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Abstract

L. A. Zadeh generated fuzzy set theory from the classical set theory, every element of the
fuzzy set have degrees of membership function, At this point, the fundamentals of classical
probability theory are used to motivate fuzzy probability theory. J. E. L. Priyakumar et al.,
(2001), introduced the definition of stochastic ordering of fuzzy random variables under the
probability with fuzzy state, D. Rajan et al. (2015) presents the stochastic ordering of triangular
fuzzy random variables by following J. E. L. Priyakumar.

The exponential distribution correlated to the triangular fuzzy random variables which
form a novel idea Exponential triangular fuzzy random variables.

The present paper explores the innovated definitions of stochastic orderings such as up
shifted (increasing) proportional, down shifted (increasing) proportional and up and down
shifted proportional fuzzy stochastic ordering of exponential triangular fuzzy random variables.
Few theorems have been derived with the relationship among the given definitions.

2020 Mathematics Subject Classification: Primary 60A86: Secondary 03E72, 94D05.
Keywords: Fuzzy set, fuzzy random variable, fuzzy probability, exponential distribution, shifted

fuzzy stochastic ordering and up and down shifted proportional fuzzy stochastic ordering.

Received April 3, 2022; Accepted April 13, 2022



5680 C. SENTHIL MURUGAN and D. RAJAN

1. Introduction

In 1965, Prof L. A. Zadeh [18], introduced fuzzy set theory. Cai et al. [5],
introduced two assumption states, (1) Fuzzy state assumption: when the data
1s inaccuracy and uncertainty, the system behaviour is fuzzy characterized in
the context of probability measure (2) Binary state assumption: the system

accurately defined as functioning or failure.

Fuzzy random variable has been the object of study from the year 1978, it
generated from the L. A. Zadeh [18], fuzzy set theory. M. L. Puri et al., [13]
defines the concept of fuzzy random variable, the expectation of fuzzy random
variable is generalize integral of a set valued function. Erich Peter Klement
[6], proved a strong law of large numbers and a central limit theorem by
using independent and identically distributed fuzzy random variables. Milo
Stojakovic et al., [11] presents the definition and investigation of some
properties of expectation (or integration) of fuzzy random variables with
values 1n a separable Banach space. Miguel Lopez-Diaz et al., [10] present
constructive definitions of fuzzy random variables and integrably bounded

fuzzy random variables.

The fuzzy random variables subdued both fuzzy and probability
uncertainty and it is defined as ‘A mapping from a probability space to a
collection of fuzzy variables is called a fuzzy random variable. A mapping
from a pattern space onto the real line is known as fuzzy variable’. The
further clarification for notions and fuzzy random variables may be referred
to Kwakernaak [7, 8].

J. E. L. Priyakumar et al., [3] briefly talked about the concept of
Kwakernaak fuzzy random variables. Arnold F. Shapiro [2], discussed about
the definition of fuzzy random variables in the view of Kwakernaak (1978),
Puri and Ralescu (1986) and Liu and Liu (2003). Zadeh [19] defined the
probability of a fuzzy set as the expectation of its membership function. D.
Singpurwalla et al., [15] presents the benefit of making probability theory
work in concert with fuzzy set theory is an ability to deal with different kinds

of uncertainties that may arise within the same problem.

Gudder., [4], presents the fundamentals of classical probability theory are
used to motivate fuzzy probability theory and observables (fuzzy random
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variables) and their distributions are defined. Youssef Prince Abed et al., [17]
present the strictly define membership function and consequently redefining
fuzzy probability such that, each element has a degree of belongness to the

set and still satisfying such desirable laws.

Y. S. Yun et al, [16] study the computation of the exponential fuzzy

probabilities for fuzzy numbers driven by operations.

The most widely used stochastic orders are likelihood ratio ordering,
hazard rate ordering and stochastic ordering. Stochastic orderings play a
major role in probability theory, epidemic model, statistics, reliability theory,
etc.

Cai et al, [5] presented a stochastic ordering application to the
probability with fuzzy state (profust) life time having a monotone profust
hazard rate function. Nakai [12], discusses a partially observable sequential

decision problem under a shifted likelihood ratio ordering.

The stochastic ordering of one fuzzy random variables by invoking the
measurability condition on the fuzzy perception function and verify assured
properties and notions of “probability with fuzzy state” (profust) life time
followed by Cai et al., are discussed by J. E. L. Piriyakumar et al. [3].

Lillo et al., [9] have studied in detail four shifted stochastic orders,
namely the up likelihood ratio order, the down likelihood ratio order, the up
hazard rate order and the down hazard rate order, that have been obtained

starting from the well-known likelihood ratio order and hazard rate order.

