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Abstract

In this paper, the notion of fuzzy fraction dense space is introduced. Several
characterizations of fuzzy fraction dense spaces are established. It is established that fuzzy

closed sets are not fuzzy nowhere dense sets and fuzzy regular closed sets are fuzzy Fg -sets in

fuzzy fraction dense and fuzzy P-spaces. It is obtained that fuzzy fraction dense spaces are not

fuzzy hyper connected and fuzzy nodec spaces and fuzzy fraction dense and fuzzy DGy -spaces

are fuzzy Baire, fuzzy c-Baire and fuzzy Volterra spaces. A condition which ensures the existence

of fuzzy o-Baireness in fuzzy fraction dense spaces is obtained.

1. Introduction

The concept of fuzzy set as a new approach for modelling uncertainties
was introduced by L. A. Zadeh [20] in 1965. The concept of fuzzy topological
spaces was introduced by C. L. Chang [3] in 1968. Chang’s works paved the
way for the subsequent tremendous growth of the numerous fuzzy topological
concepts. The concept of fraction dense spaces was introduced by A. W. Hager
and J. Martinez [6] and the same was studied as “cozero approximated
spaces” by Gary Gruenhage [4].
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In this paper, the notion of fuzzy fraction dense space is introduced.
Several characterizations of fuzzy fraction dense spaces are established. It is
established that fuzzy closed sets are not fuzzy nowhere dense sets and fuzzy
open sets are not fuzzy dense sets in fuzzy fraction dense spaces. It is
obtained that fuzzy regular closed sets are fuzzy I -sets and fuzzy regular

open sets are fuzzy Gjy-sets in fuzzy fraction dense and fuzzy P-spaces. Also it
is established that fuzzy F-sets are fuzzy somewhere dense sets and fuzzy
Gy -sets are fuzzy cs dense sets in fuzzy fraction dense and fuzzy P-spaces. It

is obtained that fuzzy fraction dense spaces are not fuzzy hyper connected

and fuzzy nodec spaces. In fuzzy fraction dense and fuzzy DGg-spaces, fuzzy

nowhere dense sets become fuzzy F; -sets and fuzzy first category sets.

Fuzzy fraction dense and fuzzy DGs-spaces are found to be fuzzy Baire,

fuzzy o-Baire and fuzzy Volterra spaces. A condition which ensures the
existence of fuzzy oc-Baireness in fuzzy fraction dense spaces is obtained by
means of fuzzy boundary of fuzzy simply open sets. Also a condition which
ensures the existence of fuzzy o-Baireness in fuzzy fraction dense and fuzzy

0-spaces is obtained by means of the fuzzy boundary of fuzzy Gjy-sets. It is
established that fuzzy fraction dense and fuzzy Gj-spaces are fuzzy nodef

spaces and are not fuzzy P-spaces. It is found that fuzzy fraction dense spaces
are not fuzzy nodec spaces. A condition under which fuzzy globally
disconnected spaces become fuzzy fraction dense spaces is also obtained in
this paper.

2. Preliminaries

Some basic notions and results used in the sequel, are given in order to
make the exposition self-contained. In this work by (X, 7') or simply by X, we

will denote a fuzzy topological space due to Chang (1968). Let X be a non-
empty set and I the unit interval [0, 1]. A fuzzy set A in X is a mapping from
X into I. The fuzzy set Ox is defined as Ox(x) =0, for all x € X and the

fuzzy set 1y is defined as 1x(x) =1, forall x € X.

Definition 2.1 [3]. Let (X, T') be a fuzzy topological space and A be any
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fuzzy set in (X, T'). The interior, the closure and the complement of A are

defined respectively as follows:
(i) int) = viu/u <A, pe Ty
(1) clr) = Ajp/A <p,1-peT}
@{iii) AM(x) =1-AMx), forall x € X.
For a family {);/i € I} of fuzzy sets in (X, T'), the union ¥ = v;(};) and
The intersection 8 = A;(%;), are defined respectively as
(iv) W(x) = sup;{1;(x)/x € X}.
(v) 8(x) = inf; {A;(x)/x € X}.
Lemma 2.1 [1]. For a fuzzy set A of a fuzzy topological space X,
(i) 1 —1int(X) = cl1 — &), and (i) 1 —clX) = int(1 — 1).

Definition 2.2. A fuzzy set A in a fuzzy topological space (X, T') is called

(1) fuzzy regular - open if A =intcl(A) and fuzzy regular-closed if
A = clint()) [1].

(2) fuzzy Gs-setif A = A;j21(X;) where &, € T for i € I [2].

(3) fuzzy Fj-setif A = v;Z1(Ay), where 1-2; € T for i € I [2].

(4) fuzzy semi-open if A < cl/int(A) and fuzzy semi-closed if intcl(}) < A
[1].

Definition 2.3. A fuzzy set A in a fuzzy topological space (X, T'), is called

(i) fuzzy dense set if there exists no fuzzy closed set p in (X, 7') such that
A <p<1 Thatis, clA) =1, in (X, T) [9].

(1) fuzzy nowhere dense set if there exists no non-zero fuzzy open set p in
(X, T) such that p < cl(A). Thatis, intcld) = 0, in (X, T') [9].
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(i) fuzzy first category set if A =\vj_;(A;), where (A,)’s are fuzzy
nowhere dense sets in (X, 7'). Any other fuzzy set in (X, T') is said to be of

fuzzy second category [9].

(iv) fuzzy residual set if 1— A is a fuzzy first category set in (X, 7') [11].

(v) fuzzy somewhere dense set if there exists a non-zero fuzzy open set p
in (X, T) such that p < cl(}). Thatis, intcl(A) # 0, in (X, T') [10] and 1—2A
is called a fuzzy complement of fuzzy somewhere dense set in (X, T') and is

denoted as fuzzy cs dense set in (X, T") [19].

(vi) fuzzy c-nowhere dense set if A is a fuzzy F -set with int(A) = 0, in
(X, T) [13].

(vil) fuzzy simply open set if Bd(A) is a fuzzy nowhere dense set in

X, T).

