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Abstract 

In this paper, the notion of fuzzy fraction dense space is introduced. Several 

characterizations of fuzzy fraction dense spaces are established. It is established that fuzzy 

closed sets are not fuzzy nowhere dense sets and fuzzy regular closed sets are fuzzy F -sets in 

fuzzy fraction dense and fuzzy P-spaces. It is obtained that fuzzy fraction dense spaces are not 

fuzzy hyper connected and fuzzy nodec spaces and fuzzy fraction dense and fuzzy DG -spaces 

are fuzzy Baire, fuzzy -Baire and fuzzy Volterra spaces. A condition which ensures the existence 

of fuzzy -Baireness in fuzzy fraction dense spaces is obtained.  

1. Introduction 

The concept of fuzzy set as a new approach for modelling uncertainties 

was introduced by L. A. Zadeh [20] in 1965. The concept of fuzzy topological 

spaces was introduced by C. L. Chang [3] in 1968. Chang’s works paved the 

way for the subsequent tremendous growth of the numerous fuzzy topological 

concepts. The concept of fraction dense spaces was introduced by A. W. Hager 

and J. Martinez [6] and the same was studied as “cozero approximated 

spaces” by Gary Gruenhage [4]. 
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In this paper, the notion of fuzzy fraction dense space is introduced. 

Several characterizations of fuzzy fraction dense spaces are established. It is 

established that fuzzy closed sets are not fuzzy nowhere dense sets and fuzzy 

open sets are not fuzzy dense sets in fuzzy fraction dense spaces. It is 

obtained that fuzzy regular closed sets are fuzzy F -sets and fuzzy regular 

open sets are fuzzy G -sets in fuzzy fraction dense and fuzzy P-spaces. Also it 

is established that fuzzy F -sets are fuzzy somewhere dense sets and fuzzy 

G -sets are fuzzy cs dense sets in fuzzy fraction dense and fuzzy P-spaces. It 

is obtained that fuzzy fraction dense spaces are not fuzzy hyper connected 

and fuzzy nodec spaces. In fuzzy fraction dense and fuzzy DG -spaces, fuzzy 

nowhere dense sets become fuzzy F -sets and fuzzy first category sets. 

Fuzzy fraction dense and fuzzy DG -spaces are found to be fuzzy Baire, 

fuzzy -Baire and fuzzy Volterra spaces. A condition which ensures the 

existence of fuzzy -Baireness in fuzzy fraction dense spaces is obtained by 

means of fuzzy boundary of fuzzy simply open sets. Also a condition which 

ensures the existence of fuzzy -Baireness in fuzzy fraction dense and fuzzy 

-spaces is obtained by means of the fuzzy boundary of fuzzy G -sets. It is 

established that fuzzy fraction dense and fuzzy G -spaces are fuzzy nodef 

spaces and are not fuzzy P-spaces. It is found that fuzzy fraction dense spaces 

are not fuzzy nodec spaces. A condition under which fuzzy globally 

disconnected spaces become fuzzy fraction dense spaces is also obtained in 

this paper.  

2. Preliminaries 

Some basic notions and results used in the sequel, are given in order to 

make the exposition self-contained. In this work by ( )TX,  or simply by X, we 

will denote a fuzzy topological space due to Chang (1968). Let X be a non-

empty set and I the unit interval [0, 1]. A fuzzy set  in X is a mapping from 

X into I. The fuzzy set X0  is defined as ( ) ,00 =xX  for all Xx   and the 

fuzzy set X1  is defined as ( ) ,11 =xX  for all .Xx   

Definition 2.1 [3]. Let ( )TX,  be a fuzzy topological space and  be any 
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fuzzy set in ( )., TX  The interior, the closure and the complement of  are 

defined respectively as follows:  

(i) ( )  T= ,int  

(ii) ( )  .1, Tcl −=  

(iii) ( ) ( ),1 xx −=  for all .Xx    

For a family  Iii   of fuzzy sets in ( ),, TX  the union ( )ii =  and  

The intersection ( ),ii =  are defined respectively as  

(iv) ( )  ( ) .sup Xxxx ii =   

(v) ( )  ( ) .inf Xxxx ii =  

Lemma 2.1 [1]. For a fuzzy set  of a fuzzy topological space X,  

(i) ( ) ( ),1int1 −=− cl  and (ii) ( ) ( ).1int1 −=− cl  

Definition 2.2. A fuzzy set  in a fuzzy topological space ( )TX,  is called 

a  

(1) fuzzy regular - open if ( )= clint  and fuzzy regular-closed if 

( )= intcl  [1]. 

(2) fuzzy G -set if ( )ii = 
=1  where Ti   for Ii   [2]. 

(3) fuzzy F -set if ( ),1 ki = 
=  where Ti −1  for Ii   [2]. 

(4) fuzzy semi-open if ( ) intcl  and fuzzy semi-closed if ( ) clint  

[1]. 

Definition 2.3. A fuzzy set  in a fuzzy topological space ( ),, TX  is called 

a  

(i) fuzzy dense set if there exists no fuzzy closed set  in ( )TX,  such that 

.1  That is, ( ) ,1=cl  in ( )TX,  [9]. 

(ii) fuzzy nowhere dense set if there exists no non-zero fuzzy open set  in 

( )TX,  such that ( ). cl  That is, ( ) ,0int =cl  in ( )TX,  [9]. 
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(iii) fuzzy first category set if ( ),1 kk = 
=  where ( )k ’s are fuzzy 

nowhere dense sets in ( )., TX  Any other fuzzy set in ( )TX,  is said to be of 

fuzzy second category [9]. 

(iv) fuzzy residual set if −1  is a fuzzy first category set in ( )TX,  [11]. 

(v) fuzzy somewhere dense set if there exists a non-zero fuzzy open set  

in ( )TX,  such that ( ). cl  That is, ( ) ,0int cl  in ( )TX,  [10] and −1  

is called a fuzzy complement of fuzzy somewhere dense set in ( )TX,  and is 

denoted as fuzzy cs dense set in ( )TX,  [19]. 

(vi) fuzzy -nowhere dense set if  is a fuzzy F -set with ( ) ,0int =  in 

( )TX,  [13]. 