D. Rajan et al., [14], presented a few stochastic orderings under
triangular fuzzy random variables. R. Zarei et al., [20] discussed about the
study of stochastic orderings for triangular fuzzy random variables and
introduce the concept of c-fuzzy random variables. Then, the traditional
definition of usual stochastic orderings were extended for c-fuzzy random
variables.

Aboukalam et al., [1] have explained some new concepts about shifted
hazard and shifted likelihood ratio orders. On the basis of mentioned papers,
I have got an idea to derive new up shifted (increasing) proportional, down
shifted (increasing) proportional and up and down shifted proportional fuzzy
stochastic orderings under the new concepts exponential triangular fuzzy
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random variable, especially based on J. E. L. Priyakumar followed by

Kwakernaak’s [7, 8] fuzzy random variable.

This paper have the following sections: Section 2, presents the new
definitions such as proportional fuzzy stochastic ordering, fuzzy stochastic
ordering based on log-concave and log-convex function and increasing
(decreasing) proportional fuzzy stochastic orderings of the exponential
triangular fuzzy random variables. Section 3, presents some kinds of
stochastic orderings. Section 4, presents the new definitions of up and down
shift proportional fuzzy stochastic orderings of the exponential triangular
fuzzy random variables and related theorems. Section 5, presents new
definitions of up and down shift increasing proportional fuzzy stochastic
orderings of exponential triangular fuzzy random variables and Verifies the
relation among the proportional fuzzy stochastic, up shift (increasing)
proportional fuzzy stochastic orderings of the exponential triangular fuzzy

random variables and related theorems.
2. Preliminary Definitions

The basic notion such as fuzzy set, alpha-cut and membership function of
fuzzy set are well-known. In this section, the discussion made about the
improvised definitions related to fuzzy stochastic ordering of exponential

triangular fuzzy random variables.

2.1 Definition. Let (Q, F, P) be a probability space, where Q-denotes
the sample space, § the c-algebra on Q and P a probability measure. A fuzzy
set A on Q is called a fuzzy event. Let p4(-) be the membership function of

the fuzzy event A. Then the probability of the fuzzy event A is defined by
Zadeh [16] as

B(a) = jQ 1A (@)dP(0), pa() : © - [0, 1]

2.2 Definition. The exponential fuzzy probability IND(A) of a fuzzy set A
on R is defined by Y. C. Yun et al., [14] as

P(a) = | uale)dP(x)
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Where Py is the exponential distribution.

2.3 Definition. A random variable X is said to have an exponential

distribution with parameter 6 > 0, if its probability density function is given

by: f(x, 0) = 0e ™ for x >0,0 > 0.

2.4 Definition. A triangular fuzzy random variable X with mean and

standard deviation is said to have an exponential distribution with parameter
o 5t)
0 > 0, if its membership function is given by f(x, 0) = Oe ¢/, for

(u—o<x<p+c),0=0.

2.3 Definition. A random variable X is said to have an exponential

distribution with parameter 0 > 0O, if its probability density function is given

by: f(x, ) = 8%, for x > 0.
Here, Mean > Standard Deviation, if 6 = 1.

The probability density function of the exponential distribution function
is f(x)=e*, for x>0, if 6 =1, were extended for the triangular fuzzy
random variable with mean p and standard deviation o, then X become the
exponential triangular fuzzy random variable with mean u and standard
deviation ¢ and it is denoted by (X ~ ETFRV(u, ©)).

2.4 Definition. Let (X ~ ETFRV(u, o)) is a fuzzy number, its coordinate

point is X(u — o, p, p + o) and it is interpreted as the membership function

_(u-X)
_Jje © , p-oc<sx<p
nx(x) = (x-p) .
e °, px<u+o

The a-cut of the membership function of the exponential triangular fuzzy

random variable is defined as follows.

First, the lower a-cut is derived as follows.

(u-x5)

e O >
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C(w-x5)

> log a

Xg—u+cloga20.

Which is the required lower a-cut of the exponential triangular fuzzy

random variable.

Secondly, the upper a-cut is obtained as follows:

(xF -
e -C > o

- x7 -

> log a

Xg—p+clogaﬁ0.

Which is the required upper a-cut of the exponential triangular fuzzy
random variable.

Therefore, the exponential triangular fuzzy random variable is

P{XE -y +cloga)=0v (XY - p+ologa) < 0). Where (0 < a < 1)

If o =0, then P{X(I;‘ >pu-ocv Xg < u + o}, is known as the support of
X

3. Some Kinds of Fuzzy Stochastic Orderings

3.1. Definition. [J. Earnest Lazarus Piriyakumar et al. [3]].

Let X and Y be fuzzy random variables. X is said to be Stochastically
larger than Y. if P{Ux,-a)v({Ux,-a)>0>P{Vy, -a)v

(Vy)y —a) >0}, for a € R and p € (0, 1].

Where Uy ,(0) =inf{x € R: X,(x) > u} and Uy ,(o)=supix e R:
Xo(x) 2 pj.

