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Abstract 

A k-prime labeling of a graph G is an injective function  ,,2,1,:  kkkVf  

1 Vk  for some positive integer k that induces a function   NGEf  :  of the edges of 

G defined by         GEuvevfufuvf  ,,gcd  such that      .1,gcd vfuf  A graph G 

that admits k-prime labeling is called a k-prime graph. In this paper, we apply the definition of 

k-prime labeling to certain classes of graphs nnnmnn KoGPoGKGtPGCC ,1,122 ˆ,ˆ,,,   and 

nFoG ,1ˆ  obtained through graph operations and have proved that they are k-prime. We have 

further investigated the existence of such a labeling by discussion through various cases.  

1. Introduction 

A simple graph G of order p is said to be k-prime for some positive integer 

k, if the vertices of the graph are labeled from k to 1 pk  such that the 

labels of every adjacent vertices are relatively prime. Such a graph is called a 

k-prime graph. Two integers a and b are said to be relatively prime, if their 

greatest common divisor  ba,gcd  is 1.  

S. K. Vaidya and U. M. Prajapati [5] introduced the idea of k-prime 

labeling and proved that every path graph 1, mPm  is k-prime. We have 
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studied the behaviour of certain cycle related graphs and proved that every 

cycle graph ,3, nCn  tadpole graph ,, mnT  barycentric subdivision  nn CC  

of cycle nC  and friendship graph nF  admit k-prime labeling [3]. 

Furthermore, we investigated the results on tree related graphs such as Y- 

tree, X-tree and extended to one point union of path graphs and proved that 

they admit k-prime labeling [4]. 

In this paper, we concentrate our study on special families of graphs 

obtained through certain graph operations. 

2. Preliminaries 

We now begin with few definitions. 

Definition 2.1 [2]. Let  111 , qpG  be a graph with vertex set 1V  and 

edge set 1E  respectively. Let  222 , qpG  be another graph with vertex set 

2V  and edge set 2E  respectively. The union of 1G  and 2G  is a graph 

21 GGG   with vertex set 21 VVV   and edge set .21 EEE   

Definition 2.2 [1]. If  111 , qpG  and  222 , qpG  are two connected 

graphs then the graph obtained by superimposing any selected vertex of 2G  

on any selected vertex of 1G  is denoted by .ˆ 21 GoG  

3. Main Results 

3.1. Union of Graphs 

Theorem 3.1.1. Union of two copies of even cycle nC2  is k-prime for all k 

and .1n  

Proof. Let   ., 22 nn CCEVG   Let the vertex and edge set of nn CC 22   

be defined as    nnn vvvvvGV 412221 ,,,,,    and    21 EEGE   

where    nii vvnivvE 2111 121:    and  1412:12   ninvvE ii  

 nn vv 412   From the above definition, it is clear that the graph nn CC 22   

has n4  vertices and n4  edges. See Figure 1. Define an injective function 

 14,,1,:  nkkkVf   as follows: 
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Case 1. When 12 n  is prime for   12mod0  nk  and  22  nk  

  .12mod n  

  niikvf i 41,1   

Case 2. When 12 n  is not prime for k not a multiple factor of a and b of 

    1mod0,12  akn  and   .1mod0  bk  

  niikvf i 41   

From the labeling pattern defined, it is easy to observe that the greatest 

common divisor for every adjacent vertices are 1. 

Therefore nn CC 22   is k-prime for .1k   

 

Figure 1. .22 nn CC   

Lemma 3.1.1. Union of cycle graph nC  and t copies of Path graph mP  is 

k-prime for 1,2  mn  and .1, tk  

Proof. Let   ., mn tPCEVG   Let the vertex and edge set of mn tPC   

be defined as      tbmauvvvGV b
an  1,1:,,, 21   and 

  21 EEGE   where    nii vvnivvE 111 11:    and 

 .1,11:12 tbmauuE b
a

b
a    From the above definition, it is 

clear that the graph mn tPC   has tmn   vertices and  1 tmn  edges. 

