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Abstract

In this paper, by using the concept of a-admissible mappings, we prove common fixed point
in Neutrosophic metric space. We also introduce the notion of o — (¢, ¥) weak contraction

mappings in Neutrosophic metric spaces. The presented theorems extend, generalize and

improve the corresponding results which given in the literature.

1. Introduction

In 1965, the concept of fuzzy set was introduced by Zadeh [15] in domain
X and [0, 1]. In 1986, Atanasov [2] introduced the notion of an intuitionistic

fuzzy metric space. Afterward, Park [8] gave the notion of an intuitionistic
fuzzy metric space and generalized the notion of a fuzzy metric space due to
George and Veeramani [4]. In 2008, Sadati et al. [12] modified the idea of an
intuitionistic fuzzy metric space and presented the new notion of an

intuitionistic fuzzy metric space.
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In 1998, Smarandache [9] characterized the new idea called neutrosophic
set. In general the notion of fuzzy set and IFS deal with degree of
membership and non-membership respectively. Neutrosophic set is a
generalized state of Fuzzy and Intuitionistic Fuzzy Set by incorporating
degree of indeterminacy. In addition, several researchers contributed
significantly to develop the neutrosophic theory. Recently, in 2019, Kirisci et
al. [7] defined neutrosophic metric space as a generalization of IFMS and
brings about fixed point theorems in complete neutrosophic metric space. In
2020, Sowndrarajan and Jeyaraman et al. [13] proved some fixed point
results in neutrosophic metric spaces.

In this paper, we introduced the concept of o — (¢, ¥) weak contraction

mappings in Neutrosophic metric space and prove some common fixed point
results. In particular, the presented theorems extend, generalize and improve
the results.

2. Preliminaries
Definition 2.1[13]. A 6-tuple (X, 5, O, Y, * 0) is said to be a

Neutrosophic Metric Space (shortly NMS), if ¥ is an arbitrary set, * is a
neutrosophic CTN, ¢ is a neutrosophic CTC and Z, ® and Y are neutrosophic

on Y2 xR" satisfying the following conditions: For all &, n, 8 € =, ¢t € R™.
W) O0<ZEEnNt)<L0<0E nt)<10<Y(E N t)<T;
(i) 2 m, ) +0(E, m, 1)+ Y(E, m, t) < 3;
(i) E( n, t) =1 ifand only if § = n;
iv) (& n, t) = E(n, &, ¢) for ¢ > 0;
V) 2 n, ) *EM, 8, u) < E(, 8, t + ), forall ¢, p > 0;
(vi) E(&, m, 8, ) : [0, ) — [0, 1] is neutrosophic continuous;
(vii) im E(¢, m, ¢) =1 for all ¢ > 0;
t—>00
(viil) ©(&, 1, t) = 0 if and only if € = n;

(ix) O, n, t) = O(n, ¢, t) for t > O;
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(x) O, M, t)0OM, 8, n) = O, 5, ¢ + ), for all ¢, p > 0;
(xi) O(&, 1, -) : [0, o) — [0, 1] is neutrosophic continuous;

(xi1) lim &(, n, ¢) = 0 for all ¢ > O;
t—0

(xiil) Y(&,m, ) = 0 if and only if € = n;

xiv) Y(&, n, t) = Y(n, &, t) for t > 0;

xv) Y(& n, £)0Y(M, 8, n) = Y, 5, t + ), forall ¢, u > 0;
(xvi) Y(&, m, *) : [0, ) — [0, 1] is neutrosophic continuous;

(xvil) lim Y(g, m, ¢) = 0 for all ¢ > 0;
t—o0

(xviil) If £ <0 then (&, 1, 1) =0,0(, 1, t) =1, Y[ n, A) = 1.

Then, (Z, ©, Y) is called a Neutrosophic sets on X. The functions =, ©

and Y denote degree of closedness, neturalness and non-closedness between (

and n with respect to ¢ respectively.
Remark 2.2 [13]. In NMS, Z(E, n, -) is non-decreasing ©(¢, n, -) is non-

increasing and Y(¢, m, -) is non-increasing for all ¢, n € E.