3.2 Definition. [D. Rajan et al., [14]]
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If X,Y ~ ETFRV((yy, o1), (ug, 02)), then the fuzzy Likelihood ratio
ordering (X <prpoY) is defined by

P{YE - +oploga) =0 v (YY — by — oy log o) < O}
P{XE -y +o1loga) = 0v (XY -y — 61 log @) < 0}

o Py —pg +ozloga) > 0 v (Yy - py — g log a) < 0}
T P{XE -y +ogloga) > 0v (XY - pg —ogloga) < 0}

If whenever s <t and u<v and s=p; —6y,¢ = U9 —GCg, U = |1} —O7
and v = py + o9.

The definition of stochastic ordering of exponential triangular fuzzy
random variables is derived from the above definition, put s =y — o

—> —0, t = llg — C9 —> —0,
3.3 Definition. If X,Y ~ ETFRV((1, o1), (19, 62)), then the fuzzy

stochastic ordering (X <pgpY) is defined by

P{(Yy —m —oyloga) 2 0} _ P{(¥y —up —oyloga) < 0}
P{XF - -oyloga) > 0} P{(XY -y - 05 log ) < 0}

if whenever s<¢ and w<v and s=p —0] > —0, ¢ = Uy — Gy —> —0,

u=u +0o; and v = Ho + OC9.
3.4 Definition. If X,Y ~ ETFRV((w, o1), (19, 0g)), then the

proportional fuzzy stochastic ordering (X <ppgpY) is defined by

- P{O.YY — iy — doq log o) < 0} S P{O.YY — g — Ao g log o) < 0}
P{XJ -1y - oy log a) < 0} P{XJ - pg — o3 log o) < 0}

Here, the RHS is increasing in exponential triangular fuzzy random
variable for all A in (0, 1).

3.5 Definition. If X, Y ~ ETFRV((y;, o1), (u9, 63)), and Y has a log-

concave function, then the fuzzy stochastic ordering based on log-concave
function (X SFSOLCVY) is defined by
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P{(bYy — by —boy loga) < 0} _ P{(bYy - buy - boy log o) < 0}

i < i 3.1)
P{(Xg -~ —oploga) <0} P{(Xy - pg —ogloga) < 0}
And it can also be written as
PU(Yy —w —oylogo) <0} _ PV —my —oplogo) <0F} o

P{XY - —oyloga) <0} P{XY - pg — o5 log a) < 0}

If inequality (3.1) > inequality (3.2), then it is log-concave function
(FSOLCYV), otherwise it is log-convex (FSOLCX) and the constants b be the
oefficient of convex for each alpha-cut of the exponential triangular fuzzy
number, it is denoted by X <pgorcvY and X <pgorcxY respectively.

All kinds of TFSO defined itself, so that the parameter of the exponential

triangular fuzzy random variables are p; = pg and o7 = oy respectively.
3.6 Definition. Let X ~ ETFRV(w, c;), then the increasing

proportional fuzzy stochastic ordering (X <jppgoX) is defined by

P{(Yy —huy —2oyloga) < 0f _ P{AYy —duy —hoploga) < 0}
P{XY -y - oy log a) < 0} P{XY —py - 03 log o) < 0}

Here, the RHS is increasing in exponential triangular fuzzy random
variables for all A in (O, 1).

3.7 Definition. Let X ~ ETFRV(y,c;), then the decreasing
proportional fuzzy stochastic ordering (R <pppsoR) is defined by

P{0XS — My — 2oy log o) < 0) _ P{0Xg — My —doplog o) < 0}
P{XZ - - o1 log a) < 0} P{XZ - ug — o3 log o) < 0}

Here, the RHS is decreasing in exponential triangular fuzzy random
variables for all A in (0, 1).

4. Up and Down Shifted Proportional Fuzzy Stochastic Orderings

In this section, the relations among PFSO, USFSO, DSFSO, USPFSO,
DSPFSO, UDSPFSO are discussed.
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4.1 Definition. If X, Y ~ ETFRV((;, c1), (19, 02)), then up shift fuzzy

stochastic ordering (X <USFSQY) is defined by

P{(Yy —m —ologw)<0)}  _  P{(¥y —py—oyloga)<0))
P{(X-r) ~(u —r)-orloga) <0} P{(X ~r)g ~(ng—r)-ozloga) <0}

then RHS 1is increasing in the exponential triangular fuzzy number,
r € (0, ug + oy).

4.2 Definition. If X, Y ~ ETFRV((y, 61), (19, ©2)), then the down shift
fuzzy stochastic ordering (X <pgrgoY) is defined by

P{((Y =)o —(m —r)—o1log o) < 0)} _ P ~r) ~(nz ~r)oy log o) < 0)}
P{X5 - — o1 log a) < 0} P{XZ -y - o3 log a) < 0}

RHS 1is decreasing in the exponential triangular fuzzy number,
re (0, ug +0o9), A < 1.

