
 

Advances and Applications in Mathematical Sciences 
Volume 18, Issue 8, June 2019, Pages 715-729 
© 2019 Mili Publications 
 

2010 Mathematics Subject Classification: 40A35, 46E99. 

Keywords: Statistical convergence, random n-normed space. 

Received February 18, 2019; Accepted March 12, 2019 

GENERALIZED STATISTICAL CONVERGENCE OF 

ORDER  IN RANDOM n-NORMED SPACE 

REENA1, MEENAKSHI1 and VIJAY KUMAR2 

1Mathematics Department 

Chandigarh University 

Mohali, India 

E-mail: reena.antal@gmail.com 

      chawlameenakshi7@gmail.in 

2Mathematics Department 

Panipat Institute of Engineering and Technology 

Panipat, India 

E-mail: vjy_kaushik@yahoo.com 

Abstract 

The concept of generalized statistical convergence was presented by Mursaleen [17]. In 

present paper we describe the idea of generalized statistical convergence of order alpha in 

random n-normed space and prove some inclusion theorems. 

I. Introduction 

The statistical convergence is an attractive theory not in the field of pure 

Mathematics but also in the area of science and technology. The term 

statistical convergence was presented by Fast [6] and Steinhauss [26] 

autonomously. It helps to understand the behaviour of sequence beyond the 

usual convergence. Schoenberg [22] related this with summability. Fridy [7] 

has defined the image of statistically convergent sequences and Connor [4] 

worked on statistical p-Cesàro convergence of sequences. Then later on 

generalization was given by many researchers in different forms of sequences 

and spaces. The term -statistical convergence was given by Mursaleen [17] 

using a non-decreasing sequence  n  of positive real numbers tending to 
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 with .1,1 11   nn  Further Çolak [2, 3] extended the work on - 

statistical convergence for order  for single as well as for double sequences 

given by Mursaleen [17, 18, 20]. An important concept which is the 

generalization of metric space was presented by Menger [16] (named 

statistical metric space). This type of metric is important to use in the spaces 

where the exact distance between two points is not possible to find. Schweizer 

[23] also worked on Statistical Metric spaces. The impression of 2-normed 

space and n-normed space was presented by Gähler [8]. Diminie and White 

[5] has studied the linear 2-normed space with non-expansive mappings. 

Serstnev [24, 25] has introduced the concept of randomness and defined 

random normed spaces. Alsina et al. [1] has studied the probabilistic norm’s 

continuity properties and Karakus [13] defined the statistical convergence on 

probabilistic normed spaces. Savaş [14] has given -statistical convergence in 

random 2-normed space. Later, Meenakshi et al. [15] extended the idea of - 

statistical convergence for order  on random 2-normed space and studied 

some properties. In this paper our objective is to specify the generalized 

statistical convergence of order  on random n-normed space. Here we are 

using only real sequences. First we take some basic definitions for our study 

as follows: 

Definition 1.1 [6]. A sequence  kxx   is called statistically convergent 

to a number l if for every ,0  

  ,0:
1

lim 


lxnk
n k

n
 

where vertical bars represents the order of the involved set. Here, we denote 

it as .lim lxS kk    

Definition 1.2 [17]. A sequence  kxx   is called -statistically 

convergent to a number l if for every ,0  

  ,0:
1

lim 


lxIk kn
nn

 

where  nnI nn ,1   with ,2,1n  

Definition 1.3 [19]. Let  n  be a sequence of real numbers tending 

to  such that 2100   and k  as .k  Then a 
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sequence  kxx   of real numbers is called -convergent to a number l if 

lxk   as ,k  where    



k

j jjj
k

k xx
0 1 .

1
 

Next definitions describe random n-normed space. 

Definition 1.4 [9]. Let X be a real linear space of dimension d such that 

.,  nnd  A function  nX:,,,   is called a random n-norm 

on X, if 

(i) 0,,, 21 nxxx   iff all niXxi ,2,1,   are linearly 

dependent, 

(ii) nxxx ,,, 21   is invariant under the permutation for all 

,,2,1, niXxi   

(iii) ,,,,,,, 2121 nn xxxxxx    for any ,  all 

,,,2,1, niXxi   

(iv) nnn xxyxxxxxyx ,,,,,,,,, 2121211    

for all Xxxyx n ,,,, 211   

Also   ,,,,, X  is called a n-normed space. 

Example [10]. Consider n-normed space nX   with Euclidean n-norm 

 nn XXXXXX ,,,det,,, 2121    where 

  .,,2,1,,,, 21 nixxxX n
iniii     

The following definition of probabilistic n-normed space is obtained from 

Definition 1.4. 

Definition 1.5.  Consider X be a real linear space with dimension 

 ,, nnd  be a triangular norm and   be a  map on Cartesian product 

of X by itself n times into D  which is the set of all distribution functions. 

