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Abstract

An accurate dominating set D of a fuzzy graph is stated to be an accurate split (non-split)
dominating set, if an induced fuzzy sub graph (V — D) is disconnected (connected). In this
paper, accurate split (non-split) dominating set in fuzzy graph is described with appropriate
illustration. Accurate minimal split (non-split) dominating set and accurate split (non-split)
domination numbers in fuzzy graphs are defined. The limits on accurate split (non-split)
domination numbers in fuzzy graphs are obtained for a number of standard fuzzy graphs.
Connection between split (non-split) domination number and other well-known dominating
parameters are acquired. Some theorems associated to accurate split (non-split) domination

numbers are expressed and demonstrated.

1. Introduction

Ore [13] and Berge [2] were the first to study dominating sets in graphs.
Cockayne and Hedetniemi [3] commenced domination number with
independent domination number. Kulli and Kattimani [4, 5] introduced an

accurate Domination, connected accurate domination. Ameenal Bibi,
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Lakshmi and Jothilakshmi [1] introduced accurate split and accurate non-

split domination of a graph.

L. A. Zadeh [17] in 1965 introduced fuzzy set theory as a way for
representing uncertainty. In 1975, fuzzy graphs were introduced by
Rosenfeld [14] and Yeh, Bang [16] discussed about fuzzy models that can be
utilized in problems handling uncertainty. In 1998, A. Somasundaram and S.
Somasundaram [15] brought up the concept of domination in fuzzy graphs
using effective edges. Domination in fuzzy graph using strong arcs are
discussed by Nagoor Gani and Chandrasekaran [10]. Nagoor Gani and Arif
Rahman [12] discussed about accurate domination and connected accurate
domination in fuzzy graphs. In this paper, accurate split and non-split
dominating sets and its numbers in fuzzy graphs are defined and discussed

with suitable example. Here, G(o, p) is a simple connected undirected fuzzy

graph.

2. Preliminaries

Definition 2.1. A fuzzy subset of a nonempty set V is a function
6 : V > L where L is the interval [0, 1]. A fuzzy relation p on E of a fuzzy
subset of V x V is also a function p: V xV — L. A fuzzy graph G = (o, n)

is a pair of functions, such that p(x, ¥) < o(x) A o(y) for every x, y e V. A
fuzzy graph H = (t, p) is defined on G'(V’, E’) is called a fuzzy subgraph of
G=(o,pn) if t(x)<o(x) for all x € V' and p(x, y) < u(x, y) for every
(x, y) e E".

Definition 2.2. The underlying crisp graph of a fuzzy graph G = (o, p) is
denoted by G" =(c",pn"), where o ={xeV:o(x)>0} and
p= A, y) e VxV:px, y)> 0}

Definition 2.3. The order p and size q of the fuzzy graph G = (o, u) are
defined as p=3) , yo(x) and ¢ =Z(x,y)€Eu(x, y) respectively. If G is a fuzzy

graph on V and S ¢ V, then the fuzzy cardinality of S is defined to be
Y ces0(x) and is denoted by |[S|. If x is a vertex in fuzzy graph G then
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N(x)={yeoc”" :u(x,y) >0} is called neighborhood of «x and
Nlx] = N(x)U {x} is called closed neighborhood of x.

Definition 2.4. The strength of the connectedness between two vertices
x, y in a fuzzy graph G is u*(x, y) = sup {up(x, y): k=1, 2, 3...}, where
ug(x, ¥) = plx, x1) Ap(xg, x9) A oo Ap(xp_1, ¥). An edge (x, y) is said to be a
strong arc or strong edge, if u(x, y) > un”(x, y) and the node v is said to be
strong neighbor of x and vice versa. Ny(x) = {y : (x, y) is a strong edge} is
called strong neighborhood of x and Ng(x)U {x} is called strong closed
neighborhood of x.

Definition 2.5. A vertex x is said to be isolated if u(x, y) = 0 for all

x # 9 %,y e o . Ina fuzzy graph, every edge is a strong edge then the fuzzy

graph is called strong fuzzy graph. A path in which every edge is a strong arc
then the path is called strong path.

