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Abstract

In Lorentz-Minkowski plane, the shape of circle changes to equilateral hyperbola. So, it is
different from the circle in the Euclidean plane. Therefore, in this paper, it is investigated
whether Euclidean incircle and circumcircle theorems for triangles hold in the Lorentz-
Minkowski plane. Also, we give the functional relationship between them in terms of slopes of

sides of the triangle.

Introduction

Lorentz geometry is created by taking the Lorentz distance function
instead of the Euclidean distance function. The basic notions, inner product,

metric and vector classification in Lorentz space are given in [1] and [2].

Lorentz inner product (,); given by
(x, ¥)p = %101 — X239,

where x = (xq, x3) € R%, ¥ = (31, y9) € R%. With this inner product, the
affine plane R? is called the Lorentz-Minkowski plane and is denoted by I?
or R% . This inner product is symmetrical, bi-linear, and non-degenerate. The
arbitrary vector x = (x;, x9) € I? is classified according to the sign of (x, V)1

as follows:
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(i) x is timelike vector if (x, y); <0,
(ii) x is spacelike vector if (x, y); > 0 and x = 0,

(iii) x is lightlike vector if (x, y); =0 ve x = 0.

The norm |- | of any x = (x;, x3) € IZ is defined by

[z = VI{x %)

and Lorentz distance function is defined by

dr(x, ) = x -yl = | (6 —31)? = (o — ¥9)? |.

The Lorentz-Minkowski plane is almost the same as the Euclidean plane
since the points and the lines are the same. The angles are measured in the
same way. But, the distance function is different. For this reason, in Lorentz-
Minkowski plane, the shape of circle changes to equilateral hyperbola and
hyperbolas are called respect to their tangent straight lines. So, it is different

from the circle in the Euclidean plane.

In the Lorentz-Minkowski plane, the angles, the side relations and the
area of the triangles as well as hyperbolic sine and hyperbolic cosine rules are
discussed in [3] and [4]. In this study, it was investigated whether Euclidean
incircle and circumcircle theorems for triangles hold in the Lorentz-
Minkowski plane.

Materials and Methods

Definition 2.1. Let be a line with slope in the Lorentz-Minkowski plane.
The line is called a spacelike line, a timelike line, a lightlike (null) line if

|m|<1,|m|>1,|m| =1, respectively [8].

Theorem 2.1. In the Lorentz-Minkowski plane, the distance from a point
P = (x1, x9) to the line y : y = mx + q is defined by [5],

dy(P,y) = 11" d]
m? -1
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Definition 2.2. For a vector x e Lz, if there exists a vector y € LZ,

which satisfies (x, y); = 0, we say that y is pseudo-orthogonal to x [7].

Theorem 2.2. The axis of a segment in the Lorentz-Minkowski plane, as

in the Euclidean plane, is pseudo-orthogonal to a segment in its middle point
[5].
Proof. Let P =(p;,q) and P, =(py, g2) be two points in the

Lorentz-Minkowski plane. The points that have the same distance from these

two points are determined by
dr(P, Q) = d(P, Q).
For @ = (x, y).

If B P, is spacelike line, we get

@-pP -(-a) =-p) - (y-a)

(o1 — P2)(2x — p1 — P2) = (@1 —2)(2y — a1 — q2),

= (pr=po)  (af —a3) - (of - )
(1 — p2) 2(q1 - q2) ’
1 (e -ad)- (! -p3)

=—x+
YT m 2(¢ —q2)

Then from (2) that the axis is pseudo-orthogonal to a segment [P P,] and
from (1) that it is passes through middle point Py = ((p; + p9)/2,

(@1 +a2)/2).

If AP, istimelike line, we get similar results.

We shall now consider a triangle APQR with sides BC = a, CA = b,
AB = c¢ in the Lorentz-Minkowski plane. The following theorems can be

given [6].

Theorem 2.3. If all the sides of the triangle APQR are same kind, then
the lengths of segments QR, RP, PQ can be compared.
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Theorem 2.4. If all the sides of the triangle APQR are same kind, then
the largest side of the triangle is larger than sum of the other two sides. That
is g+r < p (the inequality q +r < p rules out the existence of equilateral
triangles).