Then  and  ,,X  is said to be probabilistic norm and probabilistic n-

normed space respectively, if 

(i)    tHtwww n 021 ;,,,   {where   00 tH  if 0t  and   10 tH  

if 0t  if Xwww n ,,, 21   are linearly dependent, 
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(ii)  twww n;,,, 21   is invariant under any permutation of 

,,,, 21 Xwww n   

(iii)     twwwtwww nn ;,,,;,,, 2121    for every ,0t   

nonzero    and ,,,, 21 Xwww n    

(iv)      twwwwtwwwtwwww nnn ;,,,,;,,,;,,, 21121211     

for every 0t  and .,,,, 211 Xwwww n    

The condition (iv) can be formulated using t-norm as follows 

(v)      twwwwswwwtswwww nnn ;,,,,;,,,;,,, 21121211      

for Xwwww n  ,,,, 211   and  .,0, ts  

If (i), (ii), (iii) and (v) are satisfied then  ,,X  is called generalized 

probabilistic n-normed space of Menger type or random n-normed space 

 -RnN space). 

The following definitions associate the convergence of sequences for usual 

as well as statistical. 

Definition 1.6 [11]. A sequence  kxx   in a -RnN space  ,,X  is 

called convergent to Xl   with respect to norm  if for every 

 1,0,0  t  and nonzero elements ,,,, 121 Xwww n   there exists 

 0K  such that   tlxwww kn  1;,,,, 121   whenever .0Kk   

It is denoted by .lim lxk   

Definition 1.7 [11]. A sequence  kxx   in a -RnN space  ,,X  is 

called Cauchy with respect to norm  if for every  1,0,0  t  and 

nonzero elements ,,,, 121 Xwww n   there exists 0K  such that 

  txxwww mkn  1;,,,, 121   whenever ., 0Kmk   

Definition 1.8 [11]. A sequence  kxx   in a -RnN space  ,,X  is 

called statistically convergent or -RnNS convergent to Xl   with respect to 

norm  if for every  1,0,0  t  and non-zero elements ,,,, 121 Xwww n   

we have     .01;,,,,:
1

lim 121   tlxwwwnk
n knn   
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Here, we write lxS k
RnN  lim  and l is termed as statistical limit. 

II. Main Results 

In the present part, we describe the term -statistically convergence for 

the sequences in -RnN space  .,, X  Also, we outlined some basic results 

of this convergence in -RnN space.  

Definition 2.1.  A sequence  kxx   in a random n-normed space 

 ,,X  is called -statistically convergent or -RnNS convergent to some 

Xl   with respect to norm  if for every  1,0,0  t  and nonzero 

elements ,,,, 121 Xwww n   

    01;,,,,:
1

lim 121 
 


tlxwwwIk knn

nn
  

or 

    .11;,,,,:
1

lim 121 
 


tlxwwwIk knn

nn
  

Here, we write lxS k
RnN  lim  and l is termed as -statistical limit. 

Definition 2.2. A sequence  kxx   in a -RnN space  ,,X  is called 

-statistically Cauchy with respect to norm  if for every  1,0,0  t  

and nonzero elements ,,,, 121 Xwww n   there exists ,0
K  we have 

    ,01;,,,,:
1

lim 121 
  txxwwwIk mknn

n
n   for all 

., 0Kmk   

Definition 2.3. Let sequence  n  be non decreasing positive real 

numbers tending to  with .1,1 11   nn  A sequence  kxx   in a 

-RnN space  ,,X  with respect to norm  is called -statistically 

convergent of order  10   to Xl   if for every  1,0,0  t  and 

nonzero elements ,,,, 121 Xwww n   
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    01;,,,,:
1

lim 121 


 tlxwwwIk knn

n

n   

or 

    11;,,,,:
1

lim 121 


 tlxwwwIk knn

n

n   

i.e. we write .lim lxS k
k

RnN 






 



RnNS  represents the class of all -

statistical convergent sequence of order  in a -RnN space  .,, X  

Definition 2.4. Let sequence  n  be non-decreasing positive real 

numbers tending to  with .1,1 11   nn    A sequence  nxx   in a 

-RnN space  ,,X  is called -statistically Cauchy of order  ,10   if 

for every  1,0,0  t  and for nonzero elements ,,,, 121 Xwww n   

    01;,,,,:
1

lim 121 


 txxwwwIk mknn

n

n   

or 

    .11;,,,,:
1

lim 121 


 txxwwwIk mknn

n

n   

On the basis of above definitions we give the next Lemma 2.5. 