Definition 2.6. A fuzzy graph G = (o, u) is said to be a complete fuzzy

graph, if p(x, y) = o(x) A o(y) for all x, y € *. A fuzzy graph G = (o, p) is
said to be a connected fuzzy graph, if there exists a strong path between
every pair of vertices.

Definition 2.7. A fuzzy graph G = (o, n) is said to be a complete
bipartite fuzzy graph, if the vertex set o can be partitioned into two non-
empty sets, o; and oy such that p(vy, vg) = 0, if vy, vy € 6] or vy, vy € Gy

and u(vy, vy) = o(v;) A o(vy) for all v; € o7 and vy € Gj.

Definition 2.8. A path P, in a fuzzy graph is a sequence of distinct
vertices ug, Uy, ..., 4, such that n(y;_1, u;) > 0,1 < i < n. The path is called
acycle ifuy = u,, and n > 3.

Definition 2.9. A fuzzy star graph consists of two vertex set V and U
with  |V|[=1 and 1<|U|<n such that p({, %)>0 and

w(y, uj,1)=0,1<i<n-1.
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Definition 2.10. A subset D of Vis said to be a dominating set of a fuzzy
graph G if for eachy € V — D, there exists x € D such that x and yare
strong neighbors. A dominating set D is called a minimal dominating set if no
proper subset of D is a dominating sets of G. The domination number of a
fuzzy graph G is termed to be the minimum cardinality taken over all
dominating sets of a fuzzy graph G and is denoted by v(G).

Definition 2.11. Let G = (o, n) be a fuzzy graph on G* = (V, E) and D
be a dominating set of V. Then D is said to be an accurate dominating set of a

fuzzy graph G if V — D contains no dominating set of same cardinality | D |.

The accurate domination number of a fuzzy graph G is defined to be the
minimum cardinality taken over all accurate dominating sets of a fuzzy

graph G and is denoted by v, (G).

3. Accurate Split Domination in Fuzzy Graphs

In this section, with appropriate illustration accurate split dominating set
and accurate split domination number of a fuzzy graph are introduced.
Accurate split domination numbers are acquired for few standard fuzzy

graphs.

3.1. Accurate split domination in fuzzy graphs:

Definition 3.1. Let G = (o, u) be a fuzzy graph on G* = (V, E). An
accurate dominating set D — V 1is stated to be an accurate split dominating
set of fuzzy graph G, if (V - D) is disconnected. A minimal accurate split
dominating set is an accurate split dominating set D if there exists no proper
accurate split dominating subset D' < D. The accurate split domination
number of a fuzzy graph G is defined as the minimum cardinality taken over

all accurate split dominating set of fuzzy graph G and it is denoted by
Yfas(G)-
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Example 3.1.

a(0.2) 0.2 b (0.3)
0.1 03 N\ 21
407 0.5 ¢(0.8) e(02)

Figure 3.1.

Consider the fuzzy graph G = (o, n) given in figure 3.1, Strong arcs are
(a, b), (b, ¢), (¢, d), (b, e). Minimal dominating sets of the fuzzy graph G are
{b, d}, {a, c, e}, {a, d,e}, {a, b, d}, {b, ¢c}. Some accurate dominating sets of G
are {a, b, ¢}, {b, ¢, d}, {a, d, e}, {a, d, c, e}, {b, c, e}, {b, d, e}.

Then {b, ¢, d}, {a, b, ¢}, {b, d, e} are accurate split dominating sets of G

and its accurate split domination number is y,s(G) = 1.1.
Since, |{b, ¢, d}| = 0.3+ 0.6 + 0.7 = 1.6.
|{a, b, c}| = 0.2+0.3+0.6 =1.1
| b, d, e}| = 0.3+0.7+0.2 = 1.2.

