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Abstract 

In this paper, by using the concept of -admissible mappings, we prove common fixed point 

in Neutrosophic metric space. We also introduce the notion of  ,  weak contraction 

mappings in Neutrosophic metric spaces. The presented theorems extend, generalize and 

improve the corresponding results which given in the literature. 

1. Introduction 

In 1965, the concept of fuzzy set was introduced by Zadeh [15] in domain 

X and  .1,0  In 1986, Atanasov [2] introduced the notion of an intuitionistic 

fuzzy metric space. Afterward, Park [8] gave the notion of an intuitionistic 

fuzzy metric space and generalized the notion of a fuzzy metric space due to 

George and Veeramani [4]. In 2008, Sadati et al. [12] modified the idea of an 

intuitionistic fuzzy metric space and presented the new notion of an 

intuitionistic fuzzy metric space.  
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In 1998, Smarandache [9] characterized the new idea called neutrosophic 

set. In general the notion of fuzzy set and IFS deal with degree of 

membership and non-membership respectively. Neutrosophic set is a 

generalized state of Fuzzy and Intuitionistic Fuzzy Set by incorporating 

degree of indeterminacy. In addition, several researchers contributed 

significantly to develop the neutrosophic theory. Recently, in 2019, Kirisci et 

al. [7] defined neutrosophic metric space as a generalization of IFMS and 

brings about fixed point theorems in complete neutrosophic metric space. In 

2020, Sowndrarajan and Jeyaraman et al. [13] proved some fixed point 

results in neutrosophic metric spaces.  

In this paper, we introduced the concept of  ,  weak contraction 

mappings in Neutrosophic metric space and prove some common fixed point 

results. In particular, the presented theorems extend, generalize and improve 

the results.  

2. Preliminaries 

Definition 2.1[13]. A 6-tuple  ,,,,,   is said to be a 

Neutrosophic Metric Space (shortly NMS), if  is an arbitrary set,  is a 

neutrosophic CTN,  is a neutrosophic CTC and ,  and Υ are neutrosophic 

on  3  satisfying the following conditions: For all .,,,  t   

(i)       ;1,,0;1,,0;1,,0  ttt   

(ii)       ;3,,,,,,  ttt   

(iii)   1,,  t  if and only if ;   

(iv)    tt ,,,,   for ;0t   

(v)      ,,,,,,,  tt  for all ;0, t   

(vi)      1,0,0:,,,   is neutrosophic continuous;  

(vii)   1,,lim 


t
t

 for all ;0t   

(viii)   0,,  t  if and only if ;  

(ix)    tt ,,,,   for ;0t   
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(x)      ,,,,,,,  tt   for all ;0, t   

(xi)      1,0,0:,,   is neutrosophic continuous;  

(xii)   0,,lim 


t
t

 for all ;0t   

(xiii)   0,,  t  if and only if ;  

(xiv)    tt ,,,,   for ;0t  

(xv)      ,,,,,,,  tt   for all ;0, t   

(xvi)      1,0,0:,,   is neutrosophic continuous;  

(xvii)   0,,lim 


t
t

 for all ;0t  

(xviii) If 0t  then       .1,,,1,,,0,,  tt   

Then,   ,,  is called a Neutrosophic sets on . The functions ,  

and  denote degree of closedness, neturalness and non-closedness between  

and  with respect to t respectively.  

Remark 2.2 [13]. In NMS,   ,,  is non-decreasing   ,,  is non-

increasing and   ,,  is non-increasing for all .,   

Definition 2.3 [13]. A sequence  n  in a NMS is said to be a Cauchy 

sequence if and only if for each  1,0r  and 0t  there exists 0n  such 

that     rtrt mnmn  ,,,1,,  and   rtmn  ,,  for all 

., 0nmn    

Definition 2.4 [13]. A sequence  n  in a NMS is called convergent to 

  if for each ,0t  we have     0,,lim,1,,lim 


tt n
n

n
n  

and 

  .0,,lim 


tn
n

  

Definition 2.5 [13]. A NMS is complete if and only if every Cauchy 

sequence is convergent.  

Definition 2.6 [13]. A NMS is compact if every sequence contains a 

convergent subsequence.  



M. JEYARAMAN and V. B. SHAKILA 

Advances and Applications in Mathematical Sciences, Volume 21, Issue 4, February 2022 

2072 

Definition 2.7. Let  ,,,,,   be a NMS. A mapping :f  is 

Neutrosophic contractive if there exists  1,0k  such that 
 tff ,,

1


 

      






 












 


 1
,,

11
1

,,

1
,1

,,

1
1

tktfft
k  and 

    






 





1
,,

11
1

,,

1

tktff
 for all ,  and .0t   

Definition 2.8. Let   be a nonempty set. Two mapping :, Tf  are 

said to be weakly compatible if  fTTf  for all   which . Tf   

3. Main Results 

Definition 3.1. Let  ,,,,,   be a NMS and :, Tf  be two 

mappings. We say that T is -admissible if there exists three function 

    ,0,0:  such that, for all 0t  and ,,   we have 

    .1,,1,,  tTTtff   

Definition 3.2. Let  ,,,,,   be a NMS and let :, Tf  be 

two mappings. The mappings T is called Neutrosophic    weak 

contraction with respect to f, if there exist two functions 

    ,0,0:  and     ,0,0:  with   0r  for 0r  

and   00   such that  
    







 









