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Abstract

A mapping g : V(G) > N is a radio heronian mean labeling if for any two distinct vertices

sand ¢ of G, d(s, ¢)+ |2+ 80 ; Vg(s)g(t)w > 1+ D, where D is the diameter of G. The radio

heronian mean number of g, rhmn (g), is the maximum number assigned to any vertex of G.
The radio heronian mean number of G, rhmn (G), is the minimum value of rhmn (g) taken
overall radio heronian mean labeling g of G. If rhmn (G) = | V(G)|, we call such graphs as radio

heronian mean graceful graphs. In this paper, we investigate the radio heronian mean graceful
labeling on degree splitting of star, bistar, triangular snake, quadrilateral snake and irregular
triangular snake graphs.
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1. Introduction

Throughout this paper we consider the graphs are simple, finite and
undirected. Let vertex and edge sets of G be denoted by V(G) and E(G)

respectively. A labeling of a graph G is an assignment of integers to the
vertices, or edges, or both subject to certain conditions. Radio labeling or
multilevel distance labeling is motivated by the channel assignment problem
for radio transmitters [6]. Ponraj et al. [8] introduced the concept of radio
mean labeling of graphs. The lowest span taken overall radio mean labelings
of the graph G is the radio mean number of G. The maximum integer than g
maps to a vertex of G is the span of a labeling g. S. S. Sandya, et al. [11]
introduced heronian mean labeling of graphs. Gallian [4] introduced graceful
labeling of graphs. In this sequel, we introduced radio heronian mean
graceful labeling. We follow the concept of Harary [5] and Gallian [4] for

standard terminology and notations.
2. Definitions

Definition 2.1 [2] [3]. Let G be a graph with vertex set
N, T, ..,T,S}, where each T; is a set of vertices with at least two

vertices have the same degree and S =V -U7;. The degree splitting
DS(G) is obtained from G by introducing the new vertices z;, 1 <i < k and
joining z; to each vertex of Ti(1 < i < k).

Definition 2.2 [3]. A bipartite graph which is complete then such graphs
are said to be a star graph and it is denoted by Kj 4.

Definition 2.3 [2]. The bistar graph By, j is obtained from Ky by joining

k pendent edges to each ends of K5. The edge of K5 is known as central edge

of By 1, and the vertices of K, are known as central vertices of By, j.

Definition 2.4 [1] [8]. A triangular snake 7} is obtained from a path

81, Sg, 83, ...Sp by joining s; and By, j, to a new vertex ¢; for 1 <i < k-1.

Definition 2.5 [8]. A quadrilateral snake @) is obtained from a path

81, S9, S3, ..., S by joining s; and s;,; to new vertices ¢ and ¢,
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respectively and adding the edges ¢;t}, 1 <i < k—1. That is every edge of a
path is replaced by a cycle Cy.

Definition 2.6 [1]. The irregular triangular snake I7} is the graph
obtained from the path s, s9, ..., s; by joining s; and s;,o to a new vertex

t; for1<i< k-2

3. Main Result
Result 3.1. DS (K 1) is radio heronian mean graceful for k& > 2.

Proof. Let s be a centre vertex and s;, Sg, ..., S, be the vertices which
are joined to s. Introduce a new vertex ¢ and join ¢ to s;,1<1i < k. The

resultant graph is DS(K; ) whose edge set is E(DS(Kj}p))
= {ss;, ts;/1 < i < k} and E(DS(Ky ) = 2.

Define a function g : DS(K; ) > N by

g(s) =1

gt)=2

g(s;)=i+2,1<i<k

The condition for radio heronian mean labeling is verified as follows.

case a

Consider the set of vertices (s, s;), 1 <i < k

d(s, sl-)+[*"y(s)+g(si)+ Vg(s)g(siW 21%—”3*3@} >3=1+D(DS(K, 1))

3

case b.