3.2. Bounds on accurate split domination number for some
standard fuzzy graphs:

In this section, the accurate split domination number for complete, cycle

and star fuzzy graphs are obtained.
Theorem 3.1. For any complete fuzzy graph K., where |o|=p and
|o" |=n,00<09<..<0,, forn>3
p-o, Iifp-oc,#*c0C
K= [Pmom oozl
Vfas( c) p-0,4, ifD-G, =0,

Proof. Let o7, 09, ..., 5, be the membership value of each vertex and
61 £069 £...£0,. In a complete fuzzy graph, every singleton set is a
dominating set D;. Let us choose the vertex with minimum cardinality in D;

but the induced graph (V — D;) may or may not have a dominating set with
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cardinality | D; | but (V - D;) is connected. Similarly any two-element
subset Dy is also dominating set but (V — Dy) is connected. Proceeding like
this until the accurate dominating set D,,,1 <m <n got sit (V - D,,) is
disconnected. The only possible D,_; =V —{v;} is an accurate split

dominating set such that o(v;) = 5,, and (V - D,,_;) is disconnected.
Case () If | V - {v;} | = p — 0, # o, then, v 4 (Ks) = p — oy,
Case (i) If | V — {v;} | = p — 6, = 0, then, v ((K;) = p—6,_1.
Theorem 3.2. For any cycle fuzzy graph Cg, where |o|=p and

|c*|=n forn23,yfas(CG)S[§—‘+2.

Proof. Let {v;, vy, v3, ..., v,} be a vertices in a cycle fuzzy graph
Cs,|c|=pand|c" |=n.

Case (i) If n = 3m, m =1, 2, 3.... Then one of the split dominating set is
D = {vy, vy, U7, ..., U,_o} but (V - D) may or may not have a dominating
set with cardinality | D| and (V — D) is disconnected. Then add any two
vertices from {vy, vs, U5, ..., U,} to the split dominating set D, accurate split

dominating set is obtained (say D). Therefore

| D1 | = v7us(Co) < £ +2. @)

Case (ii) If n =3m+1, m =1, 2, 3, .... Then one of the split dominating
set D is {vy, vy, v7, ..., v} but (V — D) may or may not have a dominating
set with cardinality | D| and (V — D) is disconnected. Then add any two
vertices from {vg, vs, Us, ..., U,} to the split dominating set, accurate split

dominating set is obtained (say D;). Therefore

D1 1= 17a0(Co) = | B 2. (i)
Case (ii) If n=3m+2, m=1,2,3,.... Then one of the split
dominating set D is {vy, vy, v7, ..., U,_1} but (V — D) may or may not have a
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dominating set with cardinality | D| and (V - D) is disconnected. Then, add
any two vertices from {vg, vs, s, ..., v,} to the split dominating set,

accurate split dominating set is obtained (say D). Therefore
Dy | = 7/as(Co) < | 5] +2 (i)
| 1 | Yfas\Lo) = 3 + 2. m

From (i), (i) and (iii) we obtain, v 4s(Cy) < [gw +2.

Theorem 3.3. For any star fuzzy graph Sy, where |o|=p and

|c"|=n,n>3,

o(w), if o(u) # p - o(u)
Vfas(Ss) = {G(u) + ver‘l}irgu} o(v), if o(w)=p-o(u)

Proof. Let u be the centre of the star fuzzy graph. Then D = {u} is the
one of the minimal split dominating set but (V — ) may or may not have a

dominating set with cardinality | D | and (V — D) is disconnected.

Case (i) If (V —u) does not have any dominating set with cardinality

| D|ie., o(u) # p — o(u), then o(u) is the accurate split domination number.

Case (ii) If (V - u) have any dominating set with cardinality | D | i.e.,
o(u) = p — o(u), then o(u) is not the accurate split domination number. So,

add a single vertex whose membership value is minimum among the vertices

V —{u} to D, accurate split dominating set is obtained. Therefore,

Vfas (Sp) = o(w) + B o(u).

4. Accurate Non-split Domination in Fuzzy Graphs

In this section, with appropriate illustration accurate non-split
dominating set along with accurate non-split domination numbers of a fuzzy
graph are introduced. Accurate non-split domination numbers are acquired

for few standard fuzzy graphs.

