, 5}, E5 = {g(xix; 4)i =1, 2}, Eg = {g(xix;,5)i = 1},
Ep = {g(viy;1)fi = 2}, Eg = {g(viy;1)/i = 5}, Eg = {g(xiy;,2)i = 2},
Eyo = {g(xiy_o)i = 5}, Ey1 = {g(yiy1 )i = 3}

Let the labeling f on the vertices of G be defined by

;) = (1) fori=1, f@v;)=(2) for i = 2,
f(v;) = (14) fori =5 f@v;)=(7) for i = 6,
£(x;) = (13) for i=1, flx;)=(4) for i = 2,
£(x;) = (3) fori =5 fx;)=(5) for i = 6,
f(3;) = (15) fori =3, f(y)=(0) for i = 4.

The induced labeling g on the edges of G is defined by

8 v)=@1)  fori=1, gwi wv;1)=(7) fori=5,
8, vipq)=(@3) fori=1, gi v4)=() fori=2,
8 vp)=(6)  fori=1, gxi x9)=(9) fori=1,
gle; xq)=(2)  fori=5, glai x5,4)=(10) fori=1,
glx; x,4)=Q) for i =2, g(xi x;,5)=(8) fori=1,
gy i) =03 for i =2, gvi  y;1)=(14) fori=35,
glx;  yip)=0) fori=2glxi y;_9)=(12) fori=S5,
g ¥41)=@15) fori=3.

The vertex labels of G can be arranged in the following order.
Vi =1{1, 7,12, 14}, V5 = {0, 15}, V3 = {3, 4, 5, 13}. The set of vertex labels of G
is iUV, UV ={0,1, 3, 4,5, 7,12, 13, 14, 15}.
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The edge labels of G can be arranged in the following order.
El = {75 11}’ E2 = {5’ 13}’ E3 = {6}’ E4 = {2’ 9}’ E5 = {1’ 10}’ EG = {8}’ E7 = {3}’
Eg = {14}, Ey = {4}, E1( = {12}, E;; = {15}. The set of edge labels of G is E;
UESUEsUE,UEsUEsUE;, UEgUEyUE(UE;=1{,23,...,15}
Therefore the set of vertex labels and edge labels are distinct. So f is a

graceful labeling. Hence G = A’ is a graceful graph.

Theorem 2.10. The graph A, o (St(n)) is graceful, for a =1 and n > 1.

Proof of Theorem 2.10. Let G = A}, o (St(n)) where A’ is the double hut
graph with 10 vertices ul, v2, U5, V6, y3, y4, x1, x2, x5, x6 and 15 edges and
St(n) is the star graph on n vertices u, u, us, ..., utt,(n > 1) and (n—-1)

edges. Here u is the center vertex and the other vertices are pendant vertices.
To form the graph G, attach the center vertex u of St(n) to the vertex v, of

the double hut graph A’ and name it as v,. Let a =1. G has (n + 10) vertices
and (n +10) edges.

The vertex set V(G)={vi,vi, yj, xki=1,2,...,ni=1,256,j =3,
4,k =1,2,5,6}. The edge set E(G)= {viv,/i =1, 5} U {viv 4/i =1, 2} U
iz 5/ = U {xing 1 /i = 1, 5 U {uiyyiafi = 1, 20U {xing, 5/i = 13U {uiy; /i = 2}
Ulviy;1/i = 5} U {xiyypofi = 23U {xi;_ofi = 5} U{yiy; 1 /i = 31U
fvigfi =1, 2, ..., n}.

Let f be the labeling on the set of vertices of G and g be the induced
labeling on the set of edges of G.

Let f be the labeling on the set of vertices of G and g be the induced
labeling on the set of edges of G. The vertex label set of G can be written as
ViUV UVaUVy  where Vi ={f(y;)i=1 2056V, ={f(y;)j=3 4}
Vi ={f(xp)k=1,25 6} and V, = {f(y)1 =1, 2, ..., n}. The edge label set
of G can be written as £y UEy UEs UE, UE;s UEg UE; UEgUEqgUE
U E;1E;9 where

By = {giv1)i =1, 5}, By = {g(viv 4 )i = 1, 2}, Eg = {g(viv;5)i = 1},
E4 = {g(xix”l)/i =1 5}’ E5 = {g(xixi+4)/i =1 2}’ EG = {g(xixi+5)/i = 1}’
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E; = {g(viy;1 )i = 2}, Eg = {g(viy; -1 )i = 5}, Eg = {g(xiy;,2)i = 2},
Eyo = {g(xiy_)i = 5}, Erq = {8(yiy1)i = 3}, Erg = {gvig)i=1,2, ..., n}.

Let the labeling f on the vertices of G be defined by

flv) =@ for ¢
f0) = (n+12) fori
f(x;) = (0)
f(x;)=(n+14) fori
i) =(2) for i
fw;)=(+6)  for

for i

i1 f(y)=(11) for i = 2,
i=5  fu)=(4) for i = 6,
=1, fly)=(13) for i = 2,
i=5 f(x;)=(n+15) fori=6,
i=3 fyn)=m0+8) fori=A4.
1<i<n

The induced labeling g on the edges of G is defined by

g(vi
gvi
g(vi
gl
(e
gvi
gl

gyi

V1) = (n +10)

Visg) = (11)
Vis5) = (3)
x;41) = (1)
Xivq) = (2)
Yiv1) = (n+9)
Yi+2) = (5)

Yi+1) = (n +6)

for i =1, g(vi
for i =1, g(vi
for i =1, g(xi
fori = 5, g(xi
for i = 2, g(xi
for i = 2, g(vi
for i = 2, g(xi

vis1) = (n +8)
Via) = (n+7)
x;11) = (n+13)
Xivq) = (n+14)
x;45) = (n +15)
yi-1) = (4)

Yi—2) = (n+12)

for i = 3, g(v;uy) = (1 +5)

fori = 5,
fori = 2,
fori =1,
fori =1,
fori =1,
fori = 5,
fori = 5,

forl1<1<n.

The vertex labels of G can be arranged in the following order.
Vi={4 (n+11), (n+12)}, V5 = {(n+8)}, V3 = {0, (n +13), (n +14), (n +15)},

Vi{7,8, ..., (n+6)} The set of vertex labels of G is VUV, UV3UV,
={0,1,2,4,..., (n +15)}.

The edge labels of G can be arranged in the following order.

Ey = {(n+8), (n+10)}, Ey = {(n+7)), (n+11)},

Es ={1, (n+13)}, E5 =
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{2, (n +14)}, Eg{(n +15)}, E7 = {(n+9)}, Eg = {(4)}, Eg = {(5)}, Eyo = {(n +12)},
E1={n+6)}, Ej3=1{6,7,..., (n+5). The set of edge labels of G is E; U Es
UE3 UE4 UE5 UEG UE7 UE8 UEg UE10 UE11E12 = {1, 2, 3, ceey (n+15)}

Therefore the set of vertex labels and edge labels are distinct. So f is a
graceful labeling. Hence G = A}, o (St(n)) for is a graceful graph a =1, n > 1.

Corollary 2.11. The graph Ayp e (St(n), S(m)) is graceful, for o =1,

B=1and m,n=>1.

Proof of Corollary 2.11. To form the graph G = Ayg o (St(n), St(m)),

attach the center vertex u of St(n) to the vertex v, of the double hut graph
A and name it as v, and attach the center vertex w of St(m) to the vertex

xg of the double hut graph A’ and name it as X for a =1, =1 and

m, n > 1, in the above theorem. G = Ayg o (St(n), St(m)), is a graceful graph.
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