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Abstract 

The relationship between Fuzzy Congruence Relations (FCR’s) and Fuzzy Filters (FF’s) in 

Generalized Almost Distributive Fuzzy Lattices is the subject of this research (GADFL). In 

GADFL, some theorems for FCR’s and FF’s underpinning the structure of distributive fuzzy 

lattices are derived. GADFL also discusses a characterization theorem for FCR’s and FF’s.  

1. Introduction 

Rao, Ravi Kumar, and Rafi [1] proposed the concept of a Generalized 

Almost Distributive Lattice (GADL) as a generalisation of an Almost 

Distributive Lattice (ADL). [2] Except for maybe the right distributivity of 

any of the binary operations or and the commutativity of ,  over the other 

the GADLs inherit essentially all of the properties of the distributive lattice. 

GADLs are properly classified as ADLs and retain several of the ADL’s       

key characteristics. L. A. Zadeh [3] examined the fuzzy set concept to 

mathematically represent ambiguity in its most abstract form and also in [4] 

a generalisation of the fuzzy ordering, i.e., a transitive fuzzy relation is a 
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fuzzy ordering. Chon [5] proposed a novel researched the fuzzy lattices [6]. A 

fuzzy congruence relation [7] on generic algebraic equivalency relation that is 

consistent with all of the algebra’s fundamental operations [8]. Recent 

research on fuzzy sub algebraic structures includes fuzzy ideals and fuzzy 

filters [9-10], various generalisations of FI’s in distributive lattices [11-13], 

FI’s and FF’s of partially ordered sets [14, 15], and FI’s of universal algebras 

[16-17]. In GADFL, some theorems for FCR’s and FF’s underpinning the 

structure of distributive fuzzy lattices are derived. GADFL also discusses a 

characterization theorem. 

2. Preliminaries 

Definition 2.1 [18]. Let  ,,RL  be an algebra type and  ARL ,  be a 

fuzzy poset. Then we call  ARL ,  is a GADFL if it satisfies the following 

axioms.  

1.           1,,  cbacbaAcbacbaA  

2.               1,,  cbacabaAcabacbaA  

3.               1,,  cbacabaAcabacbaA  

4.       1,,  baaaAabaaA  

5.       1,,  abaaAaabaA  

6.       1,,  bbabAbbbaA  for all .,, Rcba   

Definition 2.2. An equivalence relation  on  AR,  is a called fuzzy 

congruence relations (FCR’s) on  ,, AR  if the following are satisfied.  

1.   1,  xx  for all Rx    

2.    xyxx ,,   for all Ryx ,   

3.      zyyxzx ,,,   for all Rzyx ,,   

4.        wzyxwyzxwyzx ,,,,   for all .,,, Rwzyx   

We denote the set of all FCR’s on for all  ., ARL   



FUZZY CONGRUENCE RELATIONS AND FUZZY … 

Advances and Applications in Mathematical Sciences, Volume 21, Issue 8, June 2022 

4213 

Definition 2.3. A fuzzy subset is a called fuzzy filter (FF’s) of  ,, AR  if  

1.   11 A  and 

2.      ,yAxAyxA   for all ., Ryx    

3. Fuzzy Congruence Relations (FCR’s) and Fuzzy Filters (FF’s) in 

GADFL 

Definition 3.1. Let  ARL ,  be a GADFL. An equivalence  relation on 

 ARL ,  is called a FCR’s  on  ARL ,  if, for Rwzyx ,,,  holds. 

             .,,,, wyzxwyzxwzyx   

Definition 3.2. A fuzzy subset of a GADFL  ARL ,  is called a FF’s of  

 ARL ,  if  

1.   11   

2.       ,;1,,sup Raxaxxxax   for all .Rx    

Example 3.1. Let  cbaR ,,,0  and let  and  be binary operations 

on a GADFL  ., ARL   

Then  0,,, R  is a GADFL (a discrete GADFL).  

Now,   of  ARL ,  by       8.0,1   ba  and .6.0  

Thus   is a fuzzy filter of  ., ARL  

 

Figure 1. Hasse diagram, discrete GADFL  .,,,0 cbaR   



 S. SENTHAMIL SELVI and T. SANGEETHA 

Advances and Applications in Mathematical Sciences, Volume 21, Issue 8, June 2022 

4214 

Fuzzy relation  on  ., ARL  

        ,1,,,0,0  ccbbaa   

    6.00,,0  cc  

           bccbaccaabba ,,,,,,   

        8.00,,00,,0  bbaa  

Thus  is a FCR’s on GADFL  ., ARL  

Theorem 3.1. In GADFL, ‘  ARL , ’ let be a FCR’s. Then   is a FF’s of 

 ., ARL  

Proof of the theorem 3.1 

The is the mapping defined by and is defined by BA  :  for all  a  

Therefore, we get     .10,11   For any yx,  this implies,  

    0,yxyx   

    Ababyax  ,|,,sup  

      Ababyaxyx  ,|,,  

Assume ,1b  we get, 

              yyxyyxyaxyx   ,1,1,,  

Similarly, we find 

    0,yxyx   

     .,|,,sup Ababyax   Assume ,1a  we get,  

      byxyx ,1   

           xyxxyxxyx   ,1,,11,  

Therefore, we get      .yxyx    This implies  a  is a FF’s 

of GADFL ‘  ., ARL ’ Hence Proved.  
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Theorem 3.2. Let  be a FCR’s on GADFL  ., ARL  A fuzzy subset 