Theorem 2.5. Base of an isosceles triangle APQR is a segment of the

opposite kind from its sides.
Theorem 2.6. If APQR is a right triangle, then the sides of APQR are
necessarily of different kinds.

Theorem 2.7. Just as Euclidean geometry, in the Lorentz-Minkowski
plane the perpendicular bisectors of the sides of the triangle APQR are also

concurrent; they meet center O of its circumcircle.

Theorem 2.8. The triangle APQR has three angle bisectors only if all of

its sides are of the same kind.

Theorem 2.9. Just as Euclidean geometry, in the Lorentz-Minkowski
plane angle bisectors the triangle APQR are also concurrent; they meet center
O of its incircle.

We note that in Lorentz-Minkowski plane two perpendicular lines are
always of different kinds. (The lightlike lines are the exception, because they
are perpendicular to each other). So, from Theorem 2.7 and Theorem 2.9, in
the Lorentz-Minkowski plane, if a triangle has circumcirle and incircle, its
sides must be same kinds lines. The largest side of triangle is larger than

sum of the other two sides.
Conclusion and Discussion

Now we can give the following theorems.

Theorem 3.1. Let P = (p;, py), @ = (q1, ¢2), R = (1, ry) be non-collinear
points and vertices of the triangle APQR and slopes of sides PQ, @R, RP of
the triangle be m,, m,, my, respectively in the Lorentz-Minkowski plane.

Then the center coordinates of the circumcircle of this triangle is given by
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b

M = [mpmr(CZ - Cl) mpmr(CZ - cl) + mq(mp - mr)c?)j
my, —m, mgy(m, —m,)
where

o < (@ -P3)=(a —pf)

2(qs — p2)

’

(5 - q3)- (0 - qi)
2(rqe — q3)

>

Cy =

(p5 -13) - (pf - 1)
2(pg — 1) '

C3 =
Here, sides of the triangle APQR must be same kinds lines. That is, three

sides of the triangle APQR are either spacelike lines or timelike lines.

Proof. Due to Theorem 2.2 and Theorem 2.7, the equations of the
perpendicular bisectors of the sides of the triangle APQR are given by,

1 (43 -p3) - -p})

hpp : y = —x + ,
PR m, 2(qs — p2)

1 (F-ad)-(f-dd)

hop 1y =—x+ ,
QR - my, 2(rqy - q2)

2 2 2 2

hpp oy = L oxq P2 =)= —1)
RP my 2pg —12)

Then we can write,

hpg :y=—x+¢,
r

hgr : ¥y = —x +c9,
P

hpg : y = —x +cs,
q
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o = (@ = P3)=(ai — pP)
292 - p2)

(3 —a3) - (1 - af)

Co = 5
2 2(rgs — q3)

e = (p3 —13) - (pf —f12).
2(pg —12)

Since these lines intersect at the center of the circumcircle, the
coordinates of the center of the circumcircle are given by,

1
—Xx+C =—X+Co,
m, m,

1 X 1 X C C
AT —— X =0~ 0,
m, my
(mp_mr)
X =C9 —Cq,
mp,m

_ mymy(cg —¢p) + mg(m, —m,)es

- mgy(m, —m,)

That is, we can write by,

M = [”lpm’r(c2 B CI) ’”pm’r(CZ - Cl) + ’”q(m’p - m'r)CSJ
’ M
my, —m, mgy(m, —m,.)

where

2 2 2 2
o =2 -p2)-(ai —pi)
2(gz - p2) ’
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(5 - q3)- (0 - gi)

Co =

2(rgs —q2)

2 2 2 2
03:(p2_r2)_(p1_r1).

2(p2 — 1)

Example 3.1. Given three points P =(0,0), P, =(2,1), Py = (5, - 1),
these points can be considered the vertices of a triangle which sides are
spacelike lines. Using Theorem 3.1, we get circumscribed hyperbola (Figure
3.1). In this figure, as for Euclidean circumcircle, circumscribed hyperbola
passes from the vertices of the triangle.

L-circumscribed hyperbola
6 -

-6 F

Figure 3.1. Circumscribed hyperbola of a triangle which sides are spacelike
lines in the Lorentz-Minkowski plane.