Define an injective function  1,,1,:  tmnkkkVf   as follows: 

Case 1. When 5,3n  and for odd k 

   niikvf i  1,1   

    .1,1,11 tbmaambnkuf b
a   



 G. VIJAYALAKSHMI and S. TERESA AROCKIAMARY 

Advances and Applications in Mathematical Sciences, Volume 21, Issue 1, November 2021 

286 

Case 2. When  2mod0n  and for .4n  

Subcase 1. 1n  is prime 

  niikvf i  1,1  and   1mod0  nk  

    .1,1,11 tbmaambnkuf b
a   

Subcase 2. 1n  is not prime 

  niikvf i  1,1  and k not a multiple factor of  1n  

    .1,1,11 tbmaambnkuf b
a   

From the labeling pattern defined, it is easy to observe that the greatest 

common divisor for every adjacent vertices are 1. 

Therefore mn tPC   is k-prime for .1k   

Theorem 3.1.2. Let G be k-prime graph. Then there exists a class 

mtPG   of graphs that is k-prime for .1k  

Proof. Let  qpG ,  be a k-prime graph. Consider t copies of Path graph 

mP  with vertex set  tjmiu j
i

 1,1:  and edge set 

 .1,11:
1

tjmiuu j
i

j
i




 The union of G and t copies of Path graph 

mP  is mtPGG 1  with vertex and edge set as   11 GV  

   tjmiuGV j
i

 1,1:  and      ,11:
111 


miuuGEGE j
i

j
i

   

tj 1  respectively. From the above definition, it is clear that the graph 

1G  has tmp   vertices and  1 tmq  edges. Define an injective function 

   1,,1,,1,,2,1,: 11  tmpkpkpkpkkkkGVg 

 as follows: 

    Vvvfvg aaa  ,  

    tjmiimjpkug j
i

 1,1,11  

Now we have to prove that 1G  is k-prime. Given that G is k-prime, it is 

enough to prove that for any edge ,11
Euu j

i
j
i




 which is not in 
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     .1,gcd,
1



j
i

j
i

ugugG  

The above labeling function induces a edge function   NGEg 
1:  

satisfying the condition of k-prime labeling as       j
i

j
i

j
i

j
i

uguguug
11

,gcd


   

     11,11gcd  imjpkimjpk  since   11  imjpk  

and   imjpk  1  are consecutive integers. 

Hence there exist a class mtPG   of graphs that admit k-prime labeling. 

Therefore mtPG   is k-prime for .1k   

Lemma 3.1.2. mn KK ,1,1   is k-prime for 1k  and .1, mn  

Proof. Let  nn uuuxK ,,,,: 21,1   be a star of order 1n  with x as 

central vertex and let  mm vvvyK ,,,,: 21,1   be a star of order 1m  with 

y as central vertex respectively. Let   ., ,1,1 mn KKEVG   Let the vertex 

set and edge set of mn KK ,1,1   be defined as    niuxGV i  1:,  

 mjvy j 1:,  and    nixuGE i  1:   .1: mjyvj   From 

the above definition, it is clear that the graph mn KK ,1,1   has 2 mn  

vertices and mn   edges. Let p be the largest prime from nkpk   and 

let q be the largest prime from 11  mnkqnk  respectively. 

Define an injective function  1,,1,:  mnkkkVf   as follows: 

Case 1. .kp   

Subcase 1. When .1 nkq  

  ,pxf   

  niipuf i  1,  

  ,qyf   

  .1,1 mjjnpvf j   

Subcase 2. When .1 mnkq  
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  ,pxf   

  niipuf i  1,  

  ,qyf   

  .1, mjjnpvf j   

Subcase 3. When .1,1  ssqmnk  

  ,pxf   

  niipuf i  1,  

  ,qyf   

 













.11

1

mjsmifjnp

smjifjnp

vf j  

Case 2. .nkp   

Subcase 1. When .1 mnkq  

  ,pnkxf   

  niikuf i  1,1  

  ,1 mnkqyf  

  .1, mjjnkvf j   

Subcase 2. When .1,1  ssqmnk  

  ,pnkxf   

  niikuf i  1,1  

  ,1 smnkqyf   

 













