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Abstract 

A labeled graph G which can be gracefully numbered is said to be graceful. Labeling the 

nodes of G with distinct nonnegative integers and then labeling the e edges of G with the 

absolute differences between node values, if the graph edge numbers run from 1 to e, the graph 

G is gracefully numbered. In this paper, we have discussed the gracefulness of some of the 

graphs formed from extended double hut graphs. 

1. Introduction 

Labeled graphs form useful models for a wide range of applications such 

as coding theory, X-ray crystallography, radar, astronomy, circuit design, 

communication network addressing and database management graceful 

labeling f of a graph G with q edges is an injective function from the vertices 

of G to the set  q,,2,1,0   such that when each edge xy  is assigned the 

label     ,yfxf   the resulting edge labels are distinct and nonzero. The 

concept above was put forward by Rosa in 1967. 

Graphs consisting of any number of pairwise disjoint paths with common 

end vertices are called generalized theta graphs. Various labelings have been 

found for these graphs. 
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In this paper, some new classes of graphs have been constructed by 

combining some subdivisions of theta graphs with the star graphs 

   .1, nnSt  Only finite simple undirected graphs are considered here. Our 

notations and terminology are as in [1]. We refer to [2] for some basic 

concepts.  

2. Results on the Gracefulness of Some Extended Double Hut     

Graphs 

Definition 2.1. The theta graph   ,,  consists of three edge disjoint 

paths of lengths ,,   and  having the same end points. Let the theta graph 

 3,2,21  have the paths 5,6,2:2;5,1,2:1 vvvvvv PP  and .5,4,3,2:3 vvvvP  Let the 

theta graph  3,2,22  have the paths 5,6,2:2;5,1,2:1 xxxxxx PP  and 

.5,4,3,2:3 xxxxP  

Definition 2.2. Attach an edge  6,1 vv  to the theta graph  3,2,21  to 

form the hut graph  .3,2,21  Attach an edge  6,1 xx  to the theta graph 

 3,2,22  to form the hut graph  .3,2,22  

Definition 2.3. Let A be any graph and B be any tree graph. BAi   

denotes the new graph formed by attaching a center vertex of B to a vertex 

iV  of A. 

Definition 2.4. Let A be any graph. Let B and C be any tree graphs. 

 CBAij ,  denotes the new graph formed by attaching a center vertex of B 

to a vertex iv  of A and a center vertex of C to a vertex jv  of A, where i and j 

are distinct. 

Definition 2.5. Consider the theta graphs  3,2,21  and  .3,2,22  

Merge the vertices 3v  and 4x  and rename the single vertex as .3y  Merge the 

vertices 4v  and 3x  and rename the single vertex as .4y  Merge the edges 

43vv  and 34xx  and rename the single edge as .43yy  The new graph formed is 

called a double theta graph Δ with 10 vertices and 13 edges. Consider the hut 

graphs  3,2,21  and  .3,2,22  Merge the vertices 3v  and 4x  and rename 



ON GRACEFUL LABELING OF EXTENDED DOUBLE …    

Advances and Applications in Mathematical Sciences, Volume 21, Issue 8, June 2022 

 4543 

the single vertex as .3y  Merge the vertices 4v  and 3x  and rename the single 

vertex as .4y  Merge the edges 43vv  and 34xx  and rename the single edge as 

.43yy  The new graph formed is called a double hut graph Δ’ with 10 vertices 

and 15 edges. 

Theorem 2.6. The double theta graph Δ is graceful. 