That is, A is a fuzzy simply open set in (X, T) if [cl(A) A cll — 1)), is a
fuzzy nowhere dense set in (X, T) [15].

Definition 2.4. A fuzzy topological space (X, T') is called a

(i) fuzzy P-space if each fuzzy Gy-set in (X, T') is fuzzy open in (X, T)
8]
(i) fuzzy Baire space if int(viZ; (&;)) = 0, where (};)’s are fuzzy nowhere

dense sets in (X, T) [11].

(iii) fuzzy o-Baire space if int(vi; (A;)) =0, where (A;)’s are fuzzy

c-nowhere dense sets in (X, T') [13].

(iv) fuzzy Volterra space if clAY; (1;)) = 1, where ();)’s are fuzzy dense
and fuzzy Gy -setsin (X, T) [14].

(v) fuzzy hyper connected space if every non-null fuzzy open subset of
(X, T) is fuzzy dense in (X, T) [7].

(vi) fuzzy O-space if each fuzzy Gj-set is a fuzzy simply open set in
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(X, T) [18].
(vii) fuzzy DGg-space if each fuzzy dense (but not fuzzy open) set in
(X, T) is a fuzzy Gs-setin (X, T) [17].

(viil) fuzzy globally disconnected space if each fuzzy semi-open set in

(X, T) is fuzzy open in (X, T') [16].
(ix) fuzzy nodef space if each fuzzy nowhere dense set is a fuzzy F -set in

(X, T) [17].

(x) fuzzy nodec space if each fuzzy nowhere dense set is a fuzzy closed set
in (X, T) [12].

Theorem 2.1 [15]. If A is a fuzzy simply open set in a fuzzy topological
space (X, T'), then & A (1 —2L) is a fuzzy nowhere dense set in (X, T).

Theorem 2.2 [1]. In a fuzzy topological space,
(a) The closure of a fuzzy open set is a fuzzy regular closed set.
(b) The interior of a fuzzy closed set is a fuzzy regular open set.

Theorem 2.3 [19]. If A is a fuzzy somewhere dense set in a fuzzy
topological space (X, T), then there exists a fuzzy regular closed set m in

(X, T) such that n < cl(A).

Theorem 2.4 [17]. If \ is a fuzzy nowhere dense (but not fuzzy closed) set
in a fuzzy DGjy-space (X, T'), then \ is a fuzzy F,-setin (X, T).

Theorem 2.5 [14]. If each fuzzy nowhere dense set is a fuzzy F_-setin a

fuzzy topological space (X, T), then (X, T) is a fuzzy Volterra space.

Theorem 2.6 [14]. If each fuzzy nowhere dense set is a fuzzy F_-setin a

fuzzy topological space (X, T), then (X, T) is a fuzzy Baire space.

Theorem 2.7 [13]. If A is a fuzzy o-nowhere dense set in a fuzzy
topological space (X, T'), then 1 -\ is a fuzzy residual set in (X, T).

Theorem 2.8 [17]. If \ is a fuzzy dense and fuzzy open set in a fuzzy nodef
space (X, T'), then A is a fuzzy residual set in (X, T).
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Theorem 2.9 [17]. If a fuzzy topological space (X, T) is a fuzzy nodef
and fuzzy P-space, then (X, T) is a fuzzy nodec space.

Theorem 2.10 [16]. If X is a fuzzy first category set in a fuzzy globally
disconnected space (X, T), then A is a fuzzy F,-setin (X, T).

3. Fuzzy Fraction Dense Spaces

Motivated by the works of Hager and Martinez [6] and Gary Gruenhage
[4], the concept of fuzzy fraction dense space is introduced and studied in this
paper.

Definition 3.1. A fuzzy topological space (X, T') is called a fuzzy fraction

dense space if for each fuzzy open set A in (X, T'), cl(A) = cl(n), where p is a
fuzzy F-setin (X, T).

That is, (X, T') is a fuzzy fraction dense space if for each fuzzy open set A
in (X, T), cl(r) = cl(vi; (1;)), where 1 —p; e T.

Example 3.1. Let X = {a, b, ¢}. Let I =[0, 1]. The fuzzy sets o, B and y

are defined on X as follows:
a: X — I is defined by o(a) = 0.5, a(b) = 0.6, afc) = 0.4,
B: X — I is defined by B(a) = 0.4, B(b) = 0.5, B(c) = 0.6,
y: X — I is defined by y(a) = 0.6, y(b) = 0.4, y(c) = 0.5.

Then’ T={0’ a’ B?Yaavﬁ’avy’ BV'Y7(X’/\B’(]’/\’Y’B/\’Y’G’V[B/\'Y]7

BvlanvlyvieaBlanBvylBafavyl yalavBl (wapay)
(o v BV y), 1} is a fuzzy topology on X.

By computation one can find that the fuzzy F,-sets in (X,7T) are

avB avy, anB any, Bay, av[BAayLBvaay] yvaaBl,anlBvyl
BAalavyl yafoavB]l (@ ABAY) and (o v B v y). Also one can find that

clla) =1—[y Afov Bl = clll = [y Afov B]) = clloe v [B A 7]),
clp) =1-[anBvyll=cll—[an[Bvy])=clBv]anv]),
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cy)=1-Bafovyll=cld-[BAlovyl)=cllyvonB]
cllavB)=1-[anry]=cll-[onry])=clavp)
cllavy)=1-[anp]=cll-[oAB)=clpvy)
cBvy)=1-Bayl=cll-BAay])=cllavry)
cllonB)=1-[Bvy]=cll—[Bvy])=clanp)
clony)=1-[avp]=cll-[avp])=clany)
cBry)=1-Bvyl=cll-[avy])=clav[Bay])
clav[Bary)=1-[yalavpll=cll-[yrlovp]])=cllav[BAy])
cdBvlony)=1-[anBvyll=cll-[an[Bvy])=clBvony])
cly vioap) =1-Balavyll=cll-[BAlovyll)=clyvlonB],
clanBvy)=1-Bvlaery]=cld-[Bveay])=cloanrBvy]

clpafovy)=1-[yvianpll=cll=[yvlonBl) = cllonfovyl,

clly nfovp) =1-fov[Bay]l=cll-[av[Bav])=clynlavp]
clorBary)=1-[JavBv]=cll—(avBvy)=clorBAry),
claovBvy)=1-[aaBay]=cll—(aABAY))=clovpBvy)

Hence (X, T') is a fuzzy fraction dense space.