Definition 2.3 [13]. A sequence {(,,} in a NMS is said to be a Cauchy
sequence if and only if for each r € (0,1) and ¢ > 0O there exists ny € N such
that Z(&,, o t) >1—7,0(E,, &y t)<r and  Y(C,, §,, t)<r for all

n, m = ny.
Definition 2.4 [13]. A sequence {{,} in a NMS is called convergent to
¢ e = if for each t > 0, we have lim Z(¢,,, ¢, ¢) =1, lim ©(,, {, t) = 0 and
n—oo n—o0
lim Y(&,,, ¢, t) = 0.
n—»o0
Definition 2.5 [13]. A NMS is complete if and only if every Cauchy

sequence is convergent.

Definition 2.6 [13]. A NMS is compact if every sequence contains a

convergent subsequence.
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Definition 2.7. Let (2, &, ©, Y, *, 0) be a NMS. A mapping f : £ > X is

Neutrosophic contractive if there exists %k € (0,1) such that

1
2(f¢, fn, t)

sy Y emmn 2 keens Y and

1 1 1
—  —1>=|————<—-1|forall {, neX and ¢ > 0.
Y%, f 0) k(Y(c, ) ) &0

Definition 2.8. Let £ be a nonempty set. Two mapping f, 7 : £ — X are
said to be weakly compatible if fTC = TfC for all £ € ¥ which f{ =T¢.

3. Main Results

Definition 3.1. Let (3, =, ©, Y, *, 0) be a NMS and f, T': £ — X be two

mappings. We say that T is a-admissible if there exists three function
a:XxXx(0,0) [0, ©) such that, for all £>0 and {, n e X, we have

ofe, fn, ) =1 = o(TC, Tn, t) > 1.
Definition 3.2. Let (X, 2, ©, Y, *, 0) be a NMS and let f, T : % — = be

two mappings. The mappings 7T is called Neutrosophic o —(y) weak

contraction with respect to f, if there exist two functions
a:ZxZx(0,0) —>[0,0) and ¥ : (0, ©) — [0, ) with y(r) >0 for r >0

and 9(0)=0 such that o(fC, fn, t)(E(TC,lTn, t) _1) = (E(fc,lfn, t) _lj

W e o 1) oS 1 0) (OTC T, 0) < (L, 1 6)= W(O(fS, 0. 1)
and a(f¢, fn, t)(Y(TC, T, t) < Y(fC, fn, ¢) - p(X(fC, fn, ), forall {,m e X
and ¢ > 0.

Definition 3.3. Let (3, =, ©, Y, *, ) be a NMS and let f, T : £ — X be
two mappings. The mappings 7 is called Neutrosophic o — (¢, ) weak

contraction with respect to f, if there exist three functions
a:ZxZx(0,0) [0, o), d:(0,0) >[0,0) and 1 : (0, ©) - [0, ) with
Y(r) > 0 for r > 0 and ¥(0) = 0 such that

Advances and Applications in Mathematical Sciences, Volume 21, Issue 4, February 2022



COMMON FIXED POINT THEOREMS FOR o-ADMISSIBLE ... 2073

1 1 1
ERBLE e e B R E vy R R vy i
a(fC’ f’”b t) (I)(@(TC’ TT], t)) < ¢(®(f§9 fﬂ’ t)) - w(G)(fC’ n, t)) and

a(f&, fn, OOX(TE, T, t)) < O(X(fE, fn, £) — w(X(fE, fn, t)) for all {,nex
and ¢ > 0. (3.3.1)

Example 3.4. Let ¥ = {l, ne N} U {0, 4} and * be a minimum ¢-norm
n

and ¢ be a maximum ¢-conorm. Let =, ©, Y be defined by

ot _1&-n|
E(C,n,t):{t”C—nl’lft>O,®(C,n,t)= t+|C—n|’1ft>Oa
0,if t = 0 1,ift=0

nd

[E-n] .
Y(C,n,t): t ,1ft>0
1,if t = 0.

¢ .
Define the mapping 7 : 2 - X by T(¢) = {Z’ i C#0 ,nd define the
Lif ¢ =4

1,if e\ {4}

function o : X x X x (0, ©) — [0, o) by a(fC, fn, t) = { .
0, otherwise

Also, define ¢, 1 : (0, ) > [0, ) by (t) = 5, Y(¢) = § andlet £(¢) = %

In fact, if at least one between { and n is equal to 4, then o(f¢, fm, ) =0
and so holds trivially. Otherwise, if both ¢ and n are in T\ {4} then
o(f&, fn, t) =1 and so (3.1.1). Then, we have

e R NC e R A e R B Erw

’

DO U
)
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AR5 2.0) 4o

NI

A t]) = alfe. . E o).