(vii) fuzzy simply open set if ( )Bd  is a fuzzy nowhere dense set in 

( )., TX  

That is,  is a fuzzy simply open set in ( )TX,  if ( ) ( ) ,1 − clcl  is a 

fuzzy nowhere dense set in ( )TX,  [15]. 

Definition 2.4. A fuzzy topological space ( )TX,  is called a 

(i) fuzzy P-space if each fuzzy G -set in ( )TX,  is fuzzy open in ( )TX,  

[8] 

(ii) fuzzy Baire space if ( ( )) ,0int 1 =
= ii  where ( )i ’s are fuzzy nowhere 

dense sets in ( )TX,  [11]. 

(iii) fuzzy -Baire space if ( ( )) ,0int 1 =
= ii  where ( )i ’s are fuzzy          

-nowhere dense sets in ( )TX,  [13]. 

(iv) fuzzy Volterra space if ( ( )) ,11 = = i
N
icl  where ( )i ’s are fuzzy dense 

and fuzzy G -sets in ( )TX,  [14]. 

(v) fuzzy hyper connected space if every non-null fuzzy open subset of 

( )TX,  is fuzzy dense in ( )TX,  [7]. 

(vi) fuzzy -space if each fuzzy G -set is a fuzzy simply open set in 



ON FUZZY FRACTION DENSE SPACES 

Advances and Applications in Mathematical Sciences, Volume 22, Issue 7, May 2023 

1467 

( )TX,  [18].  

(vii) fuzzy DG -space if each fuzzy dense (but not fuzzy open) set in 

( )TX,  is a fuzzy G -set in ( )TX,  [17].  

(viii) fuzzy globally disconnected space if each fuzzy semi-open set in 

( )TX,  is fuzzy open in ( )TX,  [16].  

(ix) fuzzy nodef space if each fuzzy nowhere dense set is a fuzzy F -set in 

( )TX,  [17].  

(x) fuzzy nodec space if each fuzzy nowhere dense set is a fuzzy closed set 

in ( )TX,  [12].  

Theorem 2.1 [15]. If  is a fuzzy simply open set in a fuzzy topological 

space ( ),, TX  then ( )− 1  is a fuzzy nowhere dense set in ( )., TX  

Theorem 2.2 [1]. In a fuzzy topological space, 

(a) The closure of a fuzzy open set is a fuzzy regular closed set. 

(b) The interior of a fuzzy closed set is a fuzzy regular open set. 

Theorem 2.3 [19]. If  is a fuzzy somewhere dense set in a fuzzy 

topological space ( ),, TX  then there exists a fuzzy regular closed set  in 

( )TX,  such that ( ). cl  

Theorem 2.4 [17]. If  is a fuzzy nowhere dense (but not fuzzy closed) set 

in a fuzzy DG -space ( ),, TX  then  is a fuzzy F -set in ( )., TX  

Theorem 2.5 [14]. If each fuzzy nowhere dense set is a fuzzy F -set in a 

fuzzy topological space ( ),, TX  then ( )TX,  is a fuzzy Volterra space. 

Theorem 2.6 [14]. If each fuzzy nowhere dense set is a fuzzy F -set in a 

fuzzy topological space ( ),, TX  then ( )TX,  is a fuzzy Baire space. 

Theorem 2.7 [13]. If  is a fuzzy -nowhere dense set in a fuzzy 

topological space ( ),, TX  then −1  is a fuzzy residual set in ( )., TX  

Theorem 2.8 [17]. If  is a fuzzy dense and fuzzy open set in a fuzzy nodef 

space ( ),, TX  then  is a fuzzy residual set in ( )., TX  
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Theorem 2.9 [17]. If a fuzzy topological space ( )TX,  is a fuzzy nodef 

and fuzzy P-space, then ( )TX,  is a fuzzy nodec space.  

Theorem 2.10 [16]. If  is a fuzzy first category set in a fuzzy globally 

disconnected space ( ),, TX  then  is a fuzzy F -set in ( )., TX  

3. Fuzzy Fraction Dense Spaces 

Motivated by the works of Hager and Martinez [6] and Gary Gruenhage 

[4], the concept of fuzzy fraction dense space is introduced and studied in this 

paper.  

Definition 3.1. A fuzzy topological space ( )TX,  is called a fuzzy fraction 

dense space if for each fuzzy open set  in ( ) ( ) ( ),,, = clclTX  where  is a 

fuzzy F -set in ( )., TX  

That is, ( )TX,  is a fuzzy fraction dense space if for each fuzzy open set  

in ( ) ( ) ( ( )),,, 1 iiclclTX = 
=  where .1 Ti −  

Example 3.1. Let  .,, cbaX =  Let  .1,0=I  The fuzzy sets ,  and  

are defined on X as follows:  

IX → :  is defined by ( ) ( ) ( ) ,4.0,6.0,5.0 === cba   

IX → :  is defined by ( ) ( ) ( ) ,6.0,5.0,4.0 === cba   

IX → :  is defined by ( ) ( ) ( ) .5.0,4.0,6.0 === cba   

Then,   ,,,,,,,,,,,0 =T  

          ( ),,,,,,   

( ) 1,  is a fuzzy topology on X.  

By computation one can find that the fuzzy F -sets in ( )TX,  are 

       ,,,,,,,,,   

    ( ) ,,  and ( ).  Also one can find that  

( )      ( )  ( ),11 =−=−= clclcl  

( )      ( )  ( ),11 =−=−= clclcl  
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( )      ( )  ( ),11 =−=−= clclcl  

( )    ( ) ( ),11 =−=−= clclcl  

( )    ( ) ( ),11 =−=−= clclcl  

( )    ( ) ( ),11 =−=−= clclcl  

( )    ( ) ( ),11 =−=−= clclcl  

( )    ( ) ( ),11 =−=−= clclcl  

( )    ( )  ( ),11 =−=−= clclcl  

 ( )      ( )  ( ),11 =−=−= clclcl  

 ( )      ( )  ( ),11 =−=−= clclcl  

 ( )      ( )  ( ),11 =−=−= clclcl  

 ( )      ( )  ( ),11 =−=−= clclcl  

 ( )      ( )  ( ),11 =−=−= clclcl  

 ( )      ( )  ( ),11 =−=−= clclcl  

( )   ( )( ) ( ),11 =−=−= clclcl  

( )   ( )( ) ( ).11 =−=−= clclcl  

Hence ( )TX,  is a fuzzy fraction dense space. 

