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Abstract

The relationship between Fuzzy Congruence Relations (FCR’s) and Fuzzy Filters (FF’s) in
Generalized Almost Distributive Fuzzy Lattices is the subject of this research (GADFL). In
GADFL, some theorems for FCR’s and FF’s underpinning the structure of distributive fuzzy
lattices are derived. GADFL also discusses a characterization theorem for FCR’s and FF’s.

1. Introduction

Rao, Ravi Kumar, and Rafi [1] proposed the concept of a Generalized
Almost Distributive Lattice (GADL) as a generalisation of an Almost
Distributive Lattice (ADL). [2] Except for maybe the right distributivity of

any of the binary operations or and the commutativity of A, v over the other

the GADLs inherit essentially all of the properties of the distributive lattice.
GADLs are properly classified as ADLs and retain several of the ADL'’s
key characteristics. L. A. Zadeh [3] examined the fuzzy set concept to
mathematically represent ambiguity in its most abstract form and also in [4]

a generalisation of the fuzzy ordering, i.e., a transitive fuzzy relation is a
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fuzzy ordering. Chon [5] proposed a novel researched the fuzzy lattices [6]. A
fuzzy congruence relation [7] on generic algebraic equivalency relation that is
consistent with all of the algebra’s fundamental operations [8]. Recent
research on fuzzy sub algebraic structures includes fuzzy ideals and fuzzy
filters [9-10], various generalisations of FI's in distributive lattices [11-13],
FI's and FF’s of partially ordered sets [14, 15], and FI's of universal algebras
[16-17]. In GADFL, some theorems for FCR’s and FF’s underpinning the
structure of distributive fuzzy lattices are derived. GADFL also discusses a

characterization theorem.
2. Preliminaries

Definition 2.1 [18]. Let L(R, v, A) be an algebra type and L(R, A) be a
fuzzy poset. Then we call L(R, A) is a GADFL if it satisfies the following

1. A(@rb)rc,anbac)=Alaabac) (@ab)ac) =1

2. Alan(®ve) (@nb)vi@anc)=A(arb)vianc)an(bve)=1
3. Alav(brc)(@vb)alave)=A(avbd)alave),avbnac)=1
4. Alan(avb), a)=Ala, an(avb)=1

5. A(avb)ra, a) = Aa, (@vb)ra) =1

6. A(@Ab)v b, b)= A®b, (@ nb)vb)=1forall a, b, cec R

Definition 2.2. An equivalence relation 0 on (R, A) is a called fuzzy

congruence relations (FCR’s) on (R, A), if the following are satisfied.
1. O(x, x)=1forall x e R
2. 0(x, x) =0(y, x) forall x, y e R
3. 0(x, 2) > 0(x, y) A 0(y, z) forall x, y,ze R
4. 0(xvz, yvw)AB(x Az, y Aw)>0(x, y)A0(z, w) for all x,y,z,weR

We denote the set of all FCR’s on for all L(R, A).
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Definition 2.3. A fuzzy subset is a called fuzzy filter (FF’s) of (R, A), if
1. A1) =1 and

2. A(x ny) = A(x) v A(y), forall x, y € R.

3. Fuzzy Congruence Relations (FCR’s) and Fuzzy Filters (FF’s) in
GADFL

Definition 3.1. Let L(R, A) be a GADFL. An equivalence 0 relation on
L(R, A) is called a FCR’s 0 on L(R, A) if, for x, v, z, w € R holds.

0((x, Y) A (2 w) 2 0((x v 2), (y vw) A (x A 2), (¥ Aw)).

Definition 3.2. A fuzzy subset of a GADFL L(R, A) is called a FF’s of
L(R, A) if

L o) =1
2. ny(x) = sup{d(a v x, x) = 6(x, avx)=1a € R}, forall x € R.

Example 3.1. Let R ={0, q, b, ¢} and let v and A be binary operations
on a GADFL L(R, A).

Then (R, v, A, 0) is a GADFL (a discrete GADFL).
Now, pg of L(R, A) by py(1), ne(a@) = pe(b) = 0.8 and 0.6.

Thus pg is a fuzzy filter of L(R, A).

0

Figure 1. Hasse diagram, discrete GADFL R ={0, a, b, c}.