Consider the set of vertices (s, ¢)

ds. 1) + [g(8)+ g(si); \/g(S)g(si)w So. (3 +3«/§1 o3
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Case c. Consider the set of vertices (¢, s;), 1 <i < k

dt. )+ [g(s) + g(s;) + \/g(s)g(sﬂ - P 4+ @) J)W .

3 3

case d

Consider the set of vertices (s;, s;), i # j, 1 <i, j <k

d(ss ) + {g(si% g(s;) + \/g(si)g(sjﬂ 1 P‘ fjra T 2+ 2)1 -

3 3

Hence for all set of vertices radio heronian mean condition is satisfied.
Thus, g is a valid radio heronian mean labeling of (DS(Kj )). Therefore,

rhmn(DS (K 1)) < rhmn(g) = k + 2. Since g is injective, rhmn(DS (K 1))

>k+2 for all radio heronian mean Ilabeling g and hence
rhmn(DS(K; 1)) = k+2 for k> 2. Clearly, | V(DS(K; 1)) | =k +2. Thus,

rhmn(DS(K; ) = | V(DS (K; 1)) | Hence the degree splitting of star graph

DS (K },) is radio heronian mean graceful for & > 2.
Iustration 3.1. The following is the illustration of DS (Kj ).

S’.;..

~

we

»)

/

~d e e

Figure 1.

Result 3.2. DS (B, 1,) is radio heronian mean graceful for & > 2.

Proof. Let s and ¢ be central vertices of Bj , and the corresponding

pendent vertices by s;, t;, 1 < i < k. Introduce two new vertices s’ and ¢t
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Join s' to s, t and t' to s;, ;1 <i < k. The resultant graph is DS (B, 1)
whose edge set is E(DS(By 1)) = {ss;, tt;, s;, t't; /1 < i < kf U {st, s, s't}}
and D(DS (Bk,k)) = 3.

Define a function g : V(DS (Bkk)) — N by

g(s) = 2k + 3;

g(t) = 2k + 4;

g(s;)=1+2,1<i<k

g(s))=k+i+2,1<i<k

g(s') =1

8t =2

The condition for radio heronian mean labeling is verified as follows.

case a

Consider the set of vertices (s, ¢)

d(s. 1)+ {g(s) + g(t); x/g(s)g(t)l 1 {413 7+ J(2I; T 3)(2k + 4)}

>4 =1+ D(DS(By, 1))

case b

Consider the set of vertices (s, s')

d(s, ') + F(S) +8(s) + g(S)g(s’)w S14 [213 +4+ m1 u

3 3

case C

Consider the set of vertices (s, t')

d(s, ) + [g(s) +g@)+ N/g(s)g,r(t’)—‘ S 94 [2]@ +5++(2)(2k + 3)—l >4

3 3
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case d

Consider the set of vertices (s, s;), 1 <i <k

ds, 5;) + [g(s) + 8(s1) + \/g(S)g(si)—‘ 1. [21@ +i+5+2k+3)G, 2)1 4

3 3

case e

Consider the set of vertices (s, ¢;), 1 <i <k

s, 1)+ [ g(s) + (1) + Ws)g(ti)] s

3

+{3k+i+5+\/(2§+3)(k+i+2)124

case f

Consider the set of vertices (¢, s')

d, s')+ {g(s) +g(s") + g(s)g(S')w o1y [Zk +5 +3\/m—‘ 4
’ 3 2 >

case g

Consider the set of vertices (¢, ¢')

dit, ) + {g(t) + (') + \/g(t)g(t')—l S 94 Fk +6 +/(2)(2k + 4)—‘ > 4

3 3

case h

Consider the set of vertices (¢, s;), 1 <i < k

dt. s) + ( g(t) + 8(si) + \/g(t)g(si)w S 9

3

+[2k+i+6+\/(2k+4)(i+2)124

3
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case i

Consider the set of vertices (¢, ¢;), 1 <i <k

dit, t;) + F(t) +8(t;) + g(t)g(ti)} .