Example 3.2. Let  .,, cbaX =  Let  .1,0=I  The fuzzy sets ,  and  

are defined on X as follows:  

IX → :  is defined by ( ) ( ) ( ) ,4.0,6.0,4.0 === cba   

IX → :  is defined by ( ) ( ) ( ) ,6.0,4.0,6.0 === cba   

IX → :  is defined by ( ) ( ) ( ) .5.0,5.0,5.0 === cba   

Then,  1,,,,,,,,,,01 =T  is a fuzzy 

topology on X. By computation one can find that the fuzzy F -sets in ( )TX,  

are ( ) ( )−−−− 1,1,1,1  and ( ).1 −  Now for the fuzzy open 

set ( ) ( ),1, −= clcl  where ( ) ( ),1,1,1,1 −−−−=  
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( ).1 −  Hence ( )1, TX  is not a fuzzy fraction dense space. 

Proposition 3.1. A fuzzy topological space ( )TX,  is a fuzzy fraction 

dense space if and only if for each fuzzy regular closed set  in 

( ) ( ),,, = clTX  where  is a fuzzy F -set in ( )., TX  

Proof. Let  be a fuzzy regular closed set in ( )., TX  Then, ( ) ,int =cl  

in ( )., TX  Let ( ).int =  Then,  is a fuzzy open set in ( )., TX  Since ( )TX,  

is a fuzzy fraction dense space, ( ) ( ),= clcl  where  is a fuzzy F -set in 

( )., TX  Thus, ( ) ( ) ( )=== clclcl int  and ( ),= cl  in ( )., TX  

Conversely, let  be a fuzzy open set in ( )., TX  Then, ( )cl  is a fuzzy 

regular closed set in ( )TX,  (Theorem 2.2). By hypothesis, ( ) ( ),= clcl  

where  is a fuzzy F -set in ( )TX,  and thus ( )TX,  is a fuzzy fraction dense 

space. 

Proposition 3.2. If ( )TX,  is a fuzzy fraction dense space and  is a fuzzy 

regular open set in ( ),, TX  then ( ),int =  where θ is a fuzzy G -set in 

( )., TX  

Proof. Let  be a fuzzy regular open set in ( )., TX  Then, −1  is a fuzzy 

regular closed set in ( )., TX  Since ( )TX,  is a fuzzy fraction dense space, by 

Proposition 3.1, ( ),1 =− cl  where  is a fuzzy F -set in ( )., TX  Then, 

( ) ( )−=−= 1int1 cl  [2.1]. Let −= 1  and then θ is a fuzzy G -set in 

( )., TX  Hence ( ),int =  where θ is a fuzzy G -set in ( )., TX  

Proposition 3.3. If  is a fuzzy open set in a fuzzy fraction dense space 

( ),, TX  then there exists a fuzzy F -set  in ( )TX,  such that ( ). cl  

Proof. Let  be a fuzzy open set in ( )., TX  Since ( )TX,  is a fuzzy 

fraction dense space, ( ) ( ),= clcl  where  is a fuzzy F -set in ( )., TX  Now 

( ), cl  implies that ( ). cl  

Proposition 3.4. If  is a fuzzy open set in a fuzzy fraction dense space 

( ),, TX  then there exists a fuzzy F -set  in ( )TX,  such that ( ). cl  

Proof. Let  be a fuzzy open set in ( )., TX  Now ( ) cl  in ( )., TX  
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Since ( )TX,  is a fuzzy fraction dense space, ( ) ( ),= clcl  where  is a fuzzy 

F -set in ( )., TX  Thus there exists a fuzzy F -set  in ( )TX,  such that 

( ). cl  

Proposition 3.5. If  is a fuzzy open set in a fuzzy fraction dense space 

( ),, TX  then there exist fuzzy F -sets  and  in ( )TX,  such that 

( ) ( ). clcl  

Proof. Let  be a fuzzy open set in ( )., TX  Since ( )TX,  is a fuzzy 

fraction dense space, by Proposition 3.3, there exists a fuzzy F -set  in 

( )TX,  such that ( ). cl  Also, by Proposition 3.4, there exists a fuzzy    

F -set  in ( )TX,  such that ( ). cl  Then, ( ) ( )( ). clclcl  Since 

( )( ) ( )= clclcl  in ( ),, TX  for a fuzzy open set  in ( ) ( ) ( ).,,  clclTX   

Proposition 3.6. If  is a fuzzy closed set in a fuzzy fraction dense space 

( ),, TX  then there exists a fuzzy G -set θ in ( )TX,  such that ( ) .int   

Proof. Let  be a fuzzy closed set in ( )., TX  Then, −1  is a fuzzy open 

set in ( )., TX  Since ( )TX,  is a fuzzy fraction dense space, by Proposition 

3.3, there exists a fuzzy F -set  in ( )TX,  such that ( ).1 − cl  Then, 

( )− int1  [2.1]. This implies that ( ) .1int −  Let .1 −=  Then θ is 

a fuzzy G -set and ( ) ,int   in ( )., TX  

Proposition 3.7. If  is a fuzzy closed set in a fuzzy fraction dense space 

( ),, TX  then there exists a fuzzy G -set  in ( )TX,  such that ( ) .int   

Proof. Let  be a fuzzy closed set in ( )., TX  Then, −1  is a fuzzy open 

set in ( )., TX  Since ( )TX,  is a fuzzy fraction dense space, by Proposition 

3.4, there exists a fuzzy F -set  in ( )TX,  such that ( ).1 − cl  Then, 

( ) − cl1  and [2.1] ( ) ( ) .11int −=− cl  Let −= 1  and  is a fuzzy 

G -set in ( )TX,  and ( ) int  in ( )., TX  

Proposition 3.8. If  is a fuzzy closed set in a fuzzy fraction dense space 

( ),, TX  then there exist fuzzy G -sets  and θ in ( )TX,  such that 

( ) ( ) ,intint   in ( )., TX  
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Proof. Let  be a fuzzy closed set in ( )., TX  Since ( )TX,  is a fuzzy 

fraction dense space, by Proposition 3.6, there exists a fuzzy G -set θ in 

( )TX,  such that ( ) .int   Also, by Proposition 3.7, there exists a fuzzy  

G -set  in ( )TX,  such that ( ) .int   Then, ( )( ) ( ) ,intintint   in 

( )., TX  This implies that ( ) ( ) ,intint   in ( )., TX   

Proposition 3.9. If  is a fuzzy regular open set in a fuzzy fraction dense 

space ( ),, TX  then there exists a fuzzy G -set θ with ( ) 0int cl  in ( )TX,  

such that .  