1469

Example 3.2. Let X = {a, b, c¢}. Let I =0, 1] The fuzzy sets o, B and y

defined on X as follows:

a: X — I is defined by o(a) = 0.4, a(b) = 0.6, alc) = 0.4,
B: X — I is defined by () = 0.6, B(b) = 0.4, B(c) = 0.6,

y: X — I is defined by y(a) = 0.5, y(b) = 0.5, y(c) = 0.5.

Then, 7} = {0, o, B, v, a v B, avy, Bvy, a AB, a Ay, BAY, 1} is a fuzzy

topology on X. By computation one can find that the fuzzy F -sets in (X, T')

are 1-B,1-y,1-(xAB),1-(aaAy) and 1—(B A y). Now for the fuzzy open
B, clB)=1—a # cl0), where 0=1-B,1-y,1-(aAB),1-(axAy),

set
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1—(B A7y). Hence (X, T7) is not a fuzzy fraction dense space.

Proposition 3.1. A fuzzy topological space (X, T) is a fuzzy fraction
dense space if and only if for each fuzzy regular closed set p in
(X, T), u = cl(n), wheren is a fuzzy F_-setin (X, T).

Proof. Let p be a fuzzy regular closed set in (X, 7). Then, cl/int(u) = p,
in (X, T). Let A = int(u). Then, X is a fuzzy open set in (X, T'). Since (X, T
is a fuzzy fraction dense space, cl(A) = cl(n), where n is a fuzzy F,-set in

(X, T). Thus, p = clint(u) = cl(A) = c¢l(n) and p = cl(}), in (X, 7).

Conversely, let § be a fuzzy open set in (X, T). Then, cl(§) is a fuzzy
regular closed set in (X, 7) (Theorem 2.2). By hypothesis, cl(3) = cl(n),
where L is a fuzzy F,-setin (X, T') and thus (X, T') is a fuzzy fraction dense

space.

Proposition 3.2. If (X, T') is a fuzzy fraction dense space and § is a fuzzy
regular open set in (X, T), then & =int(0), where 0 is a fuzzy Gs-set in
(X, T).

Proof. Let § be a fuzzy regular open set in (X, T'). Then, 1-3§ is a fuzzy
regular closed set in (X, T'). Since (X, T) is a fuzzy fraction dense space, by
Proposition 3.1, 1-38 = cl(A), where A is a fuzzy F-set in (X, T). Then,
§=1-cld) =1int(1 — 1) [2.1]. Let 6 =1 —A and then 6 is a fuzzy Gj-set in
(X, T). Hence & = int(0), where 6 is a fuzzy Gy -setin (X, T).

Proposition 3.3. If A is a fuzzy open set in a fuzzy fraction dense space
(X, T), then there exists a fuzzy F,-set win (X, T') such that p < cl(}).

Proof. Let A be a fuzzy open set in (X, 7). Since (X, T) is a fuzzy
fraction dense space, cl(A) = cl(n), where u is a fuzzy F.-set in (X, T'). Now
p < cl()), implies that p < ¢l(n).

Proposition 3.4. If A is a fuzzy open set in a fuzzy fraction dense space
(X, T), then there exists a fuzzy F,-setnin (X, T) such that L < cl(n).

Proof. Let A be a fuzzy open set in (X, T). Now A <cl}) in (X, T).
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Since (X, T) is a fuzzy fraction dense space, cl(L) = cl(n), where A is a fuzzy
F.-set in (X, T). Thus there exists a fuzzy F,-set A in (X, 7T) such that
A <clh).

Proposition 3.5. If A is a fuzzy open set in a fuzzy fraction dense space
(X, T), then there exist fuzzy F,-sets p and n in (X,T) such that
u < clr) < elm).

Proof. Let 1 be a fuzzy open set in (X, T). Since (X, 7T) is a fuzzy
fraction dense space, by Proposition 3.3, there exists a fuzzy F_-set p in
(X, T) such that p <cl(}). Also, by Proposition 3.4, there exists a fuzzy
F.-set » in (X, T) such that A <cl(n). Then, p < cld) < cllcln)). Since
cllcl(n)) = cl(n) in (X, T'), for a fuzzy open set L in (X, T'), p < cl(X) < cl(rn).

Proposition 3.6. If § is a fuzzy closed set in a fuzzy fraction dense space
(X, T), then there exists a fuzzy Gg-set 0 in (X, T') such that int(8) < 6.

Proof. Let § be a fuzzy closed set in (X, T'). Then, 13§ is a fuzzy open
set in (X, T'). Since (X, T) is a fuzzy fraction dense space, by Proposition
3.3, there exists a fuzzy F,-set pin (X, T) such that u < cl(1 —3§). Then,
pu <1—int8) [2.1]. This implies that int(§) <1 —p. Let 6 =1 — p. Then 6 is
a fuzzy Gj-set and int(8) < 6, in (X, 7).

Proposition 3.7. If 5 is a fuzzy closed set in a fuzzy fraction dense space
(X, T), then there exists a fuzzy Gy-set pin (X, T') such that int(p) < 8.

Proof. Let § be a fuzzy closed set in (X, T'). Then, 13§ is a fuzzy open
set in (X, T'). Since (X, T) is a fuzzy fraction dense space, by Proposition
3.4, there exists a fuzzy F,-set n in (X, T') such that 1-8 < ¢/(}). Then,
1-cld) <8 and [2.1] int(1 —A) =1 —cl(A) < 5. Let p=1- 1 and p is a fuzzy
Gs-set in (X, T) and int(p) < 8 in (X, 7).