Advances and Applications in Mathematical Sciences, Volume 20, Issue 5, March 2021



846 A. MOHAMED ISMAYIL and H. SABITHA BEGUM
4.1. Accurate non-split domination in fuzzy graphs:

Definition 4.1. Let G = (o, p) be a fuzzy graph on G* = (V, E). An

accurate dominating set D — V is stated to be an accurate non-split

dominating set of a fuzzy graph if (V — D) is connected. A minimal accurate

non split dominating set is an accurate non split dominating set D if there
exists no proper accurate non split dominating subset D’ < D. The accurate
split domination number of a fuzzy graph G is defined as the minimum
cardinality taken over all accurate split dominating set of fuzzy graph G and

it is denoted by v f,5(G).
Example 4.1. Consider the fuzzy graph G = (o, p) is given in figure 3.1.

Accurate non-split dominating sets of G are {b, ¢, e}, {a, ¢, d, e}, {a, d, e}

and its accurate non-split domination number is v fg,5(G) = 1.1.
Since, | {b, ¢, e}| = 0.3+ 0.6 +0.2 = 1.1
[{a, ¢, d, e}| =02+0.6+0.7+0.2=17
[{a, d, e}| =0.2+0.7+0.2 =1.1.

4.2. Bounds on accurate non-split domination number for some

standard fuzzy graphs.
Theorem 4.1. For any complete fuzzy graph K, where |o|=p and

| " | =n, for n >3
Yfans(Kc) < [gJ +1

Proof. Let {v;, vy, v3, ..., U,} be a vertices in a complete fuzzy graph.

Every singleton set in a complete fuzzy graph is a dominating set D but the

induced graph (V —D) may or may not have a dominating set with

cardinality | D | and (V — D) is connected. Adding vertices to the dominating

set until it should have the most L%J + 1 vertices as well as the induced fuzzy
subgraph (V — D) is connected. As a result y,s(Ks) < L%J +1.
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Note 4.1. Equality holds if | 6™ | is odd and o(y;) = 1, Vy; € 6°.

Theorem 4.2. For any cycle fuzzy graph Cg, where |o|=p and

| " | =n, for n =5,
Vfans(Cs) < D —% where t = max {o(y;) + o(u;,1), 0 < i < n}.
ueoc
Proof. Let o(y;) =0;,0<i<n and o(yg) = o(u,) = c,. Let D be an
accurate non-split dominating set of a cycle fuzzy graph Cg; and let ¢ be the

maximum membership value of two consecutive vertices. All two consecutive

verticesu; and u;,;are strong neighbors to each other. Then by deleting two
vertices from {u;, ug, ..., u,} (.e., D =V —{u;, u;,;}), the accurate non-split

dominating set D of a cycle fuzzy graph C; may or may not be obtained.

Case (i) If y/4ns(Cs) = p—t # t then, the accurate non-split domination

number of a fuzzy graph Cg is ¥4,s(Cs) = p — ¢.
Case (ii) If y/4,5(Cs) = p —t =t then, the accurate non-split domination

number of a fuzzy graph C; is yﬁms(Cc) <p- % .

From case (i) and case (ii), v/4ns(Cs) < 0 — L

Theorem 4.3. For any path fuzzy graph Py, |c|=p and |c* | =n for

n > 5, o1 and o, areend vertices,
Yfans(Ps) < —% where t = max {o(u;)+oluj 1 1 <i<n-1}.

Proof. Let o(y;)=o0;,1<i<n. Let D be an accurate non-split
dominating set of a path fuzzy graph P;and let ¢ be the maximum

membership value of two consecutive vertices except initial and terminal

vertices. Then D must have exactly n —2 vertices, i.e., D =V — {u;, u;,1},
where u; and u;,; are intermediate vertices in a fuzzy graph P,;. Then,
accurate non-split dominating set D of a path fuzzy graph P, may or may not

be obtained.
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Case (i) If vf,5(P;) = p—t # t then, the accurate non-split domination

number of a fuzzy graph Py is y/4ns(Ps) = p — t.
Case (ii) If vf,5(P;) = p—t = ¢ then, the accurate non-split domination

number of a fuzzy graph Py is y/4ns(Ps) < p -

DO =~

From case (i) and case (i), ¥ /gns(P5) < P — %

Theorem 4.4. For any star fuzzy graph Sg,|c|=p and

|c" |=n,n>3,
p —o(uw), if p—o(u) = o(u)
Y fans(Ss) = p- n‘}ng }G(U), if p-o(u)=ou)

Proof. Let u be the centre of a star fuzzy graph. Then D =V —u is the

one of the minimal non-split dominating set but {u} may or may not be a

dominating set with cardinality | D | and (V — D) is a trivial graph.