.11

1

mjsmifjnk

smjifjnk

vf j  
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Case 3. 1,  rrpnk  

Subcase 1. When .1 nkq  

  ,rnkpxf   

 













nirnifik

rniifik

uf i

1

11

 

  ,1 nkqyf  

  .1,1 mjjnkvf j   

Subcase 2. When .1 mnkq  

  ,rnkpxf   

 













nirnifik

rniifik

uf i

1

11

 

  ,1 mnkqyf  

  .1, mjjnkvf j   

Subcase 3. When .1,1  ssqmnk  

  ,rnkpxf   

 













nirnifik

rniifik

uf i

1

11

 

  ,1 smnkqyf   

 













.11

1

mjsmifjnk

smjifjnk

vf j  

From the labeling pattern defined in all the above cases, it is easy to 

observe that the greatest common divisor for every adjacent vertices are 1. 

Therefore mn KK ,1,1   is k-prime for .1k  

Observation: For case 1,2  nkq  is not possible because 

nkp   and 1 nkq  are consecutive integers. The two consecutive 
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integers which are prime are 2 and 3 only which is a contradiction since 

.1n  

Remark 3.1.1. For larger values of k and for smaller ,, mn  there may 

occur only one prime number from k to .1 Vk  In such cases, the graph 

does not satisfy k-prime labeling.  

Theorem 3.1.3. Let G be k-prime graph. Then there exists a class 

nKG ,1  of graphs that is k-prime for .1, nk  

Proof. Let  qpG ,  be a k-prime graph. Consider the star graph nK ,1  

with vertex set  niuu i 1:,  and edge set  .1: niuui   The union of 

G and nK ,1  is nKGG ,11   with vertex and edge set as 

     niuuGVGV i  1:,11   and      niuuGEGE i  1:11   

respectively. From the above definition, it is clear that the graph 1G  has 

1 np  vertices and nq   edges. Let l be the largest prime number from 

.npklpk   Define an injective function   11: GVg  

 npkpkpkpkkkk  ,,1,,1,,2,1,   as follows: 

    Vvfvg
jvjj   

Case 1. When .lpk   

  lpkug   

    Vvvfvg jjj  ,  

  .1, njipkug i   

Case 2. When .npkl   

  lnpkug   

    Vvvfvg jjj  ,  

  .1,1 niipkug i   

Case 3. When .1,  sslnpk  
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  npklpkrnpklug  ,  

    Vvvfvg jjj  ,  

 









.11

11

nisnifipk

sniifipk
ug i  

Now we have to prove that 1G  is k-prime. Given that G is k-prime, it is 

enough to prove that for any edge ,1Euui   which is not in 

     .1,gcd, iugugG   

The above labeling function induces a edge function   NGEg 
1:  

satisfying the condition of k-prime labeling as     ,gcd uguug i   

     sniEuuipklug ii  1,11,gcd 1  and  iug  

        nisnEuuipklugug ii  1,11,gcd,gcd 1      

since l is the largest prime integer. 

Hence there exist a class nKG ,1  of graphs that admit k-prime labeling. 

Therefore nKG ,1  is k-prime for .1k   

3.2. Superimposing of Graphs 

Lemma 3.2.1. mn PoK ˆ,1  is k-prime for 1k  and .1, mn  

Proof. Let  nn vvvuK ,,,,: 21,1   be a star of order 1n  with u as 

central vertex and  mm yyyP ,,,: 21   be a path of order m respectively. 