Proposition 3.8. If § is a fuzzy closed set in a fuzzy fraction dense space
(X, T), then there exist fuzzy Gs-sets p and 6 in (X,T) such that
int(p) < int(3) < 6, in (X, T).
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Proof. Let & be a fuzzy closed set in (X, 7). Since (X, 7T) is a fuzzy
fraction dense space, by Proposition 3.6, there exists a fuzzy Gs-set 0 in
(X, T) such that int(8) < 0. Also, by Proposition 3.7, there exists a fuzzy
Gs-set p in (X, T) such that int(p) < 8. Then, int(int(p)) < int(§) < 0, in
(X, T). This implies that int(p) < int(3) < 6, in (X, 7).

Proposition 3.9. If § is a fuzzy regular open set in a fuzzy fraction dense
space (X, T), then there exists a fuzzy Gg-set © with intcl(0) = 0 in (X, T)
such that & < 6.

Proof. Let § be a fuzzy regular open set in (X, T'). Since (X, T) is a
fuzzy fraction dense space, by Proposition 3.2, there exists a fuzzy Gj-set 6 in
(X, T). such that & = int(0). Now int(0) < intcl(0), implies that & < intcl(0)
and thus intcl(0) # 0. Thus, there exists a fuzzy Gs-set 6 with intcl(0) = 0
in (X, T) such that § < 6.

Corollary 3.1. If 8 is a fuzzy regular open set in a fuzzy fraction dense

space (X, T), then there exists a fuzzy somewhere dense set 0 in (X, T) such
that & < 6.

Proof. Let § be a fuzzy regular open set in (X, T'). Since (X, T) is a
fuzzy fraction dense space, by Proposition 3.9, there exists a fuzzy Gy -set 0
with intcl(0) # 0 in (X, T') such & < 0. Now intcl(0) # O implies that 6 is a

fuzzy somewhere dense set in (X, 7).

Proposition 3.10. If A is a fuzzy regular closed set in a fuzzy fraction
dense space (X, T), then there exists a fuzzy F,-set § in (X, T) such that

8 <A

Proof. Let A be a fuzzy regular closed set in (X, T). Then, 1-A is a
fuzzy regular open set in (X, T'). Since (X, T) is a fuzzy fraction dense
space, by Proposition 3.9, there exists a fuzzy Gs-set 0 in (X, T') such that
1-2<06 and then 1-0 <A Let 6=1-0. Then § is a fuzzy F,-set in
(X, T). Hence there exists a fuzzy F. -set din (X, T') such that & < A.
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Corollary 3.2. If A is a fuzzy regular closed set in a fuzzy fraction dense
space (X, T), then there exists a fuzzy cs dense set & in (X, T) such that

d< A

Proof. Let A be a fuzzy regular closed set in (X, 7). Then, 1—-X is a
fuzzy regular open set in (X, 7). Since (X, T) is a fuzzy fraction dense

space, by Corollary 3.1, there exists a fuzzy somewhere dense set 6 such that
1-1<0, in (X,T). Then, 1-0<AXA Let §=1-0. Then, § is a fuzzy cs

dense setin (X, 7T) and 8 <A

Proposition 3.11. If (X, T') is a fuzzy fraction dense space, then there
exist a fuzzy F, -set . and a fuzzy Gy-set 0 in (X, T) such that A < cl(0).

Proof. Let § be a fuzzy regular open set in (X, T'). Since (X, T) is a
fuzzy fraction dense space, by Proposition 3.9, there exists a fuzzy Gj-set 6 in
(X, T) such that § <0 and then cl8)<cl®), in (X, T). Since a fuzzy

regular open set is a fuzzy open set in a fuzzy topological space [Th.2.2], by
Proposition 3.3, there exists a fuzzy F -set A in (X, T') such that A < cl(3).

Then, A < ¢l(8) < ¢l(0) and thus A < ¢l(0), in (X, T).
The following propositions show that the fuzzy closed sets are not fuzzy

nowhere dense sets and the fuzzy open sets are not fuzzy dense sets in fuzzy

fraction dense spaces.

Proposition 3.12. If p is a fuzzy closed set in a fuzzy fraction dense space
(X, T), then p is not a fuzzy nowhere dense set in (X, T).

Proof. Let pu be a fuzzy closed set in (X, 7). Since (X, T) is a fuzzy
fraction dense space, by Proposition 3.7, there exists a fuzzy Gj-set p in
(X, T') such that int(p) < u. Then, int(u) # 0 and int(u) < intcl(u) implies
that intcl(n) # 0, in (X, 7). Hence p is not a fuzzy nowhere dense set in
X, T).

Proposition 3.13. If A is a fuzzy open set in a fuzzy fraction dense space
(X, T), then A is not a fuzzy dense set in (X, T).
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Proof. Let A be a fuzzy open set in (X, 7). Suppose that cl(A) =1, in
(X, T'). Then, intcll1 —2)=1-clint(A) =1—-cl(A) =1 -1 = 0. This implies
that the fuzzy closed set 1—XA is a fuzzy nowhere dense set in the fuzzy
fraction dense space (X, T'), a contradiction [by Proposition 3.12]. Hence 1 is

not a fuzzy dense set in (X, 7).

Proposition 3.14. If p is a fuzzy closed set in a fuzzy fraction dense space
(X, T), then there exists a fuzzy regular closed set A in (X, T) such that

A<

Proof. Let p be a fuzzy closed set in (X, T') and then, cl(n) = p. Since
(X, T') is a fuzzy fraction dense space, by Proposition 3.12, u is not a fuzzy
nowhere dense set in (X,7) and then intclu)=0, in (X, 7). Now
int(n) = intel(u) # O and then there exists a fuzzy open set A in (X, 7') such
that & < p. Then, cl(A) < cl(u) = p and cl(r) is a fuzzy regular closed set in
(X, T) [Th.2.2]. Let A = cl(A). Hence there exists a fuzzy regular closed set A
in (X, T') such that A < p.

