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Abstract

The Dual of Generalized Almost Distributive Fuzzy Lattices (Dual-GADFL’s) as a
generalization of Generalized Almost Distributive Fuzzy Lattices (GADFL’s) is investigated in
this article. An appropriate and essential condition for a Dual-GADFL'’s is transformed into dual
distributive fuzzy lattices. In this fuzzy lattice analogue of the result of classical dual-GADFL’s
are established.

1. Introduction

Rao, Ravi Kumar and Rafi [1] developed the concept of a Generalized
Almost Distributive Lattice (GADL) as a generalisation of an Almost
Distributive Lattice (ADL) [2], which was a common abstraction of almost all
existing ring theoretic generalisations of a Boolean algebra on the one hand
and distributive lattice on the other. The class of GADLs inherits almost all
the properties of distributive lattice except possibly the commutativity of, the
right distributivity of either of the operations over the other. GADLs properly
contain the class of ADLs and retain many of the fundamental aspects of
ADLs. On the other hand, L. A. Zadeh [3] introduced the concept of fuzzy set
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in 1965 to mathematically describe vagueness in its most abstract form and
to solve such problems by assigning a value to each possible individual in the
universe of discourse that represents their grade of membership in the fuzzy
set. Zadeh [4] defined fuzzy ordering as a generalisation of the concept of or
dering, Ajmal and Thomas [5] described fuzzy sublattices and defined a fuzzy
lattice as a fuzzy algebra in 1994. Chon [6] established a new notion of fuzzy
lattice and researched the level sets of fuzzy lattices in 2009, based on
Zadeh’s fuzzy order concept.

In this paper, the Dual of Generalized Almost Distributive Fuzzy Lattices
(Dual-GADFL’s) as a generalization of Generalized Almost Distributive Fuzzy
Lattices (GADFL’s) is investigated in this article. An appropriate and
essential condition for a Dual-GADFL’s is transformed into dual distributive

fuzzy lattices. In this fuzzy lattice analogue of the result of classical dual-
GADFL’s are established.

2. Preliminaries

First, we recall certain definitions of Generalized Almost Distributive

Fuzzy Lattices that are required in this paper.

Definition 2.1. Let (R,V,A) be an algebra type (2,2) and (R, A) be a
fuzzy poset. Then we call (R, A) is a Generalized Almost Distributive Fuzzy

Lattice if it satisfies the following axioms.
1. A((anb)ac,an(brc))=Alanbac)(anb)ac)=1
2. Alan(bve), (@nb)vianc)) = A(arb)vianc)anbve)=1
3. Alav(bac)(@vb)a(ave))=A(avb)alave)av(bac)=1
4. Alan(avb),a)=Ala anr(avb))=1
5. A((avb)ra,a)=Aa, (avb)ra)=1
6. A((anb)vb,b)= A, (arb)ab)=1 forall a,b,ceR.

Next, the dual fuzzy partial order relation, dual fuzzy lattice, and dual
distributive fuzzy lattice are all defined.
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Definition 2.2. Let R be a set. A function A: R*R—[0,1] is called a

dual fuzzy relation in R. The dual fuzzy relation A in R is reflexive if and only
if A(a,a)=1 for all a € R, A is transitive if and only if A is transitive if and

only if A(a, ¢)<inf,_r max(A(a,b), A(b,c)), and A is symmetric if and only if
A(a,b)>0 implies A(b,a)> 0.
Definition 2.3. A dual fuzzy relation is called a dual fuzzy partial order

relation if is reflexive, symmetric and transitive. A dual fuzzy partial order
relation is a dual fuzzy total order relation if and only if A(b,a)>0 or

A(a, b)>0.

Definition 2.4. Let (R, A) be a dual fuzzy poset and let Bc R. An
element is said to be an upper bound for a subset B iff A(x,b)>0 for all
be B. An upper bound xq for B is the least upper bound of B if and only if
A(x,xp)>0 for every upper bound x for B. An element y e R is said to be a
lower bound for a subset B if and only if A(b,y)>0 for all be B. A lower
bound y, for B is the greatest lower bound of B if and only if A(y, y)>0 for
every lower bound y for B. We denote the least upper bound of the set {a, b}
by a Ab and denote the greatest lower bound of the set {a,b} by a v b.