Proof. Let  be a fuzzy regular open set in ( )., TX  Since ( )TX,  is a 

fuzzy fraction dense space, by Proposition 3.2, there exists a fuzzy G -set θ in 

( )., TX  such that ( ).int =  Now ( ) ( ),intint  cl  implies that ( ) clint  

and thus ( ) .0int cl  Thus, there exists a fuzzy G -set θ with ( ) 0int cl  

in ( )TX,  such that .  

Corollary 3.1. If  is a fuzzy regular open set in a fuzzy fraction dense 

space ( ),, TX  then there exists a fuzzy somewhere dense set θ in ( )TX,  such 

that .  

Proof. Let  be a fuzzy regular open set in ( )., TX  Since ( )TX,  is a 

fuzzy fraction dense space, by Proposition 3.9, there exists a fuzzy G -set θ 

with ( ) 0int cl  in ( )TX,  such .  Now ( ) 0int cl  implies that θ is a 

fuzzy somewhere dense set in ( )., TX  

Proposition 3.10. If  is a fuzzy regular closed set in a fuzzy fraction 

dense space ( ),, TX  then there exists a fuzzy F -set  in ( )TX,  such that 

.  

Proof. Let  be a fuzzy regular closed set in ( )., TX  Then, −1  is a 

fuzzy regular open set in ( )., TX  Since ( )TX,  is a fuzzy fraction dense 

space, by Proposition 3.9, there exists a fuzzy G -set θ in ( )TX,  such that 

−1  and then .1 −  Let .1 −=  Then  is a fuzzy F -set in 

( )., TX  Hence there exists a fuzzy F -set  in ( )TX,  such that .  
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Corollary 3.2. If  is a fuzzy regular closed set in a fuzzy fraction dense 

space ( ),, TX  then there exists a fuzzy cs dense set  in ( )TX,  such that 

.  

Proof. Let  be a fuzzy regular closed set in ( )., TX  Then, −1  is a 

fuzzy regular open set in ( )., TX  Since ( )TX,  is a fuzzy fraction dense 

space, by Corollary 3.1, there exists a fuzzy somewhere dense set θ such that 

,1 −  in ( )., TX  Then, .1 −  Let .1 −=  Then,  is a fuzzy cs 

dense set in ( )TX,  and .  

Proposition 3.11. If ( )TX,  is a fuzzy fraction dense space, then there 

exist a fuzzy F -set  and a fuzzy G -set θ in ( )TX,  such that ( ). cl  

Proof. Let  be a fuzzy regular open set in ( )., TX  Since ( )TX,  is a 

fuzzy fraction dense space, by Proposition 3.9, there exists a fuzzy G -set θ in 

( )TX,  such that   and then ( ) ( ), clcl  in ( )., TX  Since a fuzzy 

regular open set is a fuzzy open set in a fuzzy topological space [Th.2.2], by 

Proposition 3.3, there exists a fuzzy F -set  in ( )TX,  such that ( ). cl  

Then, ( ) ( ) clcl  and thus ( ), cl  in ( )., TX  

The following propositions show that the fuzzy closed sets are not fuzzy 

nowhere dense sets and the fuzzy open sets are not fuzzy dense sets in fuzzy 

fraction dense spaces. 

Proposition 3.12. If  is a fuzzy closed set in a fuzzy fraction dense space 

( ),, TX  then  is not a fuzzy nowhere dense set in ( )., TX  

Proof. Let  be a fuzzy closed set in ( )., TX  Since ( )TX,  is a fuzzy 

fraction dense space, by Proposition 3.7, there exists a fuzzy G -set  in 

( )TX,  such that ( ) .int   Then, ( ) 0int   and ( ) ( ) clintint  implies 

that ( ) ,0int cl  in ( )., TX  Hence  is not a fuzzy nowhere dense set in 

( )., TX  

Proposition 3.13. If  is a fuzzy open set in a fuzzy fraction dense space 

( ),, TX  then  is not a fuzzy dense set in ( )., TX  
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Proof. Let  be a fuzzy open set in ( )., TX  Suppose that ( ) ,1=cl  in 

( )., TX  Then, ( ) ( ) ( ) .0111int11int =−=−=−=− clclcl  This implies 

that the fuzzy closed set −1  is a fuzzy nowhere dense set in the fuzzy 

fraction dense space ( ),, TX  a contradiction [by Proposition 3.12]. Hence  is 

not a fuzzy dense set in ( )., TX  

Proposition 3.14. If  is a fuzzy closed set in a fuzzy fraction dense space 

( ),, TX  then there exists a fuzzy regular closed set  in ( )TX,  such that 

.  

Proof. Let  be a fuzzy closed set in ( )TX,  and then, ( ) .=cl  Since 

( )TX,  is a fuzzy fraction dense space, by Proposition 3.12,  is not a fuzzy 

nowhere dense set in ( )TX,  and then ( ) ,0int cl  in ( )., TX  Now 

( ) ( ) 0intint = cl  and then there exists a fuzzy open set  in ( )TX,  such 

that .  Then, ( ) ( ) = clcl  and ( )cl  is a fuzzy regular closed set in 

( )TX,  [Th.2.2]. Let ( ).= cl  Hence there exists a fuzzy regular closed set  

in ( )TX,  such that .  

Proposition 3.15. If  is a fuzzy open set in a fuzzy fraction dense space 

( ),, TX  then there exists a fuzzy regular open set θ in ( )TX,  such that .   

Proof. Let  be a fuzzy open set in ( )., TX  Then, −1  is a fuzzy closed 

set in ( )., TX  Since ( )TX,  is a fuzzy fraction dense space, by Proposition 

3.14, there exists a fuzzy regular closed set  in ( )TX,  such that .1 −  

Then, .1 −  Let −= 1  and θ is a fuzzy regular open set in ( )TX,  

and .  