Proposition 3.15. If A is a fuzzy open set in a fuzzy fraction dense space
(X, T), then there exists a fuzzy regular open set 0 in (X, T') such that L < 0.

Proof. Let A be a fuzzy open set in (X, T). Then, 1— X is a fuzzy closed
set in (X, T'). Since (X, T') is a fuzzy fraction dense space, by Proposition
3.14, there exists a fuzzy regular closed set A in (X, 7T') such that A <1-—A.
Then, A <1-A. Let 6 =1—X and 0 is a fuzzy regular open set in (X, T
and A < 6.

Proposition 3.16. If A is a fuzzy nowhere dense set in a fuzzy fraction
dense space (X, T'), then there exists a fuzzy cs dense set § in (X, T) such that
& <cl).

Proof. Let A be a fuzzy nowhere dense set in (X, T') and then cl(A) is a
fuzzy closed set in (X, T'). Since (X, T') is a fuzzy fraction dense space, by
Proposition 3.14, there exists a fuzzy regular closed set n in (X, 7') such that
n < cl(r). By Corollary 3.2, there exists a fuzzy cs dense set § in (X, T') such
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that § < n and then & < cl(}).

Proposition 3.17. If A is a fuzzy nowhere dense set in a fuzzy fraction
dense space (X, T'), then there exists no non-zero fuzzy regular closed set n in

(X, T) such that A < cl(r).

Proof. Let L be a fuzzy nowhere dense set in (X,7) and then
intcl(A) = 0. Since (X, T) is a fuzzy fraction dense space, by Proposition
3.14, there exists a fuzzy regular closed set n in (X, T') such that n < cl(A).
Then, int(n)<intclA)=0 and int(n)=0. This implies that
clint(n) = ¢(0) = 0 and n = 0. Thus, there exists no non-zero fuzzy regular

closed set A in (X, T') such that n < cl(p).

Proposition 3.18. If A is a fuzzy regular open set in a fuzzy fraction dense
space (X, T), then there exists a fuzzy Gg-set O in (X,T) such that

int(0) < A.

Proof. Let A be a fuzzy regular open set in (X, T'). Then, intcl(A) = A, in
(X, T). Now cl()) is a fuzzy closed set in (X, T). Since (X, T) is a fuzzy
fraction dense space, by Proposition 3.7, there exists a fuzzy Gj-set 0 in
(X, T') such that int(0) < c/(1). Then, int[int(0)] < intcl(X) and int®) < A, in
X, T).

Proposition 3.19. If X is a fuzzy regular open set in a fuzzy fraction dense
space (X, T'), then there exists a fuzzy Gs-sets © and § in (X, T) such that
int(§) <A <0.

Proof. Let A be a fuzzy regular open set in (X, 7). Since (X, T) is a
fuzzy fraction dense space, by Proposition 3.9, there exists a fuzzy Gy -set 6 in
(X, T) such that A < 0. Also, by Proposition 3.18, there exists a fuzzy Gj-set
§in (X, T) such that int(3) < A. Then, int(8) <A <0, in (X, 7).

Proposition 3.20. If L is a fuzzy simply open set in a fuzzy fraction dense

space (X, T), then there exists no non-zero fuzzy regular closed set A in

(X, T') such that L < bd()).
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Proof. Let X be a fuzzy simply open set in (X, T'). Then, by Theorem 2.1,
A A (1—-2) is a fuzzy nowhere dense set in (X, 7') and intci A (1-2)] = 0.
Since (X, T) is a fuzzy fraction dense space, by Proposition 3.14, there exists
a fuzzy regular closed set n in (X, T) such that n <clk A(1—-2)). This
implies that m<clA)Acll-A) and hence n<bd(h). Then,
intel(n) < intcllbd())]. Since A is a fuzzy simply open set, intclbd()L)] = 0
and then intcl(A) < 0. That is, intcln) =0 and int(n) < intcl(n) implies
that int(n) = 0, in (X, T'). This implies that clint(n) = ¢(0) =0 and A = 0.
Thus, there exists no non-zero fuzzy regular closed set n in (X, 7') such that
n < bd()).

Proposition 3.21. If \ is a fuzzy simply open set in a fuzzy fraction dense
space (X, T'), then there exists a fuzzy F-setin (X, T) such that & < bd(}L).

Proof. Let X be a fuzzy simply open set in (X, T'). Then, by Theorem 2.1,
A A (1 -21) is a fuzzy nowhere dense set in (X, 7') and intcfr A (1 —2A)] = 0.
Since (X, T) is a fuzzy fraction dense space, by Proposition 3.14, there exists
a fuzzy regular closed set n in (X, 7T') such that m <clA A(1-21)). Then,
1 -1 is a fuzzy regular open set in (X, T'). By Proposition 3.9, there exists a
fuzzy Ggs-set ®in (X, T') such that 1-n < 6. Then, 1-0<mn. Let §=1-n.
Then, § is a fuzzy F,-set in (X, T). Thus, § <nA <clh A (1-2)) <))
Acl(l —2) = bd(L). Hence there exists a fuzzy F,-set § in (X, T') such that
& < bd(L).

Proposition 3.22. If A is a fuzzy simply open set in a fuzzy fraction dense
space (X, T), then there exists a fuzzy c-nowhere dense set § in (X, T) such
that & < bd()).

Proof. Let A be a fuzzy simply open set in (X, T'). Since (X, T') is a fuzzy
fraction dense space, by Proposition 3.21, there exists a fuzzy F,-set § in
(X,T) such that & <bd(A). This implies that int(8) < int(bd()))
<intcl(bd(L)) = 0. Then, int(8) = 0. Thus, § is a fuzzy F,-set in (X, T)
such that int(8) = 0 and then § is a fuzzy c-nowhere dense set in (X, T').

Hence there exists a fuzzy c-nowhere dense set § in (X, 7) such that
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8 < bd(n).
4. Fuzzy Fraction Dense Spaces and Fuzzy P-Spaces

The following propositions show that fuzzy regular closed sets are fuzzy

F_ -sets and fuzzy regular open sets are fuzzy Gy -sets in fuzzy fraction dense
and fuzzy P-spaces.