4.3 Definition. If X, Y ~ ETFRV((w;, o1), (19, 02)), then the up Shift

Proportional fuzzy stochastic ordering (X <pgprgoY) is defined by

P{(0.Yy —py —doyloga)<0) _ P{(Yy —Miy—ioyloga)<0}
P{(X-r)y ~(u —r)-01loga) <0} P{(X 1) —(ng —r)-03loga) <0}

the RHS 1is increasing in the exponential triangular fuzzy number,

refot2ro2)h

4.4 Definition. If X, Y ~ ETFRV((i, o), (12, 09)), then the down shift
proportional fuzzy stochastic ordering (X <pgpsoY) is defined by

P{(MY = 1) =My —7) =)oy log ) < 0}
P{X5 - — o1 log a) < 0}

< PMY —r)g ~Mpg —r) ~Iop log a) < 0}
P{XY —py — oy log o) < 0}

then, the RHS is decreasing in the exponential triangular fuzzy number,
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refot2ro2)h

4.5 Definition. If X, Y ~ ETFRV((y;, o1), (19, ©3)), then the up and
down shift proportional fuzzy stochastic ordering (X <UDSPE SOY) is defined

by

P{(MY = 7)) =My — )~ 201 log ) < 0}
P{(X =) - (1 - ) - 01 log @) < 0}

L PIMY — 1)) ~Mpg —1) - io3l0g o) < 0}
P{(X ~ 1) ~(ug —7)~ oy log a) < 0}

Here, the RHS is increasing in the exponential triangular fuzzy number,

re(O, “2;"2j,x<1.

In the following theorems, prove the characteristics of up shift

proportional fuzzy stochastic ordering.

4.6 Theorem. If X,Y ~ ETFRV((y;, o1), (n9, 69)), and X <ysprsoY,
then n; —o; < ug — o9 and Y + o7 < Uy + Oo.

Proof. Suppose p; — o7 > pg — o9.

Let 5 and €9 be such that Hog — 09 << 11 — 01 <€9 <

min {yy + oy, Uy + G} and
Let L e(0,1) such that Hg — Og < Ag< iy — 01 < Aeg <
min {u; + 6y, Uy + Go}. By definition of USPFSO under the given condition,

we get,

P{(nYy —Mug — o) - dog log o) < 0)}
P{(X - 1)y —( — o3 —r) =0z log &) < 0}

. _PUOYY —Mpy —01) — oy log a) < O))
P{(X —r)] = (w — oy —7) — o3 log &) < 0}
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. P{(LYY - 22 ¢ —oyloga) < 0)}
P{(X - )] —(w — o2 — 1) - oy log o) < 0}

P{(AYY —32 ey 21 log a) < O)}
CP(X -1 - -0y -r)-oyloga) < 0}

Which is a contradiction to the definition of USPFSO.

Therefore, we must have p; — oy < pg — o9, Similarly, it can be shown

that u; + o7 < pg + o9.

4.7 Theorem. If X,Y ~ ETFRV((1y, o1), (19, 02)), and X <ysprsoY,

then ux < py.

Proof. If X, Y ~ ETFRV((ny, 1), (g, o2)), whenever,

Pl —o; < (X —7) <y +01} = PX = 7) =y =)~ oy log ) < 0)}
Pl —op < (Y =r) <y + 01} = P{(Y =) (1 —r)— oy log &) < 0)}
Pluy =0y < (X =7) < py + 03} = P{(X = 1)y = (ng =)~ oz log &) < 0)}
Plug =03 < (Y =7) < py + 03} = P{(Y = )] = (ng —7) — o3 log &) < 0)}

Pl — oy <MY —7) <y} = P{AY = ) = M —7) - Aoy log a) < 0)}

U
P{Hg —Gg < (Y}?r) <Ho +62} =P{[(Y;r)“ - (u27:r) _02 lfga] > O}

Let Y, be the exponential triangular fuzzy number of %

Suppose, by contradiction that puy > py.
Since, PMpu—7r)—2 <MY —r) < Mp—7) + Ao}

:%p{(u—;)—c < (Y;r) < (u—;)+0}
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Where A = %(l, a)l. In exponential triangular fuzzy random variable,

this equation can be written as.