Lemma 2.5. Let  ,,X  be a -RnN space and sequence  n  of 

non-decreasing positive real number tending to  with .1,1 11   nn  

Then for every    10,1,0,0  t  and nonzero elements 

,,,, 121 Xwww n   the following statements are equivalent for the 

sequence  kxx   in X: 

(i) .lim lxS k
k

RnN 






 

(ii)     01;,,,,:
1

lim 121 


 tlxwwwIk knn

n

n   



GENERALIZED STATISTICAL CONVERGENCE OF ORDER … 

Advances and Applications in Mathematical Sciences, Volume 18, Issue 8, June 2019 

721 

(iii)     11;,,,,:
1

lim 121 


 tlxwwwIk knn

n

n   

(iv)   .1;,,,,lim 121  






lxwwwS kn
k

RnN   

Now we come to the following results using above definitions and lemma. 

Theorem 2.6. Let  kxx   be a sequence in -RnN space  ,,X  and 

.10   If ,lim lxS k
k

RnN 






 then l must be unique. 

Proof. Suppose ,lim mxS k
k

RnN 






 where .ml   For 0,0  t   

and nonzero elements ,,,, 121 Xwww n   choose 0  such that 

    .111   Define 

       12;,,,,:, 1211 tlxwwwIktK knn   

     .12;,,,,:, 1212   tmxwwwIktK knn   

Since lxS k
k

RnN 






lim  and .lim mxS k
k

RnN 






 Hence, for every 

0t  

  0,
1

lim 1 


 tK

n

n  and   .0,
1

lim 2 


 tK

n

n  

Let      tKtKtK ,,, 21    then   ,0,
1

lim 


 tK

n

n  which 

implies that   .1,
1

lim 


 tK c

n

n  

Let      .,,, 21 tKtKtKk ccc    We write, 

  






   2
;,,,,;,,,, 121121

t
lxwwwtmlwww knn    

    .111
2

;,,,, 121 






  
t

mxwww kn  
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Here 0  is arbitrary small positive number which implies that 

  ,1;,,,, 121  tmlwww n  for all 0t  and non-zero elements 

.,,, 121 Xwww n   

Hence, .ml   

Next result gives us the elementary properties of -statistical 

convergence on -RnN spaces. 

Theorem 2.7. Let  ,,X  be a -RnN space and .10   Let 

 kxx   and  kyy   be two sequences in X. Then  

(i) If lxS k
k

RnN 






lim  and ,c  then .lim clxcS k
k

RnN 






 

(ii) If lxS k
k

RnN 






lim  and myS k
k

RnN 






lim  then 

  .lim mlyxS kk
k

RnN 






 

Proof  (i). Let lxS k
k

RnN 






lim  and .c  Then for  1,0,0  t  

and nonzero elements ,,,, 121 Xwww n   define     ,,,:, 21 wwIktK n   

 ,1;,1  tlxw kn  then   .0,
1

lim 


 tK

n

n   

Take  ,, tKk c   then we have 

     tlxcwwwtclcxwww knkn ;,,,,;,,,, 121121      

 tlxwww
c

t
lxwww knkn ;,,,,;,,,, 121121 








     

1
2

;,,,,;0,,,, 121121 






 







 

t
lxwwwt

c

t
www knn    

.1   

Therefore,   1,
1

lim 


 tK c

n

n  i.e. .lim clxcS k
k

RnN 





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(ii) Let lxS k
k

RnN 






lim  and .lim myS k
k

RnN 






 Then for 

0,0  t  and nonzero elements ,,,, 121 Xwww n   choose 0    

such that     .111   Define 

       12;,,,:, 121 tlxwwwIktK knnx   

     .12;,,,:, 121   tmxwwwIktK knny   

Hence, for every 0t  

  0,
1

lim 


 tKx

n

n  and   .0,
1

lim 


 tK y

n

n  

Let      tKtKtK ,,, 21    then   .0,
1

lim 


 tK

n

n  

For  tKk c ,  

     tmlyxwww kkn ;,,,, 121   








 






   2
;,,,,

2
;,,,, 121121

t
mywww

t
lxwww knkn    

    .111   

Therefore,   .lim mlyxS kk
k

RnN 






 

Theorem 2.8. Let  kxx   be a sequence in a -RnN space  ,,X  and 

.10   If lxS k
k

RnN 


 lim  then .lim lxS k
k

RnN 






 

Proof. Since lxS k
k

RnN 


 lim  then for  1,0,0  t   and nonzero 

elements ,,,, 121 Xwww n   there exists  0k  shut that 

    1;,,,, 121 tlxwww kn  for all .0kk   

Hence the set        1;,,,,:, 121 tlxwwwIntK knn   
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 ,1,,3,2,1 0  k  for which   .0,
1

lim 


 tK

n

n  This shows that 

.lim lxS k
k

RnN 


  

Theorem 2.9. Let  ,,X  be a -RnN space and .10   Then 

   XSXS RnNRnN 

   and this inclusion is strict for some  and  such 

that .  