Advances and Applications in Mathematical Sciences, Volume 21, Issue 8, June 2022



4214 S. SENTHAMIL SELVI and T. SANGEETHA
Fuzzy relation 0 on L(R, A).
0(0, 0) = 0(a, a) = 6(b, b) = 0(c, ¢) =1,
0(0, ¢) = 0(c, 0) = 0.6
0(a, b) =0(b, a) = 0(a, ¢) = 0(c, a) = 0(b, ¢) = O(c, b)
= 0(0, ) = 6(a, 0) = 0(0, b) = 6(b, 0) = 0.8
Thus 0 is a FCR’s on GADFL L(R, A).

Theorem 3.1. In GADFL, ‘ L(R, A)’ let be a FCR’s. Then n, is a FF's of
L(R, A).

Proof of the theorem 3.1

The is the mapping defined by and is defined by 6 : A — B for all py(a)
Therefore, we get pg(1) = 0(1, 0) = 1. For any x, y € 0 this implies,

Ho(x A y) = 0((x A ¥), 0)
= sup{0(x, a)v 0(y, b) | a, b € A}
Ho(x A y) < {B(x, @) v O(y, b) | a, b e A}
Assume b =1, we get,
Ho(x A y) < {0(x, @) v O(y, D}, ol A ¥) < 1 A pg(y) ol A ¥) < po(y)
Similarly, we find
Ho(x v ) = 0((x A ¥), 0)
= sup{0(x, a) v O(y, b) | a, b € A}. Assume a =1, we get,
Ho(x v ) < 0{(x A1) v O(y, b)}
Ho(x v ¥) < polx, 1) v L pg(x v ) < pgla, 1), polx v ) < po(x)

Therefore, we get pg(x v ¥) < pg(x) v pg(y). This implies pg(a) is a FF’s
of GADFL ‘L(R, A).” Hence Proved.
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Theorem 3.2. Let 0 be a FCR's on GADFL L(R, A). A fuzzy subset
9(x) =sup{d(avx,x)=0(x,avx)=1:ae R}, forall x e R is a FF’s on
GADFL L(R, A).

Proof of the theorem 3.2

95(1) =sup{®(av1,1)=0(1,avl)=1:ae R =0(1,1)=1

For any x, y € R, consider

Yp(x Ay)=supiblav(avy), (xry)=6(xAy)av(xry)=LacR)
=sup{f[(avx)a(avy), (xAry)=0[(xAy),(avx)ar(avy)=1:aeR}
<sup{0[(avx,x)v(avy y)]=0[x (avx)v(y,avy)=1:aeR}

— 95(x)v 95(). Also consider,
<sup{f[(avx,x)v(avy,y)]=0[(y,y)v(avx,x)]=1:aeR}

= 95 (x)

In the similar fashion 9(x v y) < 34(y).

Then 9(x v ¥) < 8o(x) A 86(y). Thus 9, is a FF's of GADFL L(R, A).
Theorem 3.3. Let 0 be a FCR's on GADFL L(R, A). Then py = 9.

Proof of the theorem 3.3.

For any FCR’s on GADFL L(R, A). We claim to show that p, =9,. For

any x € R, we have,
9g(x) = sup{f(av x, x) =0(x,avx)=1:ac R}
Then 9g(x) = {8(a v x, x) = 0(x, a v x) =1} forall a € R.
In particular for a =1.
9o(x) = (1 A x, x) =0(x, 1 Ax) =1}
=0(x,1) =1 = pg(x). Therefore G4(x) > pg(x) (1)
On the other hand, for any a € R, consider,
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Blavx,x)=0(x,avx)=1}=0[avx,(avx)rx]=0[avx)rx,avx]=1
Thus for all {8(a v x, x) = 0(x, a v x) =1} < py(x) for all a € R.

So 9y(x)=suplavx,x)=0@vx,x)=1:aeR}

< po(x)

Therefore 34(x) < pg(x) 2
From (1) and (2) we get 3y(x) < py(x) Hence py = 9y. Hence the proved.

Theorem 3.4. Let p, be a FF of a GADFL L(R, A). Then the relation

o' ={(x,y) e RxR|06arnx,any)=0(@ary, arx =1) for some a € p,}

is a congruence relation on L(R, A).
Proof of the theorem 3.4

Clearly ¢"® is an equivalence relation on L(R, A).