(1) If Yis an exponential triangular fuzzy random variable, then

L
PIRHY ~1)f ~(a-Dhoy ~Huy )z %P{[(Y T _lz=r) o fg“j > o}

(2) If X 1s an exponential triangular fuzzy random variable, then

P{MX ~ 1)k — (@ - 1oy —Mug — 1)) 2 0}

:lp{(X_r)g _(M2—’“)_0210g0t]20}

A A A A

Where A = %(l, a)l. It follows from the assumption that

PAMu-r)—-2 <MY —7r) < Mu-—r1)+ Ao}
Pu-c<X<pu+o}

is increasing in exponential triangular fuzzy random variable for all A in
(0, 1). Hence, S(Y;, — X) =1 for each A in (0, 1). Here, S(Y; — X) means that
the number of sign changes of the functions Y; and X. (i.e.,) X and Y; are

stochastically ordered for each A in (0,1). In particular, by taking

A= ﬁ—Y <1. It follows that the exponential triangular fuzzy random
X

uf Y are stochastically ordered. Since X and “f—y have the
Y Y

variables X and

same mean, ordinary stochastic order is possible. If they have the same

distribution, which is a contradiction to our assumption. Hence px < py

holds. Now, the relations among PFSO, IPFSO, USFSO, DSFSO USIFSO,
DSIFSO and USPFSO are discussed.

4.8 Theorem. If X,Y ~ ETFRV((, o1), (12, 62)), X <ppsoY and

X <psirsoX, then X <ygprsoY.
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Proof. Since X <0y

P{O.YY -y — doq log o) < 0} P P{O.YY — g — Aoy log o) < 0}
P{x{ -y - o1 log a) < 0} PX{ - pg — oz log ) < 0}

the RHS is increasing in exponential triangular fuzzy random variable for all
Ain (0, 1).

Since R <PSIF SOR, then

P{(X-r)f — (1 —r)— oy log ) < 0} L PUX - rl —(uz 1)~ oy loga) < 0}
P(X{ - - o1 log ) < 0} P{XJ - g — oz log a) < 0}

the RHS is decreasing in exponential triangular fuzzy random variable,
re (O’ Mo + 02)'

Divide the above two inequalities, we get

P{(1Yy —py —doyloga) <0} P{Yy — 2y —dogloga) < 0}
P{(X -7y —(m -r)-o1loga) <0} PY(X - 1) (g - 7) - o log &) < 0}

Here RHS is increasing in the exponential triangular fuzzy number,

re (0, WTGZJ’ A < 1. Which implies that X <ggprsoY.
4.9 Theorem. If X,Y ~ ETFRV((ny, 1), (g, 03)), X <USFS0Y  and
Y SIPFSOY then X SUSPFSOY‘

Proof. Since X <yjgpgoY, Then

P{Yy —w —oyloga)<0f  _ P{Yy —py-oyloga)< 0}
PX-r - -7 -o1loga) <0}  P{(X -7 —(up - ) - oz log o) < 0}

the RHS 1is increasing in the exponential triangular fuzzy number,
r € (0, pg + o) and Since Y <jppgpY, then

P{0.YY — ;- Ao log o) < 0} p P{0.YY — g — Ao g log o) < 0}
P{(Yy - — o log a) < 0} P{(Yy -y - o3 log a) < 0}
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Here, the RHS is increasing in exponential triangular fuzzy random
variable, for all A in (0, 1).

Multiply the above two inequalities, we get

P{(rYy — Wy - Aoy log o) < 0} < P{(Yy - iy — oy loga) < 0}
PX -7 —(m -r)-o1loga) <0} P{(X -7) —(ug —7)— oy log o) < 0}

Here, the RHS is increasing in the exponential triangular fuzzy number,

re (0, @) A < 1. Which implies that X <gsppsoY.

4.10 Theorem. Let X,Y ~ ETFRV((iy, o1), (12, 62)), X <ppsoY and

X <ysirsoX, then X <ysppsoY.

Proof. Since X <F SOY, then

P{.YY —u; — 2o log o) < 0} . P{.YY — g — Aoy log a) < 0}
P{XT -y — oy log a) < 0} P{XZ -y - o5 log a) < 0}

the RHS is increasing in exponential triangular fuzzy random variable for all
Ain (0, 1).

Since X <gygprsoX, then

P{(X{ —w -oyloga)<0}  _  P{XJ —ny—oyloga) <0}
P(X -r)] ~(m —r)—o1loga) < 0} P{(X =) —(ug —7) 03 log @) < 0}

the RHS 1is increasing in the exponential triangular fuzzy number,
re (0, ug +o9), A < 1.

Multiply the above two inequalities, we get

P{0YY -1y — Ao log a) < 0} § P{LYY — iy — Aoy log o) < 0}
P(X-r) - -r)-orloga) <0} P{X -7r)f —(uz —r)— oy log ) < 0}

the RHS 1is increasing in the exponential triangular fuzzy number,

re(o 2o <
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Which implies that X SUSPFSOY'

This below theorem shows that the relation between USFSO, USPFSO

and the exponential triangular fuzzy random variable Y is log - concave.