Proof of Theorem 2.6. Consider the double theta graph Δ with 10 

vertices .6,5,2,1,4,3,6,5,2,1 xxxxyyvvvv  Let .G  The vertex set 

   .6,5,2,1;4,3;6,5,2,1,,  kkjixkyjviGV  The edge set  

            22,15,12,15,1 44141   iviyixixixixivivivivGE iiiii
 

       .3525 1221   iyiyixiyixiyiviy iiii   

Let f be the labeling on the set of vertices of G and g be the induced 

labeling on the set of edges of G. The vertex label set of G can be written as 

321 VVV   where            ,1,4,3,6,5,2,1 321  kxfVjyfVivfV kii  

.6,5,2  The edge label set of G can be written as 75421 EEEEE   

111098 EEEE   where        ,2,1,5,1 4211   ivivgEivivgE ii  

           ,2,2,1,5,1 174514   iviygEixixgEixixgE iii  

           ,5,2,5 210291|8   ixiygEixiygEiviygE iii

   .3111   iyiygE i  

Let the labeling f on the vertices of G be defined by 

   2ivf     for ,1i       6ivf   for ,2i  

   10ivf    for ,5i      5ivf   for ,6i  

   13ixf   for  ,1i      1ixf   for ,2i  

   0ixf    for ,5i      11ixf  for ,6i  

   9iyf    for ,3i      31 yf   for .4i  

The induced labeling g on the edges of G is defined by 

   41 ivvig   for ,1i    51 ivvig   for ,5i  

   84 ivvig   for ,1i    14 ivvig   for ,2i  

   121 ixxig   for ,1i    111 ixxig  for ,5i  
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   134 ixxig  for ,1i    104 ixxig  for ,2i  

   31 iyvig   for ,2i    71 iyvig  for ,5i  

   22 iyxig   for ,2i    92 iyxig  for ,5i  

   61 iyyig   for .3i  

The vertex labels of G can be arranged in the following order. 

     .13,11,1,0,9,3,10,6,5,2 321  VVV  The set of vertex labels of G 

is  .13,11,10,9,6,5,3,2,1,0321 VVV   

The edge labels of G can be arranged in the following order. 

            9875421 ,7,3,13,10,12,11,8,1,5,4 EEEEEEE 

     .6,9,2 1110  EE  The set of edge labels of G is 5421 EEEE   

 .13,,3,2,11110987  EEEEE  

Therefore the set of vertex labels and edge labels are distinct. So f is a 

graceful labeling. Hence G  is a graceful graph. 

Theorem 2.7. The graph   nSta   is graceful, for 1a  and .1n  

Proof of Theorem 2.7. Let   nStG a   where Δ is the double theta 

graph with 10 vertices 6,5,2,1,4,3,6,5,2,1 xxxxyyvvvv  and 13 edges and 

 nSt  is the star graph on n vertices  1.,,,, 21 nuuuu n  and  1n  

edges. Here u is the center vertex and the other vertices are pendant vertices. 

To form the graph G, attach the center vertex u of  nSt  to the vertex v  of 

the double hut graph Δ and name it as .v  Let Ga .1  has  10n  vertices 

and  13n  edges. 

The vertex set    ;4,3;6,5,2,1;,,2,11,,,1  jinxyvuGV kji   

.6,5,2,1k  The edge set       2,15,1 41   ivivivivGE ii  

         2522,15,1 21441   ixiyiviyiviyixixixix iiiii 

     .,,2,11,135 112 niviuiyiyixiy ii     

Let f be the labeling on the set of vertices of G and g be the induced 

labeling on the set of edges of G. 

Let f be the labeling on the set of vertices of G and g be the induced 
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labeling on the set of edges of G. The vertex label set of G can be written as 

4321 VVVV   where        ,4,3,6,5,2,1 21  jyfVivfV ii  

   6,5,2,13  kxfV k  and    .,,2,114 nufV i   The edge label set 

of G can be written as 1211109875421 EEEEEEEEEE   

where            ,5,1,2,1,5,1 144211   ixixgEivivgEivivgE iii    

           ,5,2,2,1 1|81745   iviygEiviygEixixgE iii

           ,3,5,2 11121029   iyiygEixiygEixiygE iii

   .,,2,11,1112 niviugE   

Let the labeling f on the vertices of G be defined by 

   4ivf     for ,1i       0ivf    for ,2i  

   1ivf     for ,5i      13 nvf i  for ,6i  

   12 nxf i  for  ,1i      2ixf    for ,2i  

   5ixf    for ,5i      7ixf    for ,6i  

   11 nyf i  for ,3i      101  nyf  for ,4i  

   9 iuf i   for ni 1  

The induced labeling g on the edges of G is defined by 

   41 ivvig         for ,1i    121  nvvig i  for ,5i  

   34 ivvig         for ,1i    134  nvvig i  for ,2i  

   101  nxxig i   for ,1i    21 ixxig   for ,5i  

   74  nxxig i   for ,1i    54 ixxig   for ,2i  

   111  nyvig i   for ,2i    91  nyvig i  for ,5i  

   82  nyxig i   for ,2i    62  nyxig i   for ,5i  

   11 iyyig         for .3i    511 uvg i  for .11,1 ni   

The vertex labels of G can be arranged in the following order. 