Let   mn PoKEVG ˆ, ,1  be the graph obtained by superimposing the 

central vertex u of nK ,1  with pendant vertex 1y  of .mP  See Figure 2. Let the 

vertex and edge set of mn PoK ˆ,1  be defined as 

     mjynivuGV ji  2:1:,   

       .12:1   mjyyuyuvGE jjii   

From the above definition, it is clear that mn PoK ˆ,1  has mn   vertices 

and 1 mn  edges. 
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Let p be the largest prime such that .nkpk   Define an injective 

function  1,,2,1,:  mnkkkkVf   as follows: 

Case 1. When k is p 

  ,puf   

  niipvf i  1,  

  .2,1 mjjnpyf j   

Case 2. When nk   is p 

  ,puf   

  niikvf j  1,1  

  .2,1 mjjnkyf j   

Case 3. When nk   is 1,  ssp  

  nkpkpuf  ,  

  sniikvf i  1,1  

  nisnikvf i  1,  

  .2,1 mjjnkyf j   

From the labeling pattern defined, it is easy to observe that the greatest 

common divisor for every adjacent vertices are 1. 

Therefore mn PoK ˆ,1  is k-prime for .1k   

 

Figure 2. .ˆ,1 mn PoK  

Theorem 3.2.1. Let G be k-prime graph. Then there exists a class nPoG ˆ  
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of graphs that is k-prime for .1k  

Proof. Let  qpG ,  be a k-prime graph. Consider the path graph nP  with 

vertex set  niyi 1:  and edge set  .11:  niyy ii  Let 

nPoGG ˆ1   be the graph obtained by superimposing one of the pendent 

vertex of the path nP  say 1y  on selected vertex Vv   of G. See Figure 3. Let 

the vertex and edge set of 1G  be defined as      niyGVGV i  2:11   

and      .11:111   niyyGEGE ii  From the above definition, it is 

clear that the graph 1G  has 1 np  vertices and 1 nq  edges. Define an 

injective function  kkpkpkkkkVg ,,1,,1,,2,1,: 1    

2 np  as follows: 

    Vvvfvg jjj  ,  

  niipkyg i  2,2  

Now we have to prove that 1G  is k-prime. Given that G is k-prime, it is 

enough to prove that for any edge ,11 Eyy ii   which is not in 

     .1,gcd, 1 ii ygygG  

The above labeling function induces a edge function   NGEg 
1:  

satisfying the condition of k-prime labeling as 

         1111 ,11,2gcd,gcd Eyyipkipkygygyyg iiiiii  
  

since 2 ipk  and 1 ipk  are consecutive integers. 

Hence there exist a class nPoG ˆ  of graphs that admit k-prime labeling. 

Therefore nPoG ˆ  is k-prime for all k.  

 

Figure 3. .ˆ nPoG  
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Lemma 3.2.2. nn KoC ,1ˆ  is k-prime for 1k  and .2, mn  

Proof. Let  nn aaaC ,,,: 21   be the cycle graph of order n and 

 mm bbbvK ,,,,: 21,1   be a star graph of order 1m  respectively. Let 

  mn KoCEVG ,1ˆ,   be the graph obtained by superimposing the vertex na  

of nC  with central vertex v of .,1 mK  Let the vertices and edges of mn KoC ,1ˆ  

be defined as      mjbniaGV ji  1:1:   and 

       .11: 11 jnnii baaaniaaGE    From the above definition, 

it is clear that the graph has mn   vertices and mn   edges. Let p be the 

largest prime number such that 11  mnkpnk  respectively. 

Define an injective function  1,,2,1,:  mnkkkkVf   as 

follows: 

Case 1. When k is p 

  kaf n   

  11,  niikaf i  

  .1,1 mjjnkbf j   

Case 2. When 1 nk  is p 

  pnkaf n  1  

  11,1  niikaf i  

  .1,1 mjjnkbf j   

Case 3. When 1 mnk  is p 

  pmnkaf n  1  

  11,1  niikaf i  

  .1,2 mjjnkbf j   

Case 4. When 1 mnk  is 1,  ssp  

  ,1 mnkpaf n  

  11,1  niikaf i  
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.11

12

mjsmifjnk

smjifjnk

bf j  

From the labeling pattern defined, it is easy to observe that the greatest 

common divisor for every adjacent vertices are 1. 