Therefore T is Neutrosophic o — (¢, ) weak contraction with respect to f.

Theorem 3.5. Let (3, =, O, Y, %, 0) be a NMS. Let T and f be self-
mappings on L such that the range of f contains the range of T(TE < fX) and
f(Z) or T(X) is a complete subset of ¥ and o :Xx X x (0, 0)— [0, ).
Suppose that T is Neutrosophic o — (¢, ¥) weak contraction with respect to f
and the following conditions hold:

(1) T is a-admissible

(i) There exists Ly € & such that a(fCy, TCy, ) =1, forall t >0

(111) T is continuous

Then, T and f have a coincidence point in X. If T and f are weakly
compatible, then T and f have a unique common fixed point in .

Proof. Let £y € T such that o(f¢q, T¢q, t) =1, for all ¢ > 0 and choose
a point ¢; in X such that T'¢y = f¢;. Define the sequence {{,} and {n,} in
¥ such that n, = T¢,, = fC,41, » € NU {0}. In particular, if n,, = n,,,1, then
Np4+1 18 a point of coincidence of 7' and f. Consequently, we assume that
Ny # Npy1 for all neN. By condition (ii), we have o7y, Ty, t) =
o(f&y, fCoyt) 21, aTCy, TCy, t) = fCo, fC3, t) = 1. By induction, we get
o(fCps [Cpi1rt) =1, for all n e NU{0}. Now, by (3.3.1) with {=¢,, n=

Np41, We have

d{m - 1) N d{E(T{;n, ;Cn+1’ OB 1) < a(fCp, fCnias t)

1 1 1
"’(E(Tcn, TG 1) 1) < "’(E(Tcn, TG 1) 1) - ”’(E(Tcn, TG ) 1)
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) d{E(TCm ;Crwh t) 1) - w(E(TCm ;Cnﬂa t) 1) ) d)(E(TCm ;Crwl’ t) 1)

which considering that the ¢ function is non-decreasing implies that
EMpa1s My t) > EMy_15 Ny t) for all n e N and hence Z(n,_;, n,, t) is an

increasing sequence of positive real numbers in (0, 1].

Let S(t) = lim,,_,,, EM;_1, Np» t) we show that S(¢) =1 for all ¢ > 0. If

not, there exists ¢ > 0 such that S(¢) <1, then from the above inequality on

. . 1 1 1
- < - — -
taking n —>o, we obtain (I{S(t) 1) < (I)(S(t) 1) w(S(t) 1), a
contradiction. Therefore, Z(m,, N,41,¢) >1 as n — . Now, for each

positive p,

- - 4 - 4 - t
E(Tln, Mn+p> t) 2 ‘:(nn, Nn+1» E) * ‘:(nn+1’ Mn+2> 5) oo ‘:(nn+p—1’ Mn+p> E)

It follows that lim E(ny,, Nyyp, 1) 211 x...1 = 1. We have
n—o

(I)(@(nn’ Nn+1> t)) = q)(@(TCn’ TCn+1’ t)) < (a(fgn’ an+1’ t))(l)(@(TCn’ TCn+1’ t))

< ¢(®(f€n’ fCrHl’ t)) - 1/)(®(an7 anJrl’ t)) = ¢(®(fﬂn71’ Mn> t)) - w(G(fnnfb MNn> t))

< HOMy-1, My 1),

which considering that the ¢ function is non-decreasing implies that
(N> Nps1s B) < O(My_1, Nps 8) for all n e N and hence O(n,_;, N, t) is a
decreasing sequence of positive real number in [0,1). Let
R() = lim,,_,,, ®(M,_1, Np» t) we show that R(¢) =0 for all ¢> 0. If not,
there exists ¢ > 0 such that R(f) >0, then from the above inequality on
taking n —>o, we obtain §(R(¢)) < §(R(E)) — Y(R(£)), a contradiction.

Therefore, ®(n,,, N,,41, £) > 0 as n — oo.