      ,:1,,sup Raxaxxxax   for all Rx   is a FF’s on 

GADFL  ., ARL  

Proof of the theorem 3.2  

         11,1:11,11,1sup1  Raaa  

For any ,, Ryx   consider 

            ,;1,,sup Rayxayxyxyaayx   

            Rayaxayxyxyaxa  :1,,sup  

         Rayayxaxyyaxxa  :1,,,,sup  

   .yx    Also consider, 

        Raxxayyyyaxxa  :1,,,,sup  

 x  

In the similar fashion    .yyx   

Then      .yxyx    Thus   is a FF’s of GADFL  ., ARL  

Theorem 3.3. Let  be a FCR’s on GADFL  ., ARL  Then .   

Proof of the theorem 3.3. 

For any FCR’s on GADFL  ., ARL  We claim to show that .   For 

any ,Rx   we have, 

      Raxaxxxax  :1,,sup  

Then       1,,  xaxxxax  for all .Ra   

In particular for .1a  

      11,,1  xxxxx  

   .11, xx   Therefore    xx    (1)  

On the other hand, for any ,Ra   consider, 
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           1,,1,,  xaxxaxxaxaxaxxxa  

Thus for all       xxaxxxa  1,,  for all .Ra   

So       Raxxaxxax  :1,,sup  

 x  

Therefore    xx    (2)  

From (1) and (2) we get    xx    Hence .   Hence the proved.  

Theorem 3.4. Let   be a FF of a GADFL  ., ARL  Then the relation 

     1,,|,   xayayaxaRRyx  for some a  

is a congruence relation on  ., ARL   

Proof of the theorem 3.4 

Clearly   is an equivalence relation on  ., ARL   

Now, let     qpyx ,,,  then,    xayayaxa  ,,  and  

    1,,  pbqbqbpb  

For some ., ba  Hence   baba,  and  

   qybapbxaqybapxba  ,,   

   qybaqbyaqybapbya  ,,  

  1,  qybaqyba  

Similarly,   .1,  pxbaqyba   

Therefore   ,,  qypx  Also,  

                  1,,  qybapxbaqybapxba  

Similarly,          1,  pxbaqyba  

Therefore    qypx ,  and hence   is a FCR’s on  ., ARL  

Finally, the following theorem in GADFL provides characterisation of 

FCR’s and FF’s. 
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Theorem 3.5. Let be a FCR’s on GADFL  ., ARL  Then the following are 

equivalent. 

1.  ARL ,  is a GADFL. 

2. For any FF V  of V  is a FCR’s on  ., ARL  

3. a  is a FCR’s on   ., RaARL   

Proof of the theorem 3.5. 

Assume (1), Let V  be a FF of  ., ARL  Clearly, V  is an equivalence 

relation 

Let   .,  Vaa  Then   1,  xaxa  and   1,  yaya  for 

some, .Vy  

Let   .,  Vba  Then   1,  xbxa  and   1,  ybya  for 

some ., Vyx  

Therefore     .,,,  Vbaabba  Let   .,,  Vcba  

Then       1,,,  xcxbxbxaxcxa  and  ycxa  ,   

    1,,  ycybybya  for some .,, Vyx   

Therefore       .,,,,,  Vbacbbaca  Let     .,,,  Vdcba  Then 

    1,,  xaxbxbxa  and     1,,  ycydydyc  for 

some .,, Vyx  

Since V  is a fuzzy ideal of   VyxARL ,,,   

Now, 

          1,,  yxdbyxdbyxdbyxca  

Similarly,      1,  yxcayxdb  and hence  dbca  ,  

. V  

Also,  

           yxdbyxcyxayxdbyxca  ,,  
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      yxdbycxyxb  ,  

        yxdbydxyxb  ,  

     1,  yxdbyxdb  

Similarly,      1,  yxcayxdb  

Therefore,   .,  Vdbca   

Thus V  is a FCR’s on  ., ARL   

(2)  (3) It is obvious (3)  (1). Assume (3) Let ., Rba    

Since       .1,,  babbabbaba  Then   .,  abaa   

Also   .1,  dbbb  Hence   .,  abb  Since a  is a FCR’s on  

     .,,,  abbabaARL  

Hence             1,,  bbabbbabbbabba  

      1,,  bbabbbbbba  

   0,  bbba  and    .0,  bbab  Therefore  ARL ,  is a 

GADFL.  

Conclusion 

Many definitions of FF’s and FCR’s of a GADFL’s are examined in this 

study. We also discovered filters that may or may not be FF’s. In addition, we 

proved the theorems of FCR’s and FF’s using a distributive fuzzy lattice. 

Finally, a characterization theorem for FCR’s and created FF’s for GADFL. 

Fuzzy congruence relations, as well as some of the ideals and filters of 

GADFL, will be the focus of our future research.  
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