4.11 Theorem. Let X,Y ~ ETFRV((u, o1), (12, 02)) X <gsrsoY and
Y is log-concave, then X <ygppsoY.

Proof. Since X <USPFSOy Then

P{(Yy — —oyloga) < 0} < P{(Yy —py — oy log o) < 0}
P(X -r)] ~(m —r)—o1loga) < 0} P{(X -r)] — (g —7)~ 03 log @) < 0}

the RHS 1is increasing in the exponential triangular fuzzy number,

r € (0, ug + o9).
Since Y is log-concave function, then
P{bYY — by —boy log o) <0} > P{YY -y — oy loga) < 0}, 0 < b <1.

Now, the above inequality become,

P{bYY - bpy - bo; log o) < 0} p P{bYY —bpy — boy log o) < 0}
P(X-r) - -r)-orloga) <0} P{X -7r)y —(uz —r)— oy log ) < 0}

Here, we use the relationship between A and b(A < b, A # 0, A <1 and
0<b<1).

Then we get

P{.YY —uq — 2o log o) < 0} § P{O.YY — g — Aoy log o) < 0}
PX -7 —(m -r)-o1loga) <0} P{(X -7) —(ug —7)— oy log &) < 0}

the RHS 1is increasing in the exponential triangular fuzzy number,

e (0’ Ho ;:02 j’ and A < 1. Which implies that X <ygppgoY.

The following theorem shows that the relationship among USPFSO,
DSPFSO, PFSO and UDSPFSO.

Theorem. If X,Y ~ ETFRV((u, o1), (L2, 62)), X <pysprsoY and
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X SDSPFS()Y, then X SUDSPFSOY and X SPFSOY'
Proof. Since, X <USPF SOY, then

P{0YY =1 — dop log a) < 0} § P{AYY — g — Ao g log o) < O}
PX-r) - -r)-orloga) <0}  P{X-7r)y —(uz —r)- oy log o) < 0}

the RHS is increasing in the triangular fuzzy number,
refo 252 )<
Since X <PSPF SOY, then

P{OY =) =My —r)— 2o log o) < 0} L Py - MY ~Mug —7)-Ac 5 log o) < 0}
P{(X{ —py — o1 log o) < 0} P{(X{ ~ps — oz loga) <0}

the RHS 1is decreasing in the exponential triangular fuzzy number,

re(O,WTGZJ,k<1.

Multiplying of the above two inequalities, we get

P{0.Y, —hy ~2oyloga) <0} _ PUMY ~r)f) ~ 4w ~r)~2o,log o) <0}
P{(X -1 = (1 —1)- 0y log @) < 0} P{(XY —p; — o1 log o) <0}

P(AYy ~ Mg —205loga) <0} _ PAMY —r)g —Mug —r)—dozloga) <0}
P{(X ~r) ~(up ~1)- o1 loga) < 0} P{(X{ ~uy —o3log o) <0}

P{\MY - r)g - My = 1) - 2o log o) < 0} < P{.YY — ;- doq log o) < 0}
P{(X =7) — (1 )~ o1 log ) < 0} P{(Xg —ng —oylog o) < 0}

L Py - MY —Mug — 1) — Aoy log a) < 0} L P{LYY — iy — Ao g log o) < O}
P{(X - 7)y —(ng —r)— oz log o) < 0} P{XY — g — 03 log o) < 0}

We get,

P{(MY ~r)g —Mu —r)=Io1loga) <0} _ POMY —r)] ~M(uz —r)-ho; log o) <0}
PUX -1 ~(w -r)—oyloga)<0}  P{(X - ~(ng—r)-oyloga) <0}
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and

P{.YY — ;- 2o log o) < 0} < P{WYY — iy — Ao log o) < 0}
P{(X{ - — o1 loga) < 0} P{(X§ - ng - o3 log a) < 0}

Which implies that Xx <UDSPFSOy and X <PF SOY, where

re(O, “2;"2J,x<1.

5. Up and Down Shifted Increasing Proportional Fuzzy Stochastic
Orderings

In this section, among the relationship IPFSO, DPFSO, USIFSO,
DSIFSO, USIPFSO, DSIPFSO are discussed.

5.1 Definition. If X ~ ETFRV(y;, o), then the up shift increasing
proportional fuzzy stochastic ordering (X <pgzprsoX) is defined by

P{(0Xy —ty ~toyloga) <O} P{OXY — My 2oy loga) < 0]
P(X -7 ~(m -r)-orloga) <0} P{(X -r)J —(ug — 1) - o5 log a) < 0}

the RHS 1is increasing in exponential triangular fuzzy number,

refo 252 )<
A
5.2 Definition. If X ~ ETFRV(u,, o1), then the down shift increasing

proportional fuzzy stochastic ordering (X <DSIPFSO x ) is defined by

P{(MX -r)Y =2(uy —r)—o1 log ) < O} L Plx - "V —AMug —r)— Aoy log o) < 0}
P{XT -y — oy loga) <0} P{XZ - (g —1r)— o3 log o) < 0}

the RHS 1is decreasing in the exponential triangular fuzzy number,

re(O,WTGZJ,k<1.