Now, for each positive integer p,

(I)(Y(T]na Nn+1> t)) = (I)(Y(Tc.;n’ an+1? t)) = O((fgna fC.anJrla t) d)(Y(TC.ana Tgn+l’ t))
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< (I)(Y(fgn, an+1’ t)) - w(Y(an’ an+1’ t)) = ¢(Y(fnn—1’ Mn> t))

= YN Mp-15 M £)) < H(X (M1, Mps 1))
which considering that the ¢ function is non-decreasing implies that
(Y(nyp5 Mpps1s B)) < Y(N—15 My, £) for all n e N and hence Y(n,_;, n,, t) is a
decreasing sequence of positive real number in [0,1). Let
Qt) = lim,,_,, Y(n,,_1, Ny, t) we show that Q) =0, for all ¢ > 0. If not,
there exists ¢ > 0 such that Q(t) > 0, then from the above inequality on
taking n —>oo, we obtain  HQ(t)) < HQE)) — w(Q)), a contradiction.
Therefore Y(n,,, Nyi1, £) = 0 as n — . Now, for each positive integer Y by
Definition (2.1) (i) must be Z(My, Npsp» ) + Oy, Nyt ps 1) + XYMy Ny ps )
<3 and then lim, . (2(Mys My ps 1) + OMpy Nt ps 8) + YNy My s 1) < 3).
It follows that lim,_,,, ©(n,, Nysp, 1) =0 and lim,_,, Y(n,, Npsp, t) = 0.
Hence, n, is a Cauchy sequence. If f({) is complete, then there exists
q € f(¢) such that n, — ¢ as n —> . The same holds if 7(X) is complete
with ¢ € T(X). Let p € £ be such that fp = q. Now, we show that p is a

coincidence point of f and 7. In fact, we have

{zrems ) = {=mmmes 1) < <P 1600

1 1 1
= U<V - Y s 1)
¢(=(Tp, TC,, t) ) d)(:(Tp, TCy, 1) ) w(c(fp, fCni 1) )
for every t > 0, which on taking n — o« gives that

lim Z(Tp, f¢,.1,t) = lim &(Tp, T¢,,, t) = =Z(Tp, fp, t) = 1.
n—»o0 n—o

Gy e BLE (s o RURCERENS

{owsres ) {zrrren ) - =mm e 1)

for every ¢t > 0, which on taking n — o« gives that
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lim &(Tp, Tn,41,t) = lim &(Tp, Tm,,, t) = &(Tp, fp, t) = 0.
n—»o0 n—ow

{vroterms Y = s e Y 0P 1o s

1 1
) R S— ) Y [ — ]
{sermres 1) - srw oY
for every ¢ > 0, which on taking n — o gives that lim Y(7p, fn,.1, t)
n—oo
= lim Y(Tp, T¢,,,t) = Y(Tp, fp, t) = 0. ie., fo = Tp = ¢ and so q is a point
n—0

of coincidence of T and f. Now, we show that fg = q. Now, if ¢ is a point of

coincidence of T and f as T and f are weakly compatible, then we prove that g
is common fixed point of 7 and f. Since fp =Tp =q and f and T then

fq = Tq. Using (3.3.1) and suppose that fq # ¢ then consider

1 1 1 )
— -1== —-1<w R )| =——— -1
=(a. a0 '~ =(Tq, Tp, ?) (fa, fp >(¢(Tq, )

S(m‘l)‘”(m*):(m‘l}‘/’(m‘l}

1 _ 1 _ I S
o(fq. q.t) 1= o(Tq, Tp, t) L= alfe. 1P t)(®(Tq, Tp,t) 1)

Z(W‘lj‘”(m*):(m‘lj‘”’(m‘l)’

1 _ 1 _ S S
Y(fg, q. ) 1= Y(Tq, Tp, t) L= alfe. fp t)(Y(Tq, Tp, t) 1)

Z(W*)“”(W*):(W*)‘”’(m‘l}

a contradiction which leads to the result, that is fg = ¢ and fp=Tp =q.

Therefore 7' and f have a common fixed point in X. We will prove the
uniqueness of a common fixed point of f and 7. Let 8 be another common fixed
point of f and T. Let & be another common fixed point of f and T8 # q).