Example 3.2. Given three points P =(0, 0), P, = (1, 2), P = (-2, 6),
these points can be considered the vertices of a triangle which sides are
timelike lines. Using Theorem 3.1, we get circumscribed hyperbola (Figure
3.2). In this figure, as for Euclidean circumcircle, circumscribed hyperbola
passes from the vertices of the triangle.
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L-circumscribed hyperbola
3 6

Figure 3.2. Circumscribed hyperbola of a triangle which sides are timelike
lines in the Lorentz-Minkowski plane.

Theorem 3.2. Let P = (py, ps), @ =(0,0), R =(r, ) be non-collinear
points and vertices of the triangle APQR and slopes of sides PQ, QR, RP of
the triangle APQR be m,, mp, My, respectively in the Lorentz-Minkowski
plane. Then the center coordinates of the incircle of this triangle is given by,

_ ok - t) B cltm, — kmy)
M = [mp(k S mg - B =0, k=2 my—F) + (e t)j’

where
k=|mf-1],
2
t=,/|mp—1|,
z = |m§—1|,

¢ =p2 —mMypr.

Here, sides of the triangle must be same kinds lines. That is, three sides of

the triangle are either spacelike lines or timelike lines.

Proof. For the center of the incircle is I = (x,,, ¥,,), the shortest Lorentz

distance from the center to the sides of the triangle is the radius of incircle.
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Thus, it can be written by

| Y = 0 | _ [ Y = Mpm || Y = Mg — €|
Wm? =1 lmp-1p Img 1]
where
PQ:y=mux,
QR:y=mpx,

RP:y=m.x+c(c=py—myp).

935

Let k:\/|n7,3—1|,t:,/|m?,—1|,z:w[|mg—1| and ¢ = pg —myp;.

From here, there are two cases, if three sides of the triangle APQR are either

spacelike lines or timelike lines.

Case 1. If three sides of the triangle APQR are spacelike lines, we can

write,
| Ym — My | _ |ym_mpxm | _|ym—qum—c|
\/l—mg ) \/1—m?, B \/l—mg
| Y — MypXp, | =|ym_mpxm|= |ym_qum_c ’
t t z

m =t = Ry, — kmgx,,,
t = R)ypm = (tm, — kmg)xp,,

(tm,. —kmy)
Im =3 *m

on the other hand,

2Ym — 2MyXyy = Ryy, — kmgx,, — ke,
(z = R)yy = (zm, — kmy)x,, — ke,

Cem b ke
Im = z—Fk mooz_k
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Thus, from (3) and (4), we obtain,

(tm, — km,) . = (zmy. — kmy )x,, — ke
t—k m z—k ’

(ztm,. — zkmy, — ktm,. + k2mp)xm = (tzm, — thmy — kzm, + kzmq )X,
—tke + kcz,
[mp(k = 2) + my(t — k) + my(z = t)]x,, = c(k —1),

c(k—t)
mg(k —2)+mg(t —k)+m.(z-1t)

Xm =

Then, from (3) and (5), we get,

~ c(tm, — kmy)
my(k —2)+my(t —k)+m(z-t)

Ym =

Case 2. If three sides of the triangle APQR are timelike lines, it is found
similarly.

Example 3.3. Given three points P = (0, 0), B, =(3,1), 3 = (6, — 1),
these points can be considered the vertices of a triangle which sides are

spacelike lines. Using Theorem 3.2, we get inscribed hyperbola (Figure 3.3).

L-inscribed hyperbola

4r -
> -
2F -7 "
T~ {
P . T L
: : : "_'T"ﬂ"_?’_’_"“’“}\ ’
= ——=p3

6}

Figure 3.3. Inscribed hyperbola a triangle which sides are spacelike lines in
the Lorentz-Minkowski plane.
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Example 3.4. Given three points P =(0,0), P, =(1, 3), 3 = (-2, 7),

these points can be considered the vertices of a triangle which sides are

timelike lines. Using Theorem 3.2, we get inscribed hyperbola (Figure 3.4).

L-inscribed hyperbola
3 6|

Figure 3.4. Inscribed hyperbola of a triangle which sides are time like lines

in the Lorentz-Minkowski plane.
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