Therefore mn KoC ,1ˆ  is k-prime for .1k   

Theorem 3.2.2. Let G be k-prime graph. Then there exists a class 

nKoG ,1ˆ  of graphs that is k-prime for .1k  

Proof. Let  qpG ,  be a k-prime. Let Vu   be the vertex in G. Consider 

the star graph nK ,1  with vertex set  nixv i 1:,  and edge set 

 .1: nivxi   Let nKoGG ,11 ˆ  be the graph obtained by superimposing 

one of the vertex v of the star nK ,1  graph on selected vertex Vu   of G. See 

Figure 4. Let the vertex set and edge set of nKoGG ,11 ˆ  be defined as  

     nixGVGV i  1:11   and      .1:11 nivxGEGE i    From 

the above definition, it is clear that the graph 1G  has np   vertices and 

nq   edges respectively. Define an injective function 1: Vg  

 1,,1,,1,,2,1,  npkpkpkpkkkk   as follows: 

    Vvvfvg jjj   

   vguf   be the largest prime say l. 

Case 1. When .kl   

  lvg   

     GVvvfvg jjj   

  .1, niiplxg i   

Case 2. When .1 pkl  

  lpkvg  1  
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     GVvvfvg jjj   

  .1, niipkxg i   

Case 3. When .1 npkl  

  lnpkvg  1  

     GVvvfvg jjj   

  .1,1 niipkxg i   

Case 4. When .1,1  sslnpk  

  11,  npklpklvg  

     GVvvfvg jjj   

  sniipkxg i  1,1  

  .1, nisnipkxg i   

Now we have to prove that 1G  is k-prime. Given that G is k-prime, it is 

enough to prove that for any edge 1Evxi   which is not in 

     .1,gcd, ixgvgG  

The above labeling function induces the edge function   NGEg 
1:  

satisfying the condition of k-prime labeling as       ii xgvgvxg ,gcd  

   sniEvxipkl i  1,1,gcd 1  and     ,gcd vgvxg i    

     nisnEvxiklxg ii  1,11,gcd 1  since l is the 

largest prime integer. 

Hence there exist a class nKoG ,1ˆ  of graphs that admit k-prime labeling. 

Therefore nKoG ,1ˆ  is k-prime for all k.  
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Figure 4. .ˆ ,1 nKoG  

Theorem 3.2.3. Let G be k-prime graph. Then there exists a class 

nFoG ,1ˆ  of graphs that is k-prime for 11  Vk  as a largest prime and 

.1k  

Proof. Let  qpG ,  be a k-prime. Let Vu   be the vertex in G whose 

label is   1 npkluf  where l is the largest prime number such 

that .1 npklK  Consider the fan graph nF ,1  with vertex set 

 nixx i 1:0  and edge set    .11:1: 10   nixxnixx iii   

Let nFoGG ,11 ˆ  be the graph obtained by superimposing the vertex 0x  of 

the fan nF ,1  graph on vertex Vu   of G. Let the vertex set and edge set of 

nFoGG ,11 ˆ  be defined as      nixGVGV i  1:11   and  11 GE  

     .11:1: 10   nixxnixxGE iii   From the above 

definition, it is clear that the graph 1G  has np   vertices and 12  nq  

edges. Define an injective function  ,2,,2,1,: 1  pkkkkVg   

1,2,,1,,1  npknpkpkpkpk   as follows: 

    .10  npklxguf  

    Vvvfvg jjj   

    10  npklxgvg p  

  .1,2 niipkxg i   

Now we have to prove that 1G  is k-prime. Given that G is k-prime, it is 
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enough to prove that for any edge ,10 Exx i   which is not in 

     .1,gcdgcd, 0 ixgxG  

The above labeling function induces the edge function   NGEg 
1:  

satisfying the condition of k-prime labeling as     ,gcd 00 xgxxg i   

     niExxipklxg ii  1,12,gcd 10  and  1


iixxg  

        niExxipkipkxgxg iiii   1,11,2gcd,gcd 111

 since 2 ipk  and 1 ipk  are consecutive integers. 

Hence there exist a class nFoG ,1ˆ  of graphs that admit k-prime labeling. 

Therefore nFoG ,1ˆ  is k-prime for all k.  

4. Conclusion 

To study analogous results for different families of graphs on graph 

operations that admits k-prime labeling is an open area of research. 
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