Definition 2.5. Let (R, A) be a dual fuzzy poset. (R, A) is a dual fuzzy

lattice if a Ab and a A b only if and exist for all a,b e R.

Definition 2.6. Let (R, A) be a dual fuzzy lattice. (R, A) is a dual

distributive if and only if av (bac)=(avd)v(anrc)=an(bvec).
3. Dual of Generalized Almost Distributive Fuzzy Lattices

The definitions of Dual Generalized Almost Distributive Fuzzy Lattices
are given in this section. First let us give the definition of a Dual Almost
Distributive Fuzzy Lattices

Definition 3.1. Let (R,A,v,0) be an algebra of type (2,2,0) and
L;(R, A) be a dual fuzzy poset. Then we call L;(R, A) is a Dual Almost
Distributive Fuzzy Lattice (Dual-ADFL) if the following axioms are satisfied.
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1. A(an0,a)=Ala,an0)=1
2. A(Ora,0)=A(0,0ra)=1
3. A((ave)abve)(@ab)ve)=A(anb)ve (@ve)albve))=1
4. A(avb)a(ave)avbac)=Alavbac) @vb)alave))=1
5. A(anb)v(anc)anbve)=Aanbve) (anb)v(anc)=1
6. A, (anb)vb)=A((arb)vb,b)=1 forall a,b,c<R.

Definition 3.2. The dual fuzzy poset L;(R, A) is directed above if and
only if the dual poset (R,>) is directed above. Now we give the definition of a

Dual Generalized Almost Distributive Fuzzy lattices as follows.

Definition 3.3. Let (R, A,v ) be an algebra of type (2,2) and L;(R, A)
be a dual fuzzy poset. Then we call L;(R, A) is a Dual Generalized Almost

Distributive Fuzzy Lattice if it satisfies the following axioms.
1. Alav (bve) (avb)ve)=A((avb)ve av(bve)) =1
2. A((avb)n(ave)avbac)=Alav(bac)(avb)alave)=1
3. A((anb)vi(anc)an(bve))=Alanbve)(anb)vianc)=1
4. Ala,av(anb))=Alav(anb)a)=1
5. Aa, (anb)va)=A(anb)va,a)=1
6. A(b,(avb)vb)=A((avb)ab,b)=1

Definition 3.4. Let L;(R,A) be a Dual-GADFL. Then for any
a,be R,a>b if and only if A(b,a)> 0.

Theorem 3.1. Let L;(R, A) be a Dual-GADFL. Then for any a,be R, the

following are equivalent.

1. A(a,av(bra))>0 and Alav(bra),a)>0

2. A(a,(avb)ra)>0 and A((avb)ra,a)>0
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3. A(b,bv(and))>0 and A(bv(anb),b)>0
4. A(b,(bva)ab)>0 and A((bva)ab,b)>0
5. Abva,avd)>0 and Alavb,bva)>0
6. Abra,anb)>0 and A(lanb,bra)>0

Proof of the theorem 3.1.

Let L;(R, A) be a Dual-GADFL and a,be R

1)< 2)A(a,av(bra))>0

< A((a, (avb)a(ava))>0< Aa, (avb)ra)>0

And A(av(bra)a)>0< A(lavb)a(ava),a)>0

< A(lavbd)ra,a)>0.

Hence (1) and (2) are equivalent.

By interchanging the rules of a and b we get the equivalence of (3) and (4)
(2)=(5)

Suppose (2), A(bva,avb)=Abvi{avb)ra,avd)
=A({bv(avb)iar(bva),avbd))=A((avb)r(bva),avb)
=A((avdb)a{av(bva),avb)=Alav(bar(bva))avd)
=A(avb,avd)=1

HA(bva,avb)>0

Similarly, A(avb,bva)>0

Suppose (5), A(a, (avb)ra)=A(a,(bva)ra)=1

Hence A(a,(avbd)ra)>0

Similarly, A((avbd)ra,a)>0

Therefore (2) and (5) are equivalent. By interchanging the rules of a and
b, we get (4) < (5).