Proposition 4.1. If p is a fuzzy regular closed set in a fuzzy fraction
dense and fuzzy P-space (X, T, then wis a fuzzy F_-setin (X, T).

Proof. Let p be a fuzzy regular closed set in (X, T'). Since (X, T) is a
fuzzy fraction dense space, by Proposition 3.1, p = cl(}), where X is a fuzzy
FE.-set in (X, T). Since (X, T) is a fuzzy P-space, the fuzzy F,-set A is a
fuzzy closed set and then cl(A) = A, in (X, T). Hence the fuzzy regular closed
set pis a fuzzy F,-setin (X, 7).

Corollary 4.1. If & is a fuzzy regular open set in a fuzzy fraction dense
and fuzzy P-space (X, T'), then A is a fuzzy Gy -set in (X, T).

Proof. Let A be a fuzzy regular open set in (X, 7). Then, 1 - A is a fuzzy
regular closed set in (X, T'). Since (X, T) is a fuzzy fraction dense space, by
Proposition 4.1, 1—X is a fuzzy F_-set in (X, T) and thus A is a fuzzy
Gs -set in (X, 7).

Proposition 4.2. If u is a fuzzy F, -set in a fuzzy fraction dense and fuzzy

P-space (X, T), then  is a fuzzy somewhere dense set in (X, T).

Proof. Let p be a fuzzy F,-set in (X, T). Since (X, T) is a fuzzy P-
space, the fuzzy F -set p is a fuzzy closed set and then by Proposition 3.12, p
is not a fuzzy nowhere dense set in (X, 7). Thus, intcl(u) = 0, in (X, 7).

Hence p is a fuzzy somewhere dense set in (X, T).

Corollary 4.2. If A is a fuzzy Gjy-set in a fuzzy fraction dense and fuzzy
P-space (X, T), then )\ is a fuzzy cs dense set in (X, T).
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Proof. Let A be a fuzzy Gj-setin (X, T'). Then, 1—A is a fuzzy F, -set in
(X, T). Since (X, T) is a fuzzy fraction dense space, by Proposition 4.2, 1—X
is a fuzzy somewhere dense set in (X, T') and thus A is a fuzzy cs dense set in

(X, T).

Proposition 4.3. If u is a fuzzy F -set in a fuzzy fraction dense and fuzzy
P-space (X, T), then there exists a fuzzy regular closed set n in (X, T) such
that n < cl(p).

Proof. Let p be a fuzzy F, -setin (X, T'). Since (X, T) is a fuzzy fraction

dense and fuzzy P-space, by Proposition 4.2, u is a fuzzy somewhere dense set

in (X, T). By Theorem 2.3, there exists a fuzzy regular closed set n in (X, T)
such that n < cl(u).

Corollary 4.3. If A is a fuzzy Gjy-set in a fuzzy fraction dense and fuzzy
P-space (X, T), there exists a fuzzy regular open set & in (X, T) such that
int(}) < 8.

Proof. Let A be a fuzzy Gjy-setin (X, T'). Then, 1A is a fuzzy F, -set in
(X, T). Since (X,T) is a fuzzy fraction dense and fuzzy P-space, by
Proposition 4.3, there exists a fuzzy regular closed set n in (X, 7") such that
n<cll-2A) This implies that m<1-int(A) and int(A)<1-m. Let
8 =1 —n. Then, § is a fuzzy regular open set in (X, 7') and int(A) < 8.

Proposition 4.4. If A is a fuzzy Gy -set in a fuzzy fraction dense and fuzzy
P-space (X, T), then

(1) clint(r) =1, in (X, T).
(i) A is not a fuzzy dense set in (X, T).

Proof. (i) Let A be a fuzzy Gs-set in (X, T'). Then, 1—A is a fuzzy F,-
set in (X, T). Since (X, T) is a fuzzy fraction dense and fuzzy P-space, by
Proposition 4.2, 1— X is a fuzzy somewhere dense set and intcl(1 —A) # 0, in

(X, T). Then, 1-clint(A) # 0 and clint(}) = 1, in (X, T).
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(i) Since (X, T) is a fuzzy P-space, the fuzzy Gj-set A is a fuzzy open set
in (X, T). Also since (X, T') is a fuzzy fraction dense space, by Proposition
3.4, there exists a fuzzy F,-setnin (X, T') such that A < cl(n) and cl(n) is a
fuzzy closed set in (X, T'), implies that cl(A) # 1, in (X, T'). Hence A is not a
fuzzy dense set in (X, T').

Proposition 4.5. If A is a fuzzy open set in a fuzzy fraction dense and
fuzzy P-space (X, T), then cl(\) is a fuzzy F,-setin (X, T).

Proof. Let 1 be a fuzzy open set in (X, T). Since (X, 7T) is a fuzzy
fraction dense space, cl(A) = cl(n), where p is a fuzzy F,-set in (X, T). Also
since (X, T) is a fuzzy P-space, the fuzzy F,-set p is a fuzzy closed set in
(X, T) and then cl(u) =p. Then, cl(A)=p, where p is a fuzzy F-set in
(X, T). Hence cl(A) is a fuzzy F,-setin (X, T).

Corollary 4.4. If n is a fuzzy closed set in a fuzzy fraction dense and fuzzy
P-space (X, T'), then int(u) is a fuzzy Gj-setin (X, T).

Proof. Let p be a fuzzy closed set in (X, T'). Then, 1 —p is a fuzzy open
set in the fuzzy fraction dense and fuzzy P-space (X, T') and by proposition
45, cll-p) is a fuzzy F,-set in (X,7T) By Lemma 2.1,
cl(1 —p) =1 -int(n) and hence int(u) is a fuzzy Gy -setin (X, 7).

5. Fuzzy Fraction Dense Spaces and Other Fuzzy Topological Spaces

The following proposition shows that fuzzy fraction dense spaces are not
fuzzy hyper connected spaces.