          ,12,7,5,2,11,10,13,4,1,0 321  nVnnVnV
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  .9,,11,104 nV   The set of vertex labels of G is 4321 VVVV   

  .13,,12,11,10,7,5,4,2,1,0  n  

The edge labels of G can be arranged in the following order. 

            ,7,5,10,2,13,3,12,4 5421  nEnEnEnE

              121110987 ,1,6,8,9,11 EEnEnEnEnE   

  .5,,7,6  n  The set of edge labels of G is 75421 EEEEE   

  .13,,3,2,112111098  nEEEEE   

Therefore the set of vertex labels and edge labels are distinct. So f is a 

graceful labeling. Hence   nStG   for is a graceful graph ,1a  

.1n  

Corollary 2.8 The graph     mStnSt ,  is graceful, for 2,1 a  

and .1, nm  

Proof of Corollary 2.8. To form the graph     ,, mStnStG   

attach the center vertex u of  nSt  to the vertex of the double theta graph Δ 

and name it as v  and attach the center vertex w of  mSt  to the vertex v  

of the double hut graph Δ and name it as ,v  for 2,1   and ,1, nm  

in the above theorem.     ,, mStnStG   is a graceful graph. 

Theorem 2.9. The double hut graph Δ’ is graceful. 

Proof of Theorem 2.9. Consider the double hut graph G  with 10 

vertices .6,5,2,1,4,3,6,5,2,1 xxxxyyvvvv  

The vertex set    .6,5,2,1;4,3;6,5,2,1,,  kjixyvGV kji  The 

edge set         12,15,1 541   ixixivivivivGE iii  

          52125,1 11541   iviyiviyixixiviyixix iiiii

     .352 122   iyiyixiyixiy iii   

Let f be the labeling on the set of vertices of G and g be the induced 

labeling on the set of edges of G. The vertex label set of G can be written as 

321 VVV   where            ,1,4,3,6,5,2,1 321  kxfVjyfVivfV kii  

.6,5,2  The edge label set of G can be written as 54321 EEEEE   
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11109876 EEEEEE   where 

           ,1,2,1,5,1 534211   ivivgEivivgEivivgE iii  

           ,1,2,1,5,1 564514   ixixgEixixgEixixgE iii  

           ,2,5,2 291|817   ixiygEiviygEiviygE iii  

       .3,5 111210   iyiygEixiygE ii  

Let the labeling f on the vertices of G be defined by 

   1ivf     for ,1i      12ivf   for ,2i  

   14ivf    for ,5i     7ivf    for ,6i  

   13ixf   for  ,1i     4ixf    for ,2i  

   3ixf    for ,5i     5ixf    for ,6i  

   15iyf   for ,3i     01 yf    for .4i  

The induced labeling g on the edges of G is defined by 

   111 ii vvg   for ,1i     71 ivvig  for ,5i  

   134 ii vvg   for ,1i     54 ivvig  for ,2i  

   65 ii vvg   for ,1i     91 ixxig  for ,1i  

   21 ii xxg   for ,5i     104 ixxig  for ,1i  

   14 ii xxg   for ,2i    85 ixxig  for ,1i  

   31 ii yvg   for ,2i    141 iyvig  for ,5i  

   42 ii yxg   for ,2i    122 iyxig  for ,5i  

   151 ii yyg        for .3i  

The vertex labels of G can be arranged in the following order. 

     .13,5,4,3,15,0,14,12,7,1 321  VVV The set of vertex labels of G 

is  .15,14,13,12,7,5,4,3,1,0321 VVV   
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The edge labels of G can be arranged in the following order. 

             ,3,8,10,1,9,2,6,13,5,11,7 7654321  EEEEEEE

       .15,12,4,14 111098  EEEE  The set of edge labels of G is 1E  

 .15,,3,2,1111098765432  EEEEEEEEEE  

Therefore the set of vertex labels and edge labels are distinct. So f is a 

graceful labeling. Hence G  is a graceful graph. 