Proposition 3.16. If  is a fuzzy nowhere dense set in a fuzzy fraction 

dense space ( ),, TX  then there exists a fuzzy cs dense set  in ( )TX,  such that 

( ). cl  

Proof. Let  be a fuzzy nowhere dense set in ( )TX,  and then ( )cl  is a 

fuzzy closed set in ( )., TX  Since ( )TX,  is a fuzzy fraction dense space, by 

Proposition 3.14, there exists a fuzzy regular closed set  in ( )TX,  such that 

( ). cl  By Corollary 3.2, there exists a fuzzy cs dense set  in ( )TX,  such 
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that   and then ( ). cl  

Proposition 3.17. If  is a fuzzy nowhere dense set in a fuzzy fraction 

dense space ( ),, TX  then there exists no non-zero fuzzy regular closed set  in 

( )TX,  such that ( ). cl  

Proof. Let  be a fuzzy nowhere dense set in ( )TX,  and then 

( ) .0int =cl  Since ( )TX,  is a fuzzy fraction dense space, by Proposition 

3.14, there exists a fuzzy regular closed set  in ( )TX,  such that ( ). cl  

Then, ( ) ( ) 0intint = cl  and ( ) .0int =  This implies that 

( ) ( ) 00int == clcl  and .0=  Thus, there exists no non-zero fuzzy regular 

closed set  in ( )TX,  such that ( ). cl  

Proposition 3.18. If  is a fuzzy regular open set in a fuzzy fraction dense 

space ( ),, TX  then there exists a fuzzy G -set θ in ( )TX,  such that 

( ) .int   

Proof. Let  be a fuzzy regular open set in ( )., TX  Then, ( ) ,int =cl  in 

( )., TX  Now ( )cl  is a fuzzy closed set in ( )., TX  Since ( )TX,  is a fuzzy 

fraction dense space, by Proposition 3.7, there exists a fuzzy G -set θ in 

( )TX,  such that ( ) ( ).int  cl  Then, ( )  ( ) clintintint  and ( ) ,int   in 

( )., TX  

Proposition 3.19. If  is a fuzzy regular open set in a fuzzy fraction dense 

space ( ),, TX  then there exists a fuzzy G -sets θ and  in ( )TX,  such that 

( ) .int   

Proof. Let  be a fuzzy regular open set in ( )., TX  Since ( )TX,  is a 

fuzzy fraction dense space, by Proposition 3.9, there exists a fuzzy G -set θ in 

( )TX,  such that .  Also, by Proposition 3.18, there exists a fuzzy G -set 

 in ( )TX,  such that ( ) .int   Then, ( ) ,int   in ( )., TX  

Proposition 3.20. If  is a fuzzy simply open set in a fuzzy fraction dense 

space ( ),, TX  then there exists no non-zero fuzzy regular closed set  in 

( )TX,  such that ( ). bd  
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Proof. Let  be a fuzzy simply open set in ( )., TX  Then, by Theorem 2.1, 

( )− 1  is a fuzzy nowhere dense set in ( )TX,  and ( )  .01int =−cl  

Since ( )TX,  is a fuzzy fraction dense space, by Proposition 3.14, there exists 

a fuzzy regular closed set  in ( )TX,  such that ( )( ).1 − cl  This 

implies that ( ) ( )− 1clcl  and hence ( ). bd  Then, 

( ) ( ) .intint  bdclcl  Since  is a fuzzy simply open set, ( )  0int =bdcl  

and then ( ) .0int cl  That is, ( ) 0int =cl  and ( ) ( ) clintint  implies 

that ( ) ,0int =  in ( )., TX  This implies that ( ) ( ) 00int == clcl  and .0=  

Thus, there exists no non-zero fuzzy regular closed set  in ( )TX,  such that 

( ). bd  

Proposition 3.21. If  is a fuzzy simply open set in a fuzzy fraction dense 

space ( ),, TX  then there exists a fuzzy F -set  in ( )TX,  such that ( ). bd    

Proof. Let  be a fuzzy simply open set in ( )., TX  Then, by Theorem 2.1, 

( )− 1  is a fuzzy nowhere dense set in ( )TX,  and ( )  .01int =−cl  

Since ( )TX,  is a fuzzy fraction dense space, by Proposition 3.14, there exists 

a fuzzy regular closed set  in ( )TX,  such that ( )( ).1 − cl  Then, 

−1  is a fuzzy regular open set in ( )., TX  By Proposition 3.9, there exists a 

fuzzy G -set θ in ( )TX,  such that .1 −  Then, .1 −  Let .1 −=  

Then,  is a fuzzy F -set in ( )., TX  Thus, ( )( ) ( )− clcl 1  

( ) ( ).1 =− bdcl  Hence there exists a fuzzy F -set  in ( )TX,  such that 

( ). bd  

Proposition 3.22. If  is a fuzzy simply open set in a fuzzy fraction dense 

space ( ),, TX  then there exists a fuzzy -nowhere dense set  in ( )TX,  such 

that ( ). bd  

Proof. Let  be a fuzzy simply open set in ( )., TX  Since ( )TX,  is a fuzzy 

fraction dense space, by Proposition 3.21, there exists a fuzzy F -set  in 

( )TX,  such that ( ). bd  This implies that ( ) ( )( ) bdintint  

( )( ) .0int = bdcl  Then, ( ) .0int =  Thus,  is a fuzzy F -set in ( )TX,  

such that ( ) 0int =  and then  is a fuzzy -nowhere dense set in ( )., TX  

Hence there exists a fuzzy -nowhere dense set  in ( )TX,  such that 
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( ). bd   

4. Fuzzy Fraction Dense Spaces and Fuzzy P-Spaces 

The following propositions show that fuzzy regular closed sets are fuzzy 

F -sets and fuzzy regular open sets are fuzzy G -sets in fuzzy fraction dense 

and fuzzy P-spaces. 