Proof. If 10   and    .XSXS RnNRnN 

   Then for every 

0,0  t  and nonzero elements ,,,, 121 Xwww n   we have 

   



1;,,,,:

1
121 tlxwwwIn knn

n

  

   


 
1;,,,,:

1
121 tlxwwwIn knn

n

  

which immediately implies that    .XSXS RnNRnN 

   

Theorem 2.10. Let  kxx   be a sequence in -RnN space  ,,X  and 

.10   Then lxS k
k

RnN 






lim  if and only if there exists a set 

   21: kkkK m  with 1
1

lim 


 K

n

n  such that 

.lim lxS
nk

n

RnN 






 

Proof. First suppose that lxS k
k

RnN 






lim  then for any 0t  and 

nonzero elements NXwww n  ,,,, 121   if we define 

   









 

1
1;,,,,:, 121 tlxwwwIktA knn   

    .
1

1;,,,,:, 121









  tlxwwwIktB knn   
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Then   .0,
1

lim 


 tA

n

n  For ,3,2,1  

          tjBtjBtBtB ,1,,2,1  (2.1) 

and 

  .1,
1

lim 


 tB

n

n  (2.2) 

Now, it sufficient to prove that lxS
nk

n

RnN 






lim  over  tB ,  for getting 

the result. Assume for  tAk ,  sequence  kxx   is not convergent to l   

with respect to  norm .  Then, for 0  we have 

     1;,,,,: 121 tlxwwwIk knn   has infinitely many 

terms .kx  

 Let        1;,,,,:, 121 tlxwwwIktB knn   and 

,
1


  for .,3,2,1   This implies that   .0,

1
lim 


 tB

n

n  

Also from (2.1) we have    ,,, tBtB   that gives 

  0,
1

lim 


 tB

n

n  which is contradiction to (2.2). 

Hence .lim lxS
nk

n

RnN 






 

Conversely, Suppose   21: kkkK m  is a subset of   with 

1
1

lim 


 k

n

n  and .lim lxS
nk

n

RnN 






 Then for every 0,0  t  

and nonzero elements ,,,, 121 Xwww n   there exists  0k  such that  

     1;,,,,: 121 tlxwwwIk knn   

for all .0kk   Since the set      1;,,,,: 121 tlxwwwIk knn   

is contained in  .,3,2,1 000  kkk  
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Therefore,     01;,,,,:
1

lim 121 


 tlxwwwIk knn

n

n   

Hence, .lim lxS k
k

RnN 






 

Theorem 2.11. A sequence  kxx   in a -RnN space  ,,X  is 

statistically convergent of order  iff it is statistically Cauchy of order  where 

.10   

Proof. Let  kxx   be statistically convergent sequence of order . i.e. 

.lim lxS k
k

RnN 






 Then for every 0,0  t  and nonzero elements 

,,,, 121 Xwww n   choose 0  such that     .111    

Define      .12;,,,,:, 121   tlxwwwIktK knn   

Then        12;,,,,:, 121 tlxwwwIktK knn
c   which gives 

by virtue of  .lim lxS n
k

RnN 


  Thus 

  0,
1

lim 


 tK

n

n  and   .1,
1

lim 


 tK c

n

n  

Let  tKm c ,  then   .12;,,,, 121  tlxwww mn   

If we take      .1;,,,,:, 121   mknn xxwwwIktB   

For result, it is enough to prove that    .,, tKtB    

Let  tBk ,  which gives   .1;,,,, 121  txxwww mkn  

Suppose  tKk ,  then   .12;,,,, 121  tlxwww kn  Now we 

have 

  






   2
;,,,,;,,,,1 121121

t
lxwwwtxxwww knmkn    








   2
;,,,, 121

t
lxwww mn  

    .111   
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This contradiction shows that    .,, tKtB   

Conversely, We prove this by contradiction. Let sequence  kxx   be 

statistically Cauchy of order  but not statistically convergent of order  with 

respect to norm. Then, for every 0,0 t  and nonzero elements 

,,,, 121 Xwww n   there exists  m  such that 

  ,0,
1

lim 


 tK

n

n  

where      .1;,,,,:, 121   txxwwwIktK mknn   This 

implies that   .1,
1

lim 


 tK c

n

n  

Choose 0  such that     .111    

Let        12;,,,,:, 121 tlxwwwIktrB knn   

Let  ,, trBm   then   .12;,,,, 121  tlxwww mn  

Since, 

  






   2
;,,,,;,,,, 121121

t
lxwwwtxxwww knmkn    








   2
;,,,, 121

t
lxwww mn  

    .111   

Therefore,     01;,,,,:
1

lim 121 


 txxwwwIk mknn

n

n   

i.e.   0,
1

lim 


 tK c

n

n  which leads to contradiction. Hence  kxx   

is statistically convergent of order . 
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