Proposition 5.1. If (X, T) is a fuzzy fraction dense space, then (X, T) is
not a fuzzy hyperconnected space.
Proof. Let 1 be a fuzzy open set in (X, 7). Since (X, 7T) is a fuzzy

fraction dense space, by Proposition 3.4, there exists a fuzzy F_-set n in

(X, T) such that A < cl(n). Now cl(}) is a fuzzy closed set in (X, T') and
A < cl(n), implies that c¢l(A) = 1, in (X, T). Hence X is not a fuzzy dense set
in (X, T).
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Proposition 5.2. If A is a fuzzy nowhere dense set in a fuzzy fraction
dense and fuzzy DGs-space (X, T'), then ) is a fuzzy F_-setin (X, T).
Proof. Let A be a fuzzy nowhere dense set in (X, T'). By Proposition 3.12,

fuzzy closed sets in a fuzzy fraction dense space are not fuzzy nowhere dense
sets in (X, T') and thus A is a fuzzy nowhere dense set but not a fuzzy closed

set in (X, 7). By Theorem 2.4, X is a fuzzy F,-set in the fuzzy DGs-space
(X, T).

Fuzzy nowhere dense sets become fuzzy c-nowhere dense sets in fuzzy
fraction dense and fuzzy DGy -spaces. For, consider the following proposition.

Proposition 5.3. If A is a fuzzy nowhere dense set in a fuzzy fraction

dense and fuzzy Gs-space (X, T), then A is a fuzzy c-nowhere dense set in
(X, 7).

Proof. Let A be a fuzzy nowhere dense set in (X, T'). Then, intcl(A) = 0,
in (X, T). Now int(A) < intcl(}), implies that int(A) = 0 and by Proposition
5.2, L is a fuzzy F,-set and thus A is a fuzzy F,-set with int(A) =0, in
(X, T'). Hence A is a fuzzy c-nowhere dense set in (X, 7).

The following propositions shows that fuzzy fraction dense and fuzzy
DGs -spaces are fuzzy Volterra spaces and fuzzy Baire spaces.

Proposition 5.4. If (X,T) is a fuzzy fraction dense and fuzzy
DGy -space, then (X, T') is a fuzzy Volterra space.

Proof. Let A be a fuzzy nowhere dense set in (X, 7). Since (X, T) is a
fuzzy fraction dense and fuzzy DGjg-space, by Proposition 5.2, A is a fuzzy
E. -setin (X, T). By Theorem 2.5, (X, T') is a fuzzy Volterra space.

Proposition 5.5. If (X, T) is a fuzzy fraction dense and fuzzy Gs-space,
then (X, T) is a fuzzy Baire space.

Proof. Let A be a fuzzy nowhere dense set in (X, T'). Since (X, T) is a
fuzzy fraction dense and fuzzy DGjs-space, by Proposition 5.2, A is a fuzzy
E, -setin (X, T). By Theorem 2.6, (X, T) is a fuzzy Baire space.
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Proposition 5.6. If (X, T) is a fuzzy fraction dense and fuzzy Gs-space,
then (X, T) is a fuzzy c-Baire space.

Proof. Let (X, T') be a fuzzy fraction dense and fuzzy DGs-space. By
Proposition 5.5, (X, T) is a fuzzy Baire space and then int(viZ; (,;)) = 0,
where (X;)’s are fuzzy nowhere dense sets in (X, T'). By Proposition 5.3,
(A;)’s are fuzzy oc-nowhere dense sets in (X, 7). Thus, int(viy; (A;)) =0,
where (A;)’s are fuzzy c-nowhere dense sets in (X, T'), implies that (X, T') is
a fuzzy o-Baire space.

The following proposition gives a condition for fuzzy fraction dense spaces
to become fuzzy c-Baire spaces.

Proposition 5.7. If int(vie; bd(};)) = 0, where (\;)’s are fuzzy simply
open sets in a fuzzy fraction dense space (X, T), then (X,T) is a fuzzy
c-Baire space.

Proof. Let (A;)’s (i =1 to ) be fuzzy simply open sets in (X, T'). Since
(X, T') is a fuzzy fraction dense space, by Proposition 3.22, there exist fuzzy
in (X,T) such that §; <bd(};). Then,

c-nowhere dense sets §;

int(viZ; (8;)) < int(viZ; bd(%;)). By hypothesis int(vi2; bd(%;)) = 0 and then
int(v;Z; (8;)) = 0, where (5;)’s are fuzzy c-nowhere dense sets in (X, 7).
Hence (X, T') is a fuzzy c-Baire space.

It is established in [16] that “If A is a fuzzy first category set in a fuzzy
globally disconnected, fuzzy Baire and fuzzy P-space (X, T'), then A is a fuzzy
nowhere set in (X, T').” The following proposition shows that fuzzy nowhere
dense sets in fuzzy fraction dense and fuzzy DGjy-spaces are fuzzy first
category sets.

Proposition 5.8. If A is a fuzzy nowhere dense set in a fuzzy fraction
dense and fuzzy DGs-space (X, T), then \ is a fuzzy first category set in
(X, 7).

Proof. Let A be a fuzzy nowhere dense set in (X, T'). Since (X, T) is a

fuzzy fraction dense and fuzzy Gj-space, by Proposition 5.3, A is a fuzzy
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c-nowhere dense set in (X, 7') and by Theorem 2.7, 1— X is a fuzzy residual

set in (X, T'). Hence X is a fuzzy first category set in (X, T').

Proposition 5.9. If A is a fuzzy Gy -set in a fuzzy fraction dense and fuzzy
o-space (X, T), then there exists a fuzzy Fj-set & in (X, T) such that
& < bd(n).

Proof. Let A be a fuzzy Gg-setin (X, T). Since (X, T) is a fuzzy 0-space,
the fuzzy Gjy-set A is a fuzzy simply open set in (X, 7). Since (X, T) is a
fuzzy fraction dense space, by Proposition 3.21, there exists a fuzzy F -set §
in (X, T) such that § < bd(}).