Proposition 4.1. If  is a fuzzy regular closed set in a fuzzy fraction 

dense and fuzzy P-space ( ),, TX  then  is a fuzzy F -set in ( )., TX  

Proof. Let  be a fuzzy regular closed set in ( )., TX  Since ( )TX,  is a 

fuzzy fraction dense space, by Proposition 3.1, ( ),= cl  where  is a fuzzy 

F -set in ( )., TX  Since ( )TX,  is a fuzzy P-space, the fuzzy F -set  is a 

fuzzy closed set and then ( ) ,=cl  in ( )., TX  Hence the fuzzy regular closed 

set  is a fuzzy F -set in ( )., TX  

Corollary 4.1. If  is a fuzzy regular open set in a fuzzy fraction dense 

and fuzzy P-space ( ),, TX  then  is a fuzzy G -set in ( )., TX  

Proof. Let  be a fuzzy regular open set in ( )., TX  Then, −1  is a fuzzy 

regular closed set in ( )., TX  Since ( )TX,  is a fuzzy fraction dense space, by 

Proposition 4.1, −1  is a fuzzy F -set in ( )TX,  and thus  is a fuzzy      

G -set in ( )., TX  

Proposition 4.2. If  is a fuzzy F -set in a fuzzy fraction dense and fuzzy 

P-space ( ),, TX  then  is a fuzzy somewhere dense set in ( )., TX  

Proof. Let  be a fuzzy F -set in ( )., TX  Since ( )TX,  is a fuzzy P-

space, the fuzzy F -set  is a fuzzy closed set and then by Proposition 3.12,  

is not a fuzzy nowhere dense set in ( )., TX  Thus, ( ) ,0int cl  in ( )., TX  

Hence  is a fuzzy somewhere dense set in ( )., TX  

Corollary 4.2. If  is a fuzzy G -set in a fuzzy fraction dense and fuzzy  

P-space ( ),, TX  then  is a fuzzy cs dense set in ( )., TX  
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Proof. Let  be a fuzzy G -set in ( )., TX  Then, −1  is a fuzzy F -set in 

( )., TX  Since ( )TX,  is a fuzzy fraction dense space, by Proposition 4.2, −1  

is a fuzzy somewhere dense set in ( )TX,  and thus  is a fuzzy cs dense set in 

( )., TX  

Proposition 4.3. If  is a fuzzy F -set in a fuzzy fraction dense and fuzzy 

P-space ( ),, TX  then there exists a fuzzy regular closed set  in ( )TX,  such 

that ( ). cl   

Proof. Let  be a fuzzy F -set in ( )., TX  Since ( )TX,  is a fuzzy fraction 

dense and fuzzy P-space, by Proposition 4.2,  is a fuzzy somewhere dense set 

in ( )., TX  By Theorem 2.3, there exists a fuzzy regular closed set  in ( )TX,  

such that ( ). cl  

Corollary 4.3. If  is a fuzzy G -set in a fuzzy fraction dense and fuzzy  

P-space ( ),, TX  there exists a fuzzy regular open set  in ( )TX,  such that 

( ) .int   

Proof. Let  be a fuzzy G -set in ( )., TX  Then, −1  is a fuzzy F -set in 

( )., TX  Since ( )TX,  is a fuzzy fraction dense and fuzzy P-space, by 

Proposition 4.3, there exists a fuzzy regular closed set  in ( )TX,  such that 

( ).1 − cl  This implies that ( )− int1  and ( ) .1int −  Let 

.1 −=  Then,  is a fuzzy regular open set in ( )TX,  and ( ) .int    

Proposition 4.4. If  is a fuzzy G -set in a fuzzy fraction dense and fuzzy 

P-space ( ),, TX  then  

(i) ( ) ,1int cl  in ( )., TX  

(ii)  is not a fuzzy dense set in ( )., TX  

Proof. (i) Let  be a fuzzy G -set in ( )., TX  Then, −1  is a fuzzy F -

set in ( )., TX  Since ( )TX,  is a fuzzy fraction dense and fuzzy P-space, by 

Proposition 4.2, −1  is a fuzzy somewhere dense set and ( ) ,01int −cl  in 

( )., TX  Then, ( ) 0int1 − cl  and ( ) ,1int cl  in ( )., TX  
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(ii) Since ( )TX,  is a fuzzy P-space, the fuzzy G -set  is a fuzzy open set 

in ( )., TX  Also since ( )TX,  is a fuzzy fraction dense space, by Proposition 

3.4, there exists a fuzzy F -set  in ( )TX,  such that ( ) cl  and ( )cl  is a 

fuzzy closed set in ( ),, TX  implies that ( ) ,1cl  in ( )., TX  Hence  is not a 

fuzzy dense set in ( )., TX  

Proposition 4.5. If  is a fuzzy open set in a fuzzy fraction dense and 

fuzzy P-space ( ),, TX  then ( )cl  is a fuzzy F -set in ( )., TX  

Proof. Let  be a fuzzy open set in ( )., TX  Since ( )TX,  is a fuzzy 

fraction dense space, ( ) ( ),= clcl  where  is a fuzzy F -set in ( )., TX  Also 

since ( )TX,  is a fuzzy P-space, the fuzzy F -set  is a fuzzy closed set in 

( )TX,  and then ( ) .=cl  Then, ( ) ,=cl  where  is a fuzzy F -set in 

( )., TX  Hence ( )cl  is a fuzzy F -set in ( )., TX  

Corollary 4.4. If  is a fuzzy closed set in a fuzzy fraction dense and fuzzy 

P-space ( ),, TX  then ( )int  is a fuzzy G -set in ( )., TX  

Proof. Let  be a fuzzy closed set in ( )., TX  Then, −1  is a fuzzy open 

set in the fuzzy fraction dense and fuzzy P-space ( )TX,  and by proposition 

4.5, ( )−1cl  is a fuzzy F -set in ( )., TX  By Lemma 2.1, 

( ) ( )−=− int11cl  and hence ( )int  is a fuzzy G -set in ( )., TX  

5. Fuzzy Fraction Dense Spaces and Other Fuzzy Topological Spaces 

The following proposition shows that fuzzy fraction dense spaces are not 

fuzzy hyper connected spaces. 

Proposition 5.1. If ( )TX,  is a fuzzy fraction dense space, then ( )TX,  is 

not a fuzzy hyperconnected space. 