5.3 Theorem. If X,Y ~ ETFRV((, o), (19, 05)), X <USFSOX and

X SIPFSO X, then X SUSIPFSO X.
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Proof. Since, X SUSIPFSOX, then

P{(X{ —w —oyloga)<0}  _  P{XJ —uy—oyloga) <0}
P(X -r) ~(m —r)—o1loga) < 0} P{(X —r)] ~(ug —7)— 03 log @) < 0}

Where RHS is increasing in the exponential triangular fuzzy number,
re (0, ug +o9) and A < 1.

Since, X SIPFSOX, then

P{(xXJ -y - oy log o) < 0} _ P{AXT - Wiy — Aoy log o) < 0}
P{XS -y — oy log a) < 0} P{(XS -y - o5 log a) < 0}

Where RHS is increasing in exponential triangular fuzzy random variable
for all 2 in (0, 1).

Multiply the above two inequalities, we get

P{0XS — My —doyloga) <0} P{0XG — My —ioyloga) < 0}
P(X -7 ~(m -r)-orloga) <0} P{(X 1) —(ug — 1) - o5 log a) < 0}

the RHS 1is increasing in the exponential triangular fuzzy number,

re [o, WT‘WJ ) < 1. Which implies that X <pgprsoX.

5.4 Theorem. If X,Y ~ ETFRV((4, o1), (g, o3)), X <USF0Y  and
X <PFSOX | then X <USIPFSOx gnd x <FS0y.

Proof. Since X <USF SOY, Then

P{Yy - —oyloga)<0f  _  P{Yy —py-oyloga)< 0}
PX -7 —(m -r)-o1loga) <0} P{(X - 1) —(ug —7)— oy log o) < 0}

Where RHS is increasing in the exponential triangular fuzzy number,
r e (0, Uo + 62).

Since X SIPFSOX, then
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P{(xXg — My —hoplog o) < 0} _ P{AX — iy — Aoy log o) < 0
P{X{ -y — oy log a) < 0}

P{XZ -y - o5 log a) < 0}

RHS is increasing in the exponential triangular fuzzy random variable for
all A in (0, 1).

Multiply the above two inequalities, we get

P{(Yy -1y —oploga) < 0}

SP{(KXg—Ml—MllogG)SO}
PX -1 - -r)-orloga) <0} P{Xg —py —oyloga) <0}

P{YY — py — 53 log a) < 0}

< < PIOXE — My — 205 log o) < 0}
PUX -1 —(ug—r)—oyloga) <0} PUXY — iy — oy log ) < 0)

P{(0.XJ - w1y - 201 log o) < 0}

< PYY -y — o log o) < 0}
PX -7 —(w -7r)-oyloga) < 0} P{XY —py — oy log a) < 0}

P{(0.XJ — iy — )55 log o) < 0}

_ _ P~y - oyloga) <0}
P(X -1 ~(ng-7r)-oploga) <0} P{XY - py - 0 log a) < 0}
Then

P{0.XY - ;- 2o log o) < 0}

. P{0XY — g — Aoy log @) < 0}
P(X-r ~(m-r)-orloga) <0} P{X -7y —(ug —r)-oylog a) < 0}
and

P{YY -y - oy loga) < 0} N P{(YY —pg - 05 log a) < 0}
P{XY - —oploga) <0} P{XY - py - 05 log a) < 0}

Which implies that X <USIPFSOx

and X SFSOY,
re(O,WTGz) and A < 1.

whenever

5.5 Theorem. If X,Y ~ ETFRV((uy, o1), (g, o9)), X <PSPFS0y  and
X <50y, then Y <PSIPFSOy

Proof. Since X <PSIPF: SOY, then
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P{MY - )Y = My - ) - Aoq log a) < 0}
P{XZ - w - o1 log @) < 0}

< PIMY ~r)g ~Mpg 1) ~Ioplog a) < 0}
P{XY — 1y — oy log o) < 0}

the RHS 1is decreasing in the exponential triangular fuzzy number,

re(o,WTsz,Ml.

Since X <pgpY, then

P{Y, —m —oyloga) <0) _ P{(Yy —py —oyloga) <0
PUXY - —oyloga) <0} P{XJ -y - 03 log a) < 0}

Divide the above two inequalities, we get

P{(MY ~r)o =M —r)~2o;loga) <0} _ PAY ~r)] ~ Mg ~r) 2oy log o) <0}
P{YY —y -0y log o) <0} P{(Yy -pz - o3 loga) <0}

the RHS 1is decreasing in exponential triangular fuzzy number,

refo 252 )<

Which implies that Y <PSIPFSOy

In this section, the relations among PFSO, USPFSO and USIPFSO using
parameters p and o are discussed.