Proposition 5.10. If X is a fuzzy Gj-set in a fuzzy fraction dense and
fuzzy 0-space (X, T'), then there exists a fuzzy c-nowhere dense set 5 in (X, T)
such that § < bd()).

Proof. Let A be a fuzzy Gy -setin (X, T'). Since (X, T') is a fuzzy fraction
dense and fuzzy 0-space, by Proposition 5.9, there exists a fuzzy F -set d in
(X, T) such that & < bd(A). Then int(d) < int(bd(A)) < intcl(bd())). Since
(X, T) is a fuzzy 0O-space, the fuzzy Gjy-set A is a fuzzy simply open set in
(X, T) and intcl(bd(r)) = 0, in (X, T'). This implies that int(§) = 0. Thus &
is a fuzzy F,-set with int(3) = 0, in (X, 7') and then § is a fuzzy c-nowhere
dense set in (X, T'). Hence there exists a fuzzy c-nowhere dense set § in

(X, T) such that § < bd(}).

The following proposition gives a condition for fuzzy fraction dense and
fuzzy O-spaces to become fuzzy c-Baire spaces.

Proposition 5.11. If int(viZ; bd(};)) = 0, where (\;)’s are fuzzy Gy -sets
in a fuzzy fraction dense and fuzzy 0-space (X, T), then (X, T) is a fuzzy
o-Baire space.

Proof. Let (X;)’s (1 = 1 to «) be fuzzy Gj-sets in (X, T). Since (X, T is

a fuzzy fraction dense and fuzzy 0-space, by Proposition 5.10, there exist
fuzzy o-nowhere dense sets §; in (X, 7T) such that &, < bd();). Then,

int(vZ; (§;)) < int(vie; bd(};)). By hypothesis int(vie; bd(X;)) = 0 and then
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int(viZ; (5;)) = 0, where (§;)’s are fuzzy c-nowhere dense sets in (X, 7).

Hence (X, T') is a fuzzy c-Baire space.

Proposition 5.12. If (X, T) is a fuzzy fraction dense and fuzzy DG -
space, then (X, T') is a fuzzy nodef space.

Proof. Let A be a fuzzy nowhere dense set in (X, 7). Since (X, T) is a
fuzzy fraction dense and fuzzy DGjg-space, by Proposition 5.2, A is a fuzzy
E, -setin (X, T). Hence (X, T) is a fuzzy nodef space.

The following propositions show that fuzzy fraction dense spaces are not
fuzzy nodec spaces and fuzzy fraction dense and fuzzy DGjs-spaces, are not
fuzzy P-spaces.

Proposition 5.13. If (X, T') is a fuzzy fraction dense space, then (X, T)

is not a fuzzy nodec space.

Proof. Let L be a fuzzy nowhere dense set in (X, 7). Then, the
Proposition 3.12, implies that X is not a fuzzy closed set in (X, 7') and hence

(X, T') is not a fuzzy nodec space.

Proposition 5.14. If (X, T) is a fuzzy fraction dense and fuzzy DG -
space, then (X, T') is not a fuzzy P-space.

Proof. Suppose that (X, T') is a fuzzy P-space. By Proposition 5.12, the
fuzzy fraction dense and fuzzy DGjs-space (X, T') is a fuzzy nodef space.
Then, the fuzzy nodef and fuzzy P-space (X, T'), by Theorem 2.9, will be a
fuzzy nodec space, a contradiction [by Proposition 5.13]. Hence (X, T') is not
a fuzzy P-space.

Proposition 5.15. If for each fuzzy open set ) in (X, T), cl(}) = cl(n),
where u is a fuzzy first category set in a fuzzy globally disconnected space
(X, T), then (X, T) is a fuzzy fraction dense space.

Proof. Let A be a fuzzy open set in (X, T') such that cl(}) = cl(u), where
u is a fuzzy first category set in (X, 7). Since (X, T) is a fuzzy globally
disconnected space, by Theorem 2.10, the fuzzy first category set p in (X, T')
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is a fuzzy Fj-set in (X, T) Hence, for each fuzzy open set A in
(X, T), cl(A) = clpn), where pis a fuzzy F;-setin (X, T'), implies that (X, T')

is a fuzzy fraction dense space.
Conclusion

In this paper, the notion of fuzzy fraction dense space is introduced. It is
established that each fuzzy regular closed set is the closure of a fuzzy Fg-set

and each fuzzy regular open set is the interior of a fuzzy Gg-set in fuzzy

fraction dense spaces. Also it is obtained that fuzzy closed sets are not fuzzy
nowhere dense sets and fuzzy open sets are not fuzzy dense sets in fuzzy
fraction dense spaces. It is obtained that fuzzy regular closed sets are fuzzy
F -sets and fuzzy regular open sets are fuzzy Gy -sets in fuzzy fraction dense

and fuzzy P-spaces. Also it is established that fuzzy F -sets are fuzzy
somewhere dense sets and fuzzy Gs-sets are fuzzy cs dense sets in fuzzy
fraction dense and fuzzy P-spaces.

It is established that fuzzy fraction dense spaces are not fuzzy hyper
connected and fuzzy nodec spaces. In fuzzy fraction dense and fuzzy DGj -
spaces, fuzzy nowhere dense sets become fuzzy F-sets and fuzzy first
category sets. Fuzzy fraction dense and fuzzy DGjs-spaces are found to be

fuzzy Baire, fuzzy o-Baire and fuzzy Volterra spaces. A condition which
ensures the existence of fuzzy c-Baireness in fuzzy fraction dense spaces is
obtained by means of fuzzy boundary of fuzzy simply open sets. Also a
condition which ensures the existence of fuzzy c-Baireness in fuzzy fraction
dense and fuzzy 0-spaces is obtained by means of the fuzzy boundary of fuzzy
Gy -sets. It is established that fuzzy fraction dense and fuzzy DGjs -spaces are

fuzzy nodef spaces and are not fuzzy P-spaces. It is found that fuzzy fraction
dense spaces are not fuzzy nodec spaces. A condition under which fuzzy
globally disconnected spaces become fuzzy fraction dense spaces 1s also
obtained in this paper.
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