Proof. Let  be a fuzzy open set in ( )., TX  Since ( )TX,  is a fuzzy 

fraction dense space, by Proposition 3.4, there exists a fuzzy F -set  in 

( )TX,  such that ( ). cl  Now ( )cl  is a fuzzy closed set in ( )TX,  and 

( ), cl  implies that ( ) ,1cl  in ( )., TX  Hence  is not a fuzzy dense set 

in ( )., TX  
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Proposition 5.2. If  is a fuzzy nowhere dense set in a fuzzy fraction 

dense and fuzzy DG -space ( ),, TX  then  is a fuzzy F -set in ( )., TX  

Proof. Let  be a fuzzy nowhere dense set in ( )., TX  By Proposition 3.12, 

fuzzy closed sets in a fuzzy fraction dense space are not fuzzy nowhere dense 

sets in ( )TX,  and thus  is a fuzzy nowhere dense set but not a fuzzy closed 

set in ( )., TX  By Theorem 2.4,  is a fuzzy F -set in the fuzzy DG -space 

( )., TX  

Fuzzy nowhere dense sets become fuzzy -nowhere dense sets in fuzzy 

fraction dense and fuzzy DG -spaces. For, consider the following proposition.  

Proposition 5.3. If  is a fuzzy nowhere dense set in a fuzzy fraction 

dense and fuzzy G -space ( ),, TX  then  is a fuzzy -nowhere dense set in 

( )., TX   

Proof. Let  be a fuzzy nowhere dense set in ( )., TX  Then, ( ) ,0int =cl  

in ( )., TX  Now ( ) ( ),intint  cl  implies that ( ) 0int =  and by Proposition 

5.2,  is a fuzzy F -set and thus  is a fuzzy F -set with ( ) ,0int =  in 

( )., TX  Hence  is a fuzzy -nowhere dense set in ( )., TX   

The following propositions shows that fuzzy fraction dense and fuzzy 

DG -spaces are fuzzy Volterra spaces and fuzzy Baire spaces. 

Proposition 5.4. If ( )TX,  is a fuzzy fraction dense and fuzzy           

DG -space, then ( )TX,  is a fuzzy Volterra space.  

Proof. Let  be a fuzzy nowhere dense set in ( )., TX  Since ( )TX,  is a 

fuzzy fraction dense and fuzzy DG -space, by Proposition 5.2,  is a fuzzy 

F -set in ( )., TX  By Theorem 2.5, ( )TX,  is a fuzzy Volterra space.  

Proposition 5.5. If ( )TX,  is a fuzzy fraction dense and fuzzy G -space, 

then ( )TX,  is a fuzzy Baire space.  

Proof. Let  be a fuzzy nowhere dense set in ( )., TX  Since ( )TX,  is a 

fuzzy fraction dense and fuzzy DG -space, by Proposition 5.2,  is a fuzzy 

F -set in ( )., TX  By Theorem 2.6, ( )TX,  is a fuzzy Baire space. 
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Proposition 5.6. If ( )TX,  is a fuzzy fraction dense and fuzzy G -space, 

then ( )TX,  is a fuzzy -Baire space. 

Proof. Let ( )TX,  be a fuzzy fraction dense and fuzzy DG -space. By 

Proposition 5.5, ( )TX,  is a fuzzy Baire space and then ( ( )) ,0int 1 =
= ii  

where ( )i ’s are fuzzy nowhere dense sets in ( )., TX  By Proposition 5.3, 

( )i ’s are fuzzy -nowhere dense sets in ( )., TX  Thus, ( ( )) ,0int 1 =
= ii  

where ( )i ’s are fuzzy -nowhere dense sets in ( ),, TX  implies that ( )TX,  is 

a fuzzy -Baire space. 

The following proposition gives a condition for fuzzy fraction dense spaces 

to become fuzzy -Baire spaces. 

Proposition 5.7. If ( ( )) ,0int 1 =
= ii bd  where ( )i ’s are fuzzy simply 

open sets in a fuzzy fraction dense space ( ),, TX  then ( )TX,  is a fuzzy          

-Baire space. 

Proof. Let ( )i ’s ( 1=i  to ) be fuzzy simply open sets in ( )., TX  Since 

( )TX,  is a fuzzy fraction dense space, by Proposition 3.22, there exist fuzzy 

 -nowhere dense sets i  in ( )TX,  such that ( ).ii bd   Then, 

( ( )) ( ( )).intint 11 iiii bd  
=


=  By hypothesis ( ( )) 0int 1 =

= ii bd  and then 

( ( )) ,0int 1 =
= ii  where ( )i ’s are fuzzy -nowhere dense sets in ( )., TX  

Hence ( )TX,  is a fuzzy -Baire space. 

It is established in [16] that “If  is a fuzzy first category set in a fuzzy 

globally disconnected, fuzzy Baire and fuzzy P-space ( ),, TX  then  is a fuzzy 

nowhere set in ( )., TX ” The following proposition shows that fuzzy nowhere 

dense sets in fuzzy fraction dense and fuzzy DG -spaces are fuzzy first 

category sets. 

Proposition 5.8. If  is a fuzzy nowhere dense set in a fuzzy fraction 

dense and fuzzy DG -space ( ),, TX  then  is a fuzzy first category set in 

( )., TX  

Proof. Let  be a fuzzy nowhere dense set in ( )., TX  Since ( )TX,  is a 

fuzzy fraction dense and fuzzy G -space, by Proposition 5.3,  is a fuzzy       
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-nowhere dense set in ( )TX,  and by Theorem 2.7, −1  is a fuzzy residual 