5.6 Theorem. Let X, Y ~ ETFRV((1y, o1), (12, 69)), and X <ysiprsoYs
then there exists an exponential triangular fuzzy random variable Z is

USIPFSO with mean WT“Q and standard deviation %1~ 92 such that

X <prsoZ <prsoY-

Proof. Since, X <USIPFSOy then
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P{(0Yy —py —doyloga) <0} _ P{AYy -~y —iogloga) <0}
P(X -7y —(m -r)-o1loga) <0} P{(X - 1) —(ug —7)— oy log &) < 0}

the RHS is increasing in the exponential triangular fuzzy number,

re(o,WTsz,xd.

It can also be written as

P{0YY — 1y — A1 log a) < 0} B P{AYY — Ay - ) - Aoy log o) < 0}
P{(AYy —pg —ozloga) <0} P{(X -7) (g —7)— o log o) < 0}

Now, By definition of (USIPFSO) Z have the parameters mean WTMZ =

o1 562‘ = 63 = o4 and it properly defined

pns = uy and standard deviation
on (ng — 0z <y +0p).
Then Z <ysiprsoZ

P{0.ZY — g — 255 log a) < O} < P{0.ZY =y - 204 log o) < 0}
P{(Z-7)] —(u3—7)—o3loga) <0} P{(X —7)] (g —7) — o4 log o) < 0}

The RHS is increasing in the exponential triangular fuzzy number,

re(O,Mj,le,an.
A a

The exponential triangular fuzzy number Z lies between X and Y. we get

P{0Yy My )y loga) <0} P{(rZ] — iz —%ogloga) < 0}
P{OYY -y —cyloga) <0} P{(Z - r)g —(ug —r)—o3loga) < 0}

. Pl0Zg -ty -to4loga)<0}] P{(X-r)¥ =2y —r)—2oq log o) < 0}
P(Z -1 ~(ug—1)-04loga) <0} P{(X 1)y —(ng—r)-ozloga) <0}

P{(AYy -y - 2oyloga) < 0} _ P{(AZT - Mg - hoglog o) < 0}
P{AYY — g —dogloga) <0} P{ZY -y —doyloga) < 0}
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L PUZ-r)] ~(u3—r)-o3loga) <0} _ P{(X —r)g —hus —*oyloga) <0}
P{(Z-7)] ~(ng—r)-o4loga)<0}  P{(X-7)] ~(ngy —r)—oyloga) <0}

Put Z—r)UzZU—r and (X—r)UzXU—r, we get
a (& o o

P{(1Yy My —%oqloga) <0} _ P{AZY —hug - hoglog o) < 0}
P{OYY g —dogloga) <0 P{AZY -y — Ao, log o) < 0}

. (P«zf{ 3 ~ogloga) <0} _ P{(Xg —w —oyloga) < 0}—rj
P{ZY —uy —oyloga) <0} P{XJ —py —ogloga) < 0} -7

P{(rYy -y - 201 loga) < 0} _ P{AZY — Mg - hoglog a) < 0}
P{AYY — g —dogloga) <0} P{AZY -y — Ao, log o) < O}

p ( (P{(2 — sy - o3log ) < 0} — 1) (PYXY —py — oplog ) < 0} - 7) j
< (P{XJ -1 —oylog ) < 0} — 1) (PZ5] — uy — oy log o) < 0} —7)

After simplification, we get

(P{(kYO{J — My —2o;loga) < 0f _ P{0.ZY -3 — 205 log a) < O}]
P{AYY — g —dogloga) <0} P{AZY - duy — Ao, log a) < O}

< (P«zf{ “hg —oglogo) <0} _ PYXy —wy —oyloga) < O}J
PZZ —ny —o4loga) <0} PXY - pg —ogloga) < 0
Taking second and third terms,

P{(.ZY — i3 - hoglog a) < 0} < P{(zJ] - p3 - o3 log a) < 0}
P25 -y —204loga) <0} P{Z{ - py - 04log @) < 0}

It can be written as

P25 -4 -o4loga) <0} _ P{AZJ — My —hoyloga) < O}
P{XY —u3 —o3loga) <0} P{AZY -3 - Aoglog a) < 0}

Use this terms, we get

P{0.YY — ;- Ao log o) < 0} 3 P{ZY -y —o4loga) < 0}
P{(Y] — Mg —doyloga) <0 P{(ZY - py — o3 log o) < 0}
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. P{0ZY — iy —io4loga) <0} _ PYXJ -y - oploga) < 0}
P12 -m3 —dozloga) <0 P{XE - g — oy log a) < 0}

Here, the RHS is increasing in exponential triangular fuzzy random

variable for all A in (0, 1).

(1]

(2]

(3]

[4]

)

(6]

(7

(8]

(9]

(10]

This implies that Z <PFSOy and x <FFSO gz,
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