Case (i) If {u} is not a dominating set with cardinality | D |, then D is an
accurate non-split dominating set of star fuzzy graph. This implies that
Yfans(Se) < p = o(w).

Case (ii) If {u} is a dominating set with cardinality |D|[, then
p —o(u) = o(u). Now, adding u to D and deleting any one end vertex v
having maximum membership value, then D; = V - {v} is an accurate non-

split dominating set of star fuzzy graph. This implies that
S;) = p- max o(v).
Yfans( 0) b veVoiul ( )

From cases (1) and (i1),

p—o(u), if p—o(u)=o(u)
Yfans(Ss) = p— vél‘l/{;_l?u} o(), if p—o(u)=o(u)
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5. Relation between Accurate Domination and Accurate Split
(non-split) Domination Numbers

"Theorem 5.1. For all fuzzy graph G(o, n), () v/ (G) < v/s(G) ()
Yfa(G) < Yfans(G)'

Proof. (1) All accurate split dominating set of fuzzy graph G is an

accurate dominating set of G. Subsequently, we have
Y fa (G) < Y fas (G)

(1) All accurate non-split dominating set of fuzzy graph G is an accurate

dominating set of G. Subsequently, we have
Vfa(G) < ¥ fans(G)

Theorem 5.2. For all fuzzy graph G(o, n), v/4(G) < min (y/4(G),
Y fans(G)):

Proof. By Theorem 5.1(i), v/ (G) < v4s(G) and by Theorem 5.1(ii),
Ya(G) < ¥ ans(G)

Hence, 1(G) < min (745 (G). 7ane )

Theorem 5.3. For all fuzzy graph G(o, n), () v4(G) < v/s(G) (D)

Y fns (G) < Y fans (G).

Proof. (1) All accurate split dominating set of fuzzy graph G is a split
dominating set of G. Subsequently, we have y.(G) < v/4(G).

(i1) All accurate non-split dominating set of fuzzy graph G is non-split

dominating set of G. Subsequently, we have
Vs (G) < ¥ fans(G)-
Theorem 5.4. For all fuzzy graph G(o, p), v4(G) < min (y74(G),
Y fans (G))-

The proof is similar to Theorem 5.2.
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Theorem 5.5. For any star fuzzy graph Ss, n > 3, y(45(Ss) < o(u) +1,

where u is central vertex of Sg.

Proof. Let u be the central vertex of S;. Then the union of central vertex

of any one of the vertex of the remaining vertices is an accurate split

dominating set. Therefore, y/,5(Ss) < o(u) + 1.

Theorem 5.6. Let D be an accurate non-split dominating set of a
connected fuzzy graph G(o, p), if no two vertices inV — D are strong neighbors

of a common vertex in D, then Yfns(G)+e(T)<n where &T) is the
maximum number of end vertices in any fuzzy spanning tree T of G.

Proof. Let D be an accurate non-split dominating set of a connected fuzzy
graph G(o, p).

Since for any two vertices u,v eV — D, there exist two vertices
x, y € D such that x is strong neighbor of u but not to v and y is neighbor of

v, but not to u.

This implies that there exists a fuzzy spanning tree 77 in (V - D) in

which each vertex of V — D is neighbor of a vertex of D. Therefore
e(T)<|V-D].

Hence &(T) < 1 — ¥ 44,5 (G).

6. Conclusion

In this paper, the notions of accurate split and non-split domination in
fuzzy graphs are discussed. Several limits on accurate split and non-split
domination numbers are obtained. The applications and the connection
between accurate split (non-split) domination numbers with different well

known domination parameters can be created in future.
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