set in ( )., TX  Hence  is a fuzzy first category set in ( )., TX  

Proposition 5.9. If  is a fuzzy G -set in a fuzzy fraction dense and fuzzy 

-space ( ),, TX  then there exists a fuzzy F -set  in ( )TX,  such that 

( ). bd  

Proof. Let  be a fuzzy G -set in ( )., TX  Since ( )TX,  is a fuzzy -space, 

the fuzzy G -set  is a fuzzy simply open set in ( )., TX  Since ( )TX,  is a 

fuzzy fraction dense space, by Proposition 3.21, there exists a fuzzy F -set  

in ( )TX,  such that ( ). bd  

Proposition 5.10. If  is a fuzzy G -set in a fuzzy fraction dense and 

fuzzy ∂-space ( ),, TX  then there exists a fuzzy -nowhere dense set  in ( )TX,  

such that ( ). bd  

Proof. Let  be a fuzzy G -set in ( )., TX  Since ( )TX,  is a fuzzy fraction 

dense and fuzzy ∂-space, by Proposition 5.9, there exists a fuzzy F -set  in 

( )TX,  such that ( ). bd  Then ( ) ( )( ) ( )( ).intintint  bdclbd  Since 

( )TX,  is a fuzzy -space, the fuzzy G -set  is a fuzzy simply open set in 

( )TX,  and ( )( ) ,0int =bdcl  in ( )., TX  This implies that ( ) .0int =  Thus  

is a fuzzy F -set with ( ) ,0int =  in ( )TX,  and then  is a fuzzy -nowhere 

dense set in ( )., TX  Hence there exists a fuzzy -nowhere dense set  in 

( )TX,  such that ( ). bd  

The following proposition gives a condition for fuzzy fraction dense and 

fuzzy ∂-spaces to become fuzzy -Baire spaces. 

Proposition 5.11. If ( ( )) ,0int 1 =
= ii bd  where ( )i ’s are fuzzy G -sets 

in a fuzzy fraction dense and fuzzy ∂-space ( ),, TX  then ( )TX,  is a fuzzy      

-Baire space. 

Proof. Let ( )i ’s (i = 1 to ) be fuzzy G -sets in ( )., TX  Since ( )TX,  is 

a fuzzy fraction dense and fuzzy ∂-space, by Proposition 5.10, there exist 

fuzzy 𝜎-nowhere dense sets i  in ( )TX,  such that ( ).ii bd   Then, 

( ( )) ( ( )).intint 11 iiii bd  
=


=  By hypothesis ( ( )) 0int 1 =

= ii bd  and then 
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( ( )) ,0int 1 =
= ii  where ( )i ’s are fuzzy -nowhere dense sets in ( )., TX  

Hence ( )TX,  is a fuzzy -Baire space. 

Proposition 5.12. If ( )TX,  is a fuzzy fraction dense and fuzzy DG -

space, then ( )TX,  is a fuzzy nodef space. 

Proof. Let  be a fuzzy nowhere dense set in ( )., TX  Since ( )TX,  is a 

fuzzy fraction dense and fuzzy DG -space, by Proposition 5.2,  is a fuzzy 

F -set in ( )., TX  Hence ( )TX,  is a fuzzy nodef space. 

The following propositions show that fuzzy fraction dense spaces are not 

fuzzy nodec spaces and fuzzy fraction dense and fuzzy DG -spaces, are not 

fuzzy P-spaces. 

Proposition 5.13. If ( )TX,  is a fuzzy fraction dense space, then ( )TX,  

is not a fuzzy nodec space. 

Proof. Let  be a fuzzy nowhere dense set in ( )., TX  Then, the 

Proposition 3.12, implies that  is not a fuzzy closed set in ( )TX,  and hence 

( )TX,  is not a fuzzy nodec space. 

Proposition 5.14. If ( )TX,  is a fuzzy fraction dense and fuzzy DG -

space, then ( )TX,  is not a fuzzy P-space. 

Proof. Suppose that ( )TX,  is a fuzzy P-space. By Proposition 5.12, the 

fuzzy fraction dense and fuzzy DG -space ( )TX,  is a fuzzy nodef space. 

Then, the fuzzy nodef and fuzzy P-space ( ),, TX  by Theorem 2.9, will be a 

fuzzy nodec space, a contradiction [by Proposition 5.13]. Hence ( )TX,  is not 

a fuzzy P-space. 

Proposition 5.15. If for each fuzzy open set  in ( ) ( ) ( ),,, = clclTX  

where  is a fuzzy first category set in a fuzzy globally disconnected space 

( ),, TX  then ( )TX,  is a fuzzy fraction dense space. 

Proof. Let  be a fuzzy open set in ( )TX,  such that ( ) ( ),= clcl  where 

 is a fuzzy first category set in ( )., TX  Since ( )TX,  is a fuzzy globally 

disconnected space, by Theorem 2.10, the fuzzy first category set  in ( )TX,  
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is a fuzzy F -set in ( )., TX  Hence, for each fuzzy open set  in 

( ) ( ) ( ),,, = clclTX  where  is a fuzzy F -set in ( ),, TX  implies that ( )TX,  

is a fuzzy fraction dense space. 

Conclusion 

In this paper, the notion of fuzzy fraction dense space is introduced. It is 

established that each fuzzy regular closed set is the closure of a fuzzy F -set 

and each fuzzy regular open set is the interior of a fuzzy G -set in fuzzy 

fraction dense spaces. Also it is obtained that fuzzy closed sets are not fuzzy 

nowhere dense sets and fuzzy open sets are not fuzzy dense sets in fuzzy 

fraction dense spaces. It is obtained that fuzzy regular closed sets are fuzzy 

F -sets and fuzzy regular open sets are fuzzy G -sets in fuzzy fraction dense 

and fuzzy P-spaces. Also it is established that fuzzy F -sets are fuzzy 

somewhere dense sets and fuzzy G -sets are fuzzy cs dense sets in fuzzy 

fraction dense and fuzzy P-spaces. 

It is established that fuzzy fraction dense spaces are not fuzzy hyper 

connected and fuzzy nodec spaces. In fuzzy fraction dense and fuzzy DG -

spaces, fuzzy nowhere dense sets become fuzzy F -sets and fuzzy first 

category sets. Fuzzy fraction dense and fuzzy DG -spaces are found to be 

fuzzy Baire, fuzzy -Baire and fuzzy Volterra spaces. A condition which 

ensures the existence of fuzzy -Baireness in fuzzy fraction dense spaces is 

obtained by means of fuzzy boundary of fuzzy simply open sets. Also a 

condition which ensures the existence of fuzzy -Baireness in fuzzy fraction 

dense and fuzzy -spaces is obtained by means of the fuzzy boundary of fuzzy 

G -sets. It is established that fuzzy fraction dense and fuzzy DG -spaces are 

fuzzy nodef spaces and are not fuzzy P-spaces. It is found that fuzzy fraction 

dense spaces are not fuzzy nodec spaces. A condition under which fuzzy 

globally disconnected spaces become fuzzy fraction dense spaces is also 

obtained in this paper. 
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