3

+[3k+i+6+\/(2§+4)(k+i+2)w24

casej

Consider the set of vertices (s;, s;), i # j, 1 <i, j <k

dlsi 1)+ {g(sm glt)) + ,/g(si)g(tj)w Y
1Y) 2

3

+[k+j+4+w/(i+2)(j+2)—‘24
3

case k

Consider the set of vertices (s;, ¢;), 1 <, j <k

dsi 1)+ [g@i) +8lt) + \/g‘<si>g'<tj>w _,

2200 ) 3

+{k+i+j+4+\/§i+2)(k+j+2)—‘24

case 1l

Consider the set of vertices (¢;, tj), i#j,1<i j<k

i, 1)) + {g(tm glt;) + ,/g(ti)g(tj)] Y
1Yy 3 >

+{2k+i+j+4+\/(l;+i+2)(k+j+2)—‘24

6325
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case m

Consider the set of vertices (s, s;),1<i <k

d(s s,)+[g(s')+g(si)+ w/g(s’)g(si)—‘ > 9 j{i +3+41 +2—| > 4
» Si > ——a |2

3

case n

Consider the set of vertices (s, ¢;), 1 <i < k

d(s t,)+[g(s')+g(ti)+\/g(s')g(ti)—l>2+[k+i+3+x/k+i+2—‘>4
» U 3 2 3 >

case o

Consider the set of vertices (¢, s;), 1 <i < k

it 5)+ F(t') +als)+ Wt')g(sﬂ 1 P c4r O z)} »

3 3

case p

Consider the set of vertices (', ¢;), 1 <i <k

de' 1)+ {g(t')+ g(t;) + ./g(t')g(ti)—‘ 514 {k +i+4+J2)(k+i+ 2)—‘ >4

3 3

case q

Consider the set of vertices (t', s)

(', ') + {g(t') +g(s") + \/g(t')g(s’)—‘ 3. [3 +3J§"‘ »

3

Hence for all set of vertices radio heronian mean condition is satisfied.
Thus, s is a valid radio heronian mean labeling of DS (B, ;). Therefore,

rhmn(DS (By, 1,)) < rhmn(g) = 2k + 4. Since g is injective, rhmn(DS(By, 1))

=2k+4 for all radio heronian mean labeling g and hence
rhmn(DS (By, 1,)) = 2k + 4 for k>2. Clearly, |V(DS(By}))|=2k+4.
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Thus, rhmn(DS(By, 1)) = | V(DS(By,1,)) | Hence the degree splitting of bistar

graph DS(By, 1,) is radio heronian mean graceful for & > 2.

Ilustration 3.2. The following is the illustration of DS(By 4).

6" 210
e 2 g

a* z eSS R g

-
-
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St t

Figure 2.

Result 3.3. DS(T},) is radio heronian mean graceful for %k > 4.

Proof. Let s;, 1 <i < k be the vertices of the path P,. Join s; and s;,
to new vertex ¢;, 1 <i < k—1. The resultant graph is 7}. Introduce two new
vertices s and ¢ Join s to 5;,2<i< k-1 and ¢ to sy, s, ¢,1<i<k-1
The resultant graph is DS(7},) whose edge set is E(DS(T}))
= {{s;Si11, Siti» t; Sji1, ti/1 < i < k—1}U{sit, sptfU{st;/2<i <k-1}} and
D(DS(Ty,)) = 3.