Thus (1) to (5) are equivalent.
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We complete the proof by proving the equivalence of (6) and (1).
(6) < (1) is direct.
Suppose (1),
AbAra,anb)=AbA{(anb)val,and)
=A((anb)v(bra),anb)=A((arb)viar(bra)l,and)
=A((an{bv(bra)},anb)=A(arb,arnb)=1.
Hence A(bAa,anb)>0. Similarly, A(a Ab,bra)>0. Hence the proof

Definition 3.6. Let L;(R, A) be a Dual-GADFL. For any a,b e R, we say
that a is greater than or equal to b and we write a>b if A(a,avb)>0 and

(avb,a)>0 (or) A(b,andb)>0 and (arb,b)>0.

Finally, we conclude this section with the following theorem which gives
the equivalent conditions for a Dual-GADFL to become a Dual-ADFL.

Theorem 3.2. Let L;(R, A) be a Dual-GADFL. Then the following are

equivalent.

1. Lj(R, A) is a Dual Almost Distributive Fuzzy Lattice.
2. A((ave)a(bve)(anb)ve)>0 and A((andb)ve,(ave)a(bve))>0
3. A(b,(anb)vb)>0 and A((avb)vb,b)>0

4. A((bra)ve,(anb)ve)>0 and A((anb)ve,(bra)ve)>0 for all
a,b,ceR.

Proof of the theorem 3.2.

Let L;(R, A) be a Dual-GADFL and a,b,c € R, then (1)< (2).

Suppose L;(R, A) is a Dual Almost Distributive Fuzzy Lattice. Then we

have,

A((ave)a(bve),(anb)ve)=A((anb)ve (ave)a(bve))=1

= A((ave)a(bve),(anb)ve)>0 and A((arbd)ve,(anc),(bve))>0
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Hence (2) holds true.
(2)= (3) Suppose (2)
A(b,(anb)vb)=A(b,(avb)A(bvb))
=A(b,(avbd)ab)=1
Hence A(b,(anb)vb,b)>0
Similarly, A((a Ab)vb,b)>0
(3)=(4)
Since ((arb)ve)ac=c and (bra)ve)ac=c
We have c>(aAb)ve and c>(bra)ve
= A(c,(anb)ve)>0 and A(c,(bra)ve)>0

We have A([(bra)ve]v[(anb)vel[(arb)ve]v[(bra)ve])>0 and
A([(anb)ve]v(bra)vel[(bra)ve]v(aanb)ve])>0

= A((bra)v]ev((anb)ve)l (@ab)vev((baa)ve)])>0 and
Alanb)viev((bra)ve)l(bra)viev((anb)ve)])>0

= A((bra)v(anb)ve (@nb)v(baa)ve)>0 and
A(@nb)v(bra)ve (baa)v(anb)ve)>0

= A(([(bra)va]a[(bra)vd)]ve ([(anb)vb]a[(anb)va]ve]>0
A((anb)vd]af(anb)val)ve ([(bra)va]al(bara)vb])ve]>0

= A((anrb)ve,(baa)ve)>0 and A((bra)ve,(anb)ve)>0.

Hence (4) holds true.
(4)=(1): Suppose (4)
A((ave)a(bve)(anb)ve)=A([(ave)ab]v](ave)acl (anb)ve)

=A([(avec)ab]ve,(anb)ve)=A(ba(ave)]ve (anb)ac)
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=A([(bra)v(bve)]ve (anb)ac)
=A(([(bra)vb]al(bva)ve])ve (anb)ac)
=A([(bra)ve]a[(bra)vb])ve (anb)ve)

=A([(bra)v(enbd)]ve (anb)ve)=A((bra)v(cab)]ve] (and)ve)
—A((bra)ve (anb)ve)=A((anb)ve (anb)ve)=1

Hence A((ave)a(bve)(anb)ve)=1

Similarly, A((ab)ve,(ave)a(bve))=1

Therefore A((avc)a(bve)a(anb)ve)=1

Also, A(b,(arb)vb)=A((arb)rb,b)=1

Hence L;(R, A) is a Dual Almost Distributive Fuzzy Lattice.
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