Now, let (x, ¥), (p, ) € 0" then, O(arx,ary)=0(aAy, arx) and
0bAD,bAG)=00bAg, bAD)=1

For some a, b e py. Hence a, b € py = a Ab e py and
O@arbArxAp,arnbryrqg)=0@rx AbAp, arnbAyArq)
=0@AyAbAD,arbAYyAQ)=0@AryAbAq, arb Ay AQ)
=0(@rbryrq,anbrynq)=1

Similarly, = 0(@a Ab Ay Aq, a AbAXx Ap)=1.

Therefore (x A p, y Aq) € ¢"9, Also,

0((anb)A(xvp), (anb)alyvq)=06(anb)alxvp)(anb)alyvg)=1
Similarly, 0((a Ab) A(y Vv q), (@ Ab)A(x Vv p)) =1

Therefore (x v p, ¥ v q) € ¢"? and hence ¢" isa FCR’s on L(R, A).

Finally, the following theorem in GADFL provides characterisation of
FCR’s and FF’s.
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Theorem 3.5. Let be a FCR’s on GADFL L(R, A). Then the following are

equivalent.
1. L(R, A) is a GADFL.
2. For any FF V, of ¢V, isa FCR's on L(R, A).
3. ¢ay isa FCRson L(R, A) Va € R.
Proof of the theorem 3.5.

Assume (1), Let V; be a FF of L(R, A). Clearly, ¢V, is an equivalence

relation
Let (a, a) € ¢Vy. Then 0(arx,arx)=1 and O(ary, any)=1 for

some, y € V.

Let (a,b) e @Vy. Then 6(arx,barx)=1 and O(anrny,bAay)=1 for

some x, y € Vj.
Therefore 0(a, b) = 0(b, a) V a, b € ¢Vj. Let (a, b, ¢) € ¢V,

Then O(aAnx,cAx)<0(@aArx,bAx)AO(BAxX,cAx)=1 and O(aAx,cAy)

<0(@ny,bAY)AB(BAY, cAy)=1 for some x, y, € Vj.

Therefore 6(a, ¢) <(a,b)A (b, c) V a, b, € oVy. Let (a, d), (c, d) € V. Then
O(arx,brx)=00bArx,arx)=1 and O(cry,dry)=0(dAry,cAy)=1 for

some x, y, € Vy.
Since Vj, is a fuzzy ideal of L(R, A), x, y € V}
Now,
0(@nc)rxny, brd)axny)=0(brd)rxny, (brd)rxny)=1

Similarly, 0((b Ad) Ax Ay, (@ Ac)Ax Ay)=1 and hence (a Ac, b Ad)
€ (pVe.

Also,

0((ave)rx ~ny,(bAd)Ax Ay)=0((arx Ay)vicarxAy), (bvd)rx AYy)
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=0((bAxAy)V(xAcAy), (bvd)ax AYy)
=0 A(x AV rd) Ayl (bvd)rx AYy)
=0((bvd)rxny, (bvd)rx ay)=1
Similarly, 0(bv d) Ax Ay, (@ve)ax Ay) =1
Therefore, (av ¢, bv d) € oVj.
Thus ¢V} is a FCR’'s on L(R, A).
(2) = (3) It is obvious (3) = (1). Assume (3) Let a, b € R.
Since 0(av b, (avb)vb)=0((avb)vb, avb)=1. Then (a, av b)e pag.
Also 0(bv b, bv d) = 1. Hence (b, b) € ¢ay. Since gag is a FCR’s on
LR A), (anb, (@vb)Ab) e oap.
Hence 0((a A b)v b, [(av b) Ab]vb) = 0((avb)Ablvb, (arb)vb)=1
— 0(@nb)vb bvb)=00bvb (@rb)vb) =1

= 0((aAb)vb, b)>0 and 0(b, (a Ab)v b) > 0. Therefore L(R, A) is a
GADFL.

Conclusion

Many definitions of FF’'s and FCR’s of a GADFL’s are examined in this
study. We also discovered filters that may or may not be FF’s. In addition, we
proved the theorems of FCR’s and FF’s using a distributive fuzzy lattice.
Finally, a characterization theorem for FCR’s and created FF’s for GADFL.
Fuzzy congruence relations, as well as some of the ideals and filters of
GADFL, will be the focus of our future research.
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