 


 1
,,

1
1

,,

1
,,

tfftTT
tff  

 
         tftfftTTtff

tff
,,,,,,,,,1

,,

1








 


 

 and          ,,,,,,,,, tfftfftTTtff    for all ,
 

and .0t   

Definition 3.3. Let  ,,,,, 
 
be a NMS and let :, Tf

 
be 

two mappings. The mappings T is called Neutrosophic  ,
 

weak 

contraction with respect to f, if there exist three functions 

        ,0,0:,,0,0:
 

and     ,0,0:
 

with 

  0r
 
for 0r  and   00 

 
such that  
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,1
,,
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,,

1
1

,,

1
,, 







 









 









 



tfftfftTT

tff    

          tftfftTTtff ,,,,,,,,    and  

          tfftfftTTtff ,,,,,,,,    for all ,
 

and .0t   (3.3.1) 

 Example 3.4. Let  4,0,
1








  n
n  and  be a minimum t-norm 

and  be a maximum t-conorm. Let  ,,  be defined by  

   



























0tif1,

0if,
,,,

0tif0,

0if,
,,

t
tt

t
t

t

t  and 

 













0.t if1,

0if,,, t
tt  

Define the mapping :T  by  












4if,1

0if,
4T  and define the 

function     ,0,0:
 
by  

 



 


otherwise,0

4\,if,1
,, tff  

 Also, define     ,0,0:, 
 
by    

8
,

2

t
t

t
t    and let  

2


f   

In fact, if at least one between  and  is equal to 4, then   0,,  tff  

and so holds trivially. Otherwise, if both  and  are in  4\  then 

  1,,  tff  and so (3.1.1). Then, we have  
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Therefore T is Neutrosophic  ,  weak contraction with respect to f.  

Theorem 3.5. Let  ,,,,, 
 

be a NMS. Let T and f be self-

mappings on Σ such that the range of f contains the range of   fTT  and 

 f  or  T  is a complete subset of Σ and    .,0,0:   

Suppose that T is Neutrosophic  ,  weak contraction with respect to f 

and the following conditions hold:  

(i) T is -admissible  

(ii) There exists 0  such that   ,1,, 00  tTf  for all 0t   

(iii) T is continuous  

Then, T and f have a coincidence point in Σ. If T and f are weakly 

compatible, then T and f have a unique common fixed point in Σ.  

Proof. Let 0  such that   ,1,, 00  tTf  for all 0t  and choose 

a point 1  𝑖𝑛 Σ such that .10  fT  Define the sequence  n  and  n  in 

Σ such that  .0,1   nfT nnn  In particular, if ,1 nn  then 

1n  is a point of coincidence of T and f. Consequently, we assume that 

1 nn  for all .n  By condition (ii), we have    tTT ,, 10  

      .1,,,,,1,, 322121  tfftTTtff  By induction, we get  

  ,1,, 1   tff nn  for all  .0n  Now, by (3.3.1) with  ,n  

,1n  we have 

   
 tff

tTTt nn
nnnn

,,1
,,

1
1

,,

1
1

11



























  

      





































1

,,

1
1

,,

1
1

,,

1

111 tTTtTTtTT nnnnnn
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1

111 tTTtTTtTT nnnnnn


 

which considering that the  function is non-decreasing implies that 

   tt nnnn ,,,, 11    for all n  and hence  tnn ,,1    is an 

increasing sequence of positive real numbers in  .1,0   

Let    ttS nnn ,,lim 1    we show that   1tS  for all .0t  If 

not, there exists 0t  such that   ,1tS  then from the above inequality on 

taking ,n  we obtain 
     

,1
1

1
1

1
1








 






 






 
tStStS

  a 

contradiction. Therefore,   1,, 1   tnn  as .n  Now, for each 

positive p,  

  






 






 






   p

t

p

t

p

t
t pnpnnnnnpnn ,,,,,,,, 1211   

It follows that   .1111,,lim  


tpnn
n

 We have  

           tTTtfftTTt nnnnnnnn ,,,,,,,, 1111  

 

           tftftfftff nnnnnnnn ,,,,,,,, 1111     

  ,,,1 tnn    

which considering that the  function is non-decreasing implies that  

   tt nnnn ,,,, 11    for all n  and hence  tnn ,,1    is a 

decreasing sequence of positive real number in  .1,0  Let 

   ttR nnn ,,lim 1    we show that   0tR  for all .0t  If not, 

there exists 0t  such that   ,0tR  then from the above inequality on 

taking ,n  we obtain         ,tRtRtR   a contradiction. 