Theorem 2.10. The graph   nSt  is graceful, for 1a  and .1n  

Proof of Theorem 2.10. Let   nStG   where Δ’ is the double hut 

graph with 10 vertices 6,5,2,1,4,3,6,5,2,1 xxxxyyvvvv  and 15 edges and 

 nSt  is the star graph on n vertices  1.,,,, 21 nuuuuu n  and  1n  

edges. Here u is the center vertex and the other vertices are pendant vertices. 

To form the graph G, attach the center vertex u of  nSt  to the vertex v  of 

the double hut graph Δ’ and name it as .v  Let .1a  G has  10n  vertices 

and  10n  edges. 

The vertex set    ,3;6,5,2,1;,,2,1,,,  jinixkyjviviGV   

.6,5,2,1;4 k  The edge set       2,15,1 41   ivivivivGE ii  

         212,15,11 15415   iviyixixiviyixixixix iiiii 

        3525 1221   iyiyixiyixiyiviy iiii

 .,,2,11 niviu   

Let f be the labeling on the set of vertices of G and g be the induced 

labeling on the set of edges of G. 

Let f be the labeling on the set of vertices of G and g be the induced 

labeling on the set of edges of G. The vertex label set of G can be written as 

4321 VVVV   where        ,4,3,6,5,2,1 21  jyfVivfV ii  

   6,5,2,13  kxfV k  and    .,,2,1114 nufV   The edge label set 

of G can be written as 10987654321 EEEEEEEEEE   

1211EE  where 

           ,1,2,1,5,1 534211   ivivgEivivgEivivgE iii  

           ,1,2,1,5,1 564514   ixixgEixixgEixixgE iii  
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           ,2,5,2 291|817   ixiygEiviygEiviygE iii  

           .,,2,1,3,5 112111210 niviugEiyiygEixiygE ii    

Let the labeling f on the vertices of G be defined by 

   1ivf     for ,1i      11ivf   for ,2i  

   12 nvf i   for ,5i     4ivf    for ,6i  

   0ixf    for  ,1i     13ixf   for ,2i  

   14 nxf i  for ,5i     15 nxf i  for ,6i  

   2iyf    for ,3i     81  nyf   for .4i  

   6 iuf i   for ni 1  

The induced labeling g on the edges of G is defined by 

   101  nvvig i   for ,1i    81  nvvig i   for ,5i  

   114 ivvig    for ,1i    74  nvvig i   for ,2i  

   35 ivvig    for ,1i    131  nxxig i  for ,1i  

   11 ixxig    for ,5i    144  nxxig i  for ,1i  

   24 ixxig    for ,2i    155  nxxig i  for ,1i  

   91  nyvig i   for ,2i    41 iyvig   for ,5i  

   52 iyxig    for ,2i    122  nyxig i  for ,5i  

   61  nyyig i   for ,3i    511 uvg i       for .11 n  

The vertex labels of G can be arranged in the following order. 

              ,15,14,13,0,8,12,11,4,1 321  nnnVnVnnV  

  6,,8,74 nV   The set of vertex labels of G is 4321 VVVV   

  .15,,4,2,1,0  n  

The edge labels of G can be arranged in the following order. 

               5321 ,13,1,11,7,10,8 EnEnnEnnE
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                 ,12,5,4,9,15,14,2 109876  nEEEnEnEn

     .5,,7,6,6 1211  nEnE   The set of edge labels of G is 21 EE   

  .15,,3,2,11211109876543  nEEEEEEEEEE   

Therefore the set of vertex labels and edge labels are distinct. So f is a 

graceful labeling. Hence   nStG   for is a graceful graph .1,1  na  

Corollary 2.11. The graph     mStnSt ,  is graceful, for ,1  

1  and .1, nm  

Proof of Corollary 2.11. To form the graph     ,, mStnStG   

attach the center vertex u of  nSt  to the vertex v  of the double hut graph 

Δ’ and name it as v  and attach the center vertex w of  mSt  to the vertex 

x  of the double hut graph Δ’ and name it as ,x  for 1,1   and 

,1, nm  in the above theorem.     ,, mStnStG   is a graceful graph. 
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