Then, there exists ¢ > 0, such that
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{zgsn Y= A=marss 1)< e 15 Mzmg rs )
S“(m‘l) (u(fq,fS 0~ j (: 5, 0) 1)’

owsn )= dows s 1) > Vs 5 Mowg 59 Y

—“(m‘l)‘”’(m ) (@@,at) 1)’

(a5 = Avwa 50> Ve 5 Mgy Y

vz 9 )Mo ) Aasa Y
a contradiction which leads to the result. i.e., ¢ = 8. Therefore ¢ is a unique
common fixed point of f and T.
Theorem 3.6. Let (X, Z, 0, Y, * 0) be a NMS and {f:}, {I,} where
ie(,2,..)and ke(1,2 ..., n), be two finite families of self mappings on T
with f = fify...f, and T =TTy ...T,,. Let T be an Neutrosophic o.— (¢, )

weak contraction with respect to f. If the range of [ contains the range of
TT=cfX) and f(X) or T(E) is a complete subset of L and

a:XxXx(0,0) > [0, ©) then T}, and T; have a unique common fixed point
in 2.

Proof. Using Theorem (3.5), we conclude that g is unique common fixed
point of 7" and f. Now, we will show that q remains the fixed point of all the
component mappings. Consider T(Tq)= (T, Ty, ..., Tm)Ti)q
=11, Ty, ..., T ) (T Th)y) = (11, Ty, .., T 1 )(TiT0q) ... TWT(Ty, T3, Ty,

s Tnq) = TIL(Ty, Ts, Ty, ..., Tryq) = Ti(T;) = Tig. Similarly, we can show
that T(fxq) = fr(Ty) = fra, f(fra) = fi(fy) = fra and f(Tiq) = Ti(f,) = Tiq
which implies that, for all i and k, T;q and f,q are other fixed point of the
pair {T, f}. Now appealing to the uniqueness of a common fixed point of

mappings T and f we get q¢ = T.q = fq which shows that g is a common fixed
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point of f; and 7}, for all i and k.

Definition 3.7. Let (, E, ©, Y, *, 0) be a NMS. Let 7, f : £ — X be two
mappings. The mappings 7T is called Neutrosophic o —(¢, ) weak

contraction of integral type with respect to f, if there exist three functions
a:XxZx(0,0)—>[0,0),d:(0,0) >[0,0) and ¥ :[0, ) - [0, ©) with
Y(r) > 0 for r > 0 and ¥(0) = 0 such that

S U 1
a(fc, fn, ) 4{]05(“ 7 9(s) ds] < cl{jj(“’ N ¢(s)ds}

1
- wU =TT gs) ds}

0

1 1
a(fg, fn’ t)d)[J‘O@(TC, Tn’ f) 1 ¢(s) ds] > (I)[J-O@(TC’ TT]? f) 1 (I)(S) dSJ
1
- 1/)“0@(“’ ™, ) g(s) ds} and
1 1 1 1

—1 —
- w“om’ ) g(s) ds} (3.7.1)

for all {, n € £ and ¢t > 0, where ¢ : [0, ©) — [0, ») is a Lebesgue integrable

function which is summable on each compact subset of [0, ) and such that
for all e> 0, I ed)(s)ds.
0
Theorem 3.8. Let (2, =, O, Y, *,0) be a NMS. Let T and f be self-

mappings on L such that the range of f contains the range of T(TZ < fX) and
f(Z) or T(X) is a complete subset of & and o : X x X x (0, ©) — [0, ).
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Suppose that T is Neutrosophic o — (¢, ) weak contraction of integral type

with respect to f and the following conditions hold;

(1) Tis f — o — admissible;
(1) There exists ¢ € = such that a(f(Cg), T(Co), t) =1 forall t > 0;
(11) T is continuous.

Then T and f have a coincidence point in X. If T and f are weakly

compatible, then T and f have a unique common fixed point in X.

Proof. Define T : [0, ) — [0, ©) by T = ¢Jj¢(s)ds. So, condition (3.7.1)

reduces to condition (3.3.1) and condition (3.7.1) reduces to condition (3.3.1)

as ¢oI is an altering distance function and oI : [0, ) — [0, ) with

Y(I(r)) >0 for r>0 and (I(0)) = 0. Therefore, the conclusion follows

immediately by Theorem (3.5).
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