Therefore,   0,, 1   tnn  as .n   

Now, for each positive integer p,  

          tTTtfftTTt nnnnnnnn ,,,,,,,, 1111    
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        tftfftff nnnnnn ,,,,,, 111     

     ttf nnnn ,,,, 11    

which considering that the  function is non-decreasing implies that 

    tt nnnn ,,,, 11    for all n  and hence  tnn ,,1    is a 

decreasing sequence of positive real number in  .1,0  Let 

   ttQ nnn ,,lim 1    we show that   ,0tQ  for all .0t  If not, 

there exists 0t  such that   ,0tQ  then from the above inequality on 

taking ,n  we obtain         ,tQtQtQ   a contradiction. 

Therefore   0,, 1   tnn  as .n  Now, for each positive integer  by 

Definition (2.1) (ii) must be      ttt pnnpnnpnn ,,,,,,    

3  and then        .3,,,,,,lim   ttt pnnpnnpnnn  

It follows that   0,,lim   tpnnn  and   .0,,lim   tpnnn  

Hence, n  is a Cauchy sequence. If  f  is complete, then there exists 

  fq  such that qn   as .n  The same holds if  T  is complete 

with  .Tq  Let p  be such that .qpf   Now, we show that p is a 

coincidence point of f and T. In fact, we have  

   
 tfpf

tTpTtfpT n
nn

,,1
,,

1
1

,,

1

1
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1
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1
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tfpftTpTtTpT nnn
  

for every ,0t  which on taking n  gives that  

      .1,,,,lim,,lim 1 
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for every ,0t  which on taking n  gives that  
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      .0,,,,lim,,lim 1 





tpfpTtTpTtTpT n
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for every ,0t  which on taking n  gives that  tfpT n
n

,,lim 1


  

    .0,,,,lim 


tpfpTtTpT n
n

 i.e., qTpfp   and so q is a point 

of coincidence of T and f. Now, we show that .qfq   Now, if q is a point of 

coincidence of T and f as T and f are weakly compatible, then we prove that q 

is common fixed point of T and f. Since qTpfp   and f and T then 

.Tqfq   Using (3.3.1) and suppose that qfq   then consider  
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a contradiction which leads to the result, that is qqf   and .qpTpf   

Therefore T and f have a common fixed point in Σ. We will prove the 

uniqueness of a common fixed point of f and T. Let  be another common fixed 

point of f and T. Let  be another common fixed point of f and  .qT   

Then, there exists ,0t  such that 
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a contradiction which leads to the result. i.e., q  Therefore q is a unique 

common fixed point of f and T.  

Theorem 3.6. Let  ,,,,,   be a NMS and    ki Tf ,  where 

 ,2,1i  and  ,,,2,1 nk   be two finite families of self mappings on Σ 

with nffff 21  and .21 mTTTT   Let T be an Neutrosophic  ,  

weak contraction with respect to f. If the range of f contains the range of 

  fTT  and  f  or  T  is a complete subset of Σ and 

    ,0,0:  then kT  and iT  have a unique common fixed point 

in Σ.  

Proof. Using Theorem (3.5), we conclude that q is unique common fixed 

point of T and f. Now, we will show that q remains the fixed point of all the 

component mappings. Consider     qimi TTTTqTT ,,, 21   

          ,,,,,,,,, 4321121121 TTTTTqTTTTTTTTTT imimqimm     

     .,,,,, 4321 qTTTqTTTTTTqT iqimim    Similarly, we can show 

that         qfffqffqfTfqfT kqkkkqkk  ,  and     qTfTqTf iqii   

which implies that, for all i and k, qTi  and qfk  are other fixed point of the 

pair  ., fT  Now appealing to the uniqueness of a common fixed point of 

mappings T and f we get qfqTq ki   which shows that q is a common fixed 
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point of if  and kT  for all i and k.  

Definition 3.7. Let  ,,,,,   be a NMS. Let :, fT  be two 

mappings. The mappings T is called Neutrosophic  ,  weak 

contraction of integral type with respect to f, if there exist three functions 

        ,0,0:,,0,0:  and     ,0,0:  with 

  0r  for 0r  and   00   such that  
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 fTT dss  (3.7.1)  

for all ,  and ,0t  where     ,0,0:  is a Lebesgue integrable 

function which is summable on each compact subset of  ,0  and such that 

for all  



0
.,0 dss  

Theorem 3.8. Let  ,,,,,   be a NMS. Let T and f be self-

mappings on Σ such that the range of f contains the range of   fTT  and 

 f  or  T  is a complete subset of Σ and    .,0,0:  XX  
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Suppose that T is Neutrosophic  ,  weak contraction of integral type 

with respect to f and the following conditions hold;  

(i) T is f  admissible;  

(ii) There exists 0  such that       1,, 00  tTf  for all ;0t   

(iii) T is continuous.  

Then T and f have a coincidence point in Σ. If T and f are weakly 

compatible, then T and f have a unique common fixed point in Σ.  

Proof. Define     ,0,0:  by  



0
.dss  So, condition (3.7.1) 

reduces to condition (3.3.1) and condition (3.7.1) reduces to condition (3.3.1) 

as    is an altering distance function and     ,0,0:  with 

   0 r  for 0r  and    .00   Therefore, the conclusion follows 

immediately by Theorem (3.5).  
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