Define a function g : V(DS(T,)) - N by
g(s) =1

8t) =2

g(s;)=k+i+1,1<i<k
gt)=1+2,1<i<k-1

The condition for radio heronian mean labeling is verified as follows.
case a

Consider the set of vertices (s, ¢)
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d(S, t)_’_lrg(s)"‘ g(t);’ Vg(s)g(t)—l >3+ lrg—l >4 =1+ D(DS(Tk))

case b

Consider the set of vertices (s, s;), 1 <i < k

d(s, Si)+[g(s)+g(si)+ g(s)g(si)—l S 1J{k+i+2+m—| -

3 3

case C

Consider the set of vertices (s, ¢;), 1 <i < k-1

d(s t.)+{g(s)+g(ti)+\1g(s)g(ti)—l S 2J{i +3+«/i+2—| -
» U 3 2 —3 >

case d

Consider the set of vertices (¢, s;), 1 <i <k

e, si)+[g(s)+g(si)+w/g(t)g(si)} 5 1J{k+i+3+w/(2)(k+i+1)—‘ >4

3 3

case e

Consider the set of vertices (¢, ¢;), 1 <i<k-1

. ti)+[g(t)+g(ti)+ \/g(t)g(ti)w . {i 144G +2)W a

3 3
case f
Consider the set of vertices (s;, s;), 1 # j,1 <1, j<k

oy )4 F(Si) + g(s) + 20 )—g(sﬂ »

3

+[2k+i+j—2+\/(I§+i+1)(k+j+1)w24

Advances and Applications in Mathematical Sciences, Volume 21, Issue 11, September 2022



RADIO HERONIAN MEAN GRACEFUL LABELING ON ... 6329

case g

Consider the set of vertices (¢;, ¢;), i # j,1 <1, j<k-1

ir
d(t, t:) + {g(ti)+ glt;)+ 1/g(ti)g(tj)—l S 9
i 3 >

+{i+j+4+,/3(i+2)(j+1)—‘24

case h

Consider the set of vertices (s;, ¢j), 1 <i <k 1<j<k-1

o 1)+ F(si) - glt;) + ,/_g(s»_g(tj)} L

3

+[k+i+j+3+\/:§k+i+1)(j+2)—l24

Hence for all set of vertices radio heronian mean condition is satisfied for
all pairs of vertices. Thus g is a valid radio heronian mean labeling of
DS(T},). Therefore, rhmn(DS(T},)) < rhmn(g) = 2k +1. Since g is injective,

rhmn(DS(T},)) > 2k +1 for all radio heronian mean labeling g and hence
rhmn(DS(T},)) > 2k +1 for k>4 Clearly, | V(DS(T},))| =2k +1. Thus,
rhmn(DS(T},)) = | V(DS(T},))|. Hence the degree splitting of triangular
snake graph DS(T},) is radio heronian mean graceful for & > 4.

Illustration 3.3. The following is the illustration of DS(T5).
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7 8\, 9 10 11

Figure 3.

Result 3.4. DS(Q)y,) is radio heronian mean graceful for % > 4.

Proof. Let s;, 1 <7 < k be the vertices of the path P,. For 1 <i < k-1,
add vertices ¢; and ¢; and joined with s; and s;,; respectively. Next join the
vertices ¢; and ¢;,1 <i < k—1. The resultant graph is Q. Introduce two
new vertices s and t. Joinsto 5;,2<i<k-1andtto s;,2<i<k-1. The
resultant graph is DS(Q,) whose edge set is E(DS(Qy))
= {lsisiv1s Sitis b Sia1s L, U, Gt tisi /1 <P < R —1)U{sit, spt}

Ufsst; /2 < i < k—1}} and D(DS(Qy,)) = 3.

Define a function g : V(DS(Qy)) —> N by

8s)=1

8(t) =2

g(s;)=2k+1,1<i <k

gt)=1+2,1<i<k-1
gt)=k+i+1,1<i<k-1,

Now we verify the radio heronian mean condition for g.

case a

Consider the set of vertices (s, t)
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dis, 1) + {g(s) +alt)+ Vg(s)g(t)w >34 {—3 yﬂ >4 =1+ D(DS(Qy))

3

case b

Consider the set of vertices (s, s;), 1 <i <k

d(s, si)+{g(s)+g(si)+ g(s)g(si)w o1 +[2k +i+1 +«/m—| o4

3 3

case C

Consider the set of vertices (s, ¢;),1<i < k-1

d(s, t;) + {g(s) + g(ti);r g(S)g(ti)—l . {%1 »

case d

Consider the set of vertices (s, t/), 1 <i < k-1

d(s t()+{g(s)+g(t{-)+ \/g(s)g(t{)w S 2+{k+ i+2+VR+i +1—‘ -
s U 3 2 3 >

case e

Consider the set of vertices (¢, s;), 1 <i <k

g(t)+ g(s;) + ,/g(t)g(si)—‘ 51 J{Zk +i+2+4/(2)(2k + z)—l > 4

d(t, Si)-l-’V 3 3

case f

Consider the set of vertices (¢, ¢;), 1 <i <k -1

d(t, 1)+ [g(t) + 8(t;) + \/g(t)g(ti)w S1a [i +4+J2)G + 2)1 4

3 3

case g

Consider the set of vertices (¢, ¢/), 1 <i <k -1
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d(t, 1)+ {g(t)Jr g(&) + ,/g(t)g(t{)—l 514 {k +1+3+(2)(k+1 +1)—‘ S 4

3 3

case h

Consider the set of vertices (s;, sj), i # j, 1 <i, j <k

d(s;, 57) + (g(si)+ g(sj) + w/eg’(si)é.’(sj)—‘ S 14 {4/@ +1+ ] +2k+1)(2k + ])—‘ >4
1 <] = =

3 3

case i

Consider the set of vertices (¢, t;), i # j,1<i, j<k-1

. tj)+{g(ti)+g(t,-)+\/g(ti)g(tﬂ N 2+{i+j+4+./(i+2)(j+2)w »

3 3

casej

Consider the set of vertices (s;, t;), 1 <i <k 1<j<k-1

(s, t.)+{g(3i)+g(tj)+\/g(si)g(tj)—‘Z1+{2k+i+j+2+,/(2k+i)(j+2)—‘24

v 3 3

case k

D 1<i, j<k-1

dit; t,')+{g(ti)+g(t})+w/g(ti)g(t})—|>1+[k+i+j+3+,/(i+2)(k+j+1)—l>4
7] = =

Consider the set of vertices (¢;, ¢

3 3

case 1l

Consider the set of vertices (¢, ), i # j,1<i, j<k-1

d(té’t})+{g(t£)+g(t});\/g(ti)g(t})}22+{2k+i+j+2+\/(l§+i+1)(k+j+1)w24

casem

Consider the set of vertices (s;, ¢j), 1 <i <k 1<j<k-1
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3 3

dls;, 1))+ g(si)+g(t})+,/g(8i)g(t})w>2J{3k+i+j+1+,/(2k+i)(k+j+1)—‘>4
1°%] = =

Hence for all set of vertices radio heronian mean condition is satisfied for
all pairs of vertices. Thus g is a valid radio heronian mean labeling of
DS(@),). Therefore, rhmn(DS(Q),)) < rhmn(g) = 3k. Since g is injective,

rhmn(DS(Qy,)) > 3k for all radio heronian mean labeling g and hence
rhmn(DS(Qy)) =3k for k=>4. Clearly, |V(DS(Q))|=3k Thus,
rhmn(DS(Qy,)) = | V(DS(Qy))|- Hence the degree splitting of triangular

snake graph DS(Q),,) is radio heronian mean graceful for & > 4.

Illustration 3.4. The following is the illustration of DS(Qs).

Figure 4.

Result 3.5. DS(IT},) is radio heronian mean graceful for % > 6.

Proof. Let s, sg, ..., s, be the vertices of path P,. Join s; and s;,9 to
new vertex £;, 1 <i < k — 2. The resultant graph is I7},. Introduce three new
vertices s, and t. Join s to S9,8,.1,S,3<i<k-2 and t to
1, Sps b, 1 <1 < k —2 respectively. The resultant graph is DS(IT},) whose
edge set is E(DS(ITy)) = {{s;s;:1/1<i<k-1}U{st;, tt/1<i<k-2}
U{s's;/8 <i < k—2}U/{ssy, ss,_1, sit, st}} and D(DS(IT},)) = 3.

Define a function g : V(DS(IT},)) - N by
gls)=1;

g(s) =2
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8(t) = 3;
g(s)=k+i+1,1<i <k
gt)=1+3,1<i<k-2
The condition for radio heronian mean labeling is verified as follows.

case a

Consider the set of vertices (s, s')

d(& S,)+ IVg(S)-F g(S,)-i' \/g(s)g(sl)—‘ >34+ lrg—‘ >4=1+ D(DS(]Tk))

3

case b

Consider the set of vertices (s, t)

d(s, t)+[g(s)+g(t)gm-lz3+{@Wz4

case C

Consider the set of vertices (s, s;), 1 <i <k

d(s, si)+{g(s)+g(si)+ g(s)g(si)—l > 1 J{k +i+2+ m—l -

3 3

case d

Consider the set of vertices (s, ¢;),1<i < k—2

d(s, t;) + [g(s) + g(ti);r g(S)g(ti)w o [MW »

case e

Consider the set of vertices (s', )

d(s, t) + {g(sl) +8l)+ mw >3+ {@W >4

3
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case f

Consider the set of vertices (s, s;),1<i <k

d(s, )+ {g(s’) + 8(s;) + w/g(s’)g(si)—‘ 514 [k +i+3+@)(R+i+ 1)—‘ >4

3 3

case g

Consider the set of vertices (s, ¢;), 1 <i < k-2

d(s, 1) + [g(s') +g(t;) + ./g(s’)g(ti)—l S 94 P‘ +5+42)0@ + 3)—‘ > 4

3 3

case h

Consider the set of vertices (¢, s;), 1 <i <k

dit, s;) + ’Vg(t)-f- g(s;) + w/g(t)g(si)-l S14 [k +i+4+J3)(k+i+ 1)—| 54

3 3

case i

Consider the set of vertices (¢, ¢;), 1 <i < k-2

dit, t;) + [g(t)Jr 8(t;) + \/g(t)g(ti)—‘ S 14 (i +6++/(3)@ + 3)1 4

3 3

casej

Consider the set of vertices (s;, s;), i # j, 1 <i, j <k

d(si,sj)+{g(si)+g(3j);\/g(3i)g(3j)—‘21+[2k+i+j+2+J(§+i+1)(k+i+1)—‘24

case k

Consider the set of vertices (¢;, ¢;), i # j, 1 <1, j < k-2

d; t~)+{g(ti)+g(tj)+ Jg(ti)g(tjﬂ > 1 +(i+j+ 6+0@+3)(j+ 3)—‘ > 4
1] = =

3 3
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case l

Consider the set of vertices (s;, t;),1<i<k 1< j<k-2

do 1)+ g(si)+g(tj)Jf\/g(Si)g(tj)—‘>1+[k+i+j+4+,/(k+i+1)(j+3)—|>4
i 1) 3 = 3 =

Hence for all set of vertices radio heronian mean condition is satisfied.
Thus, g is a valid radio heronian mean labeling of DS(I7},). Therefore,

rhmn(DS(IT},)) < rhmn(g) = 2k +1. Since g is injective, rhmn(DS(IT},))
>2k+1 for all radio heronian mean labeling g and hence
rhmn(DS(IT},)) = 2k +1 for k > 6. Clearly, | V(DS(IT},))| = 2k +1. Thus,

rhmn(DS(IT},)) = | V(DS(IT},))|. Hence the degree splitting of irregular

triangular snake graph DS(IT},) is radio heronian mean graceful for %k > 6.

Illustration 3.5. The following is the illustration of DS(IT7).

Figure 5.
Conclusion

In this paper, we investigate degree splitting of star, bistar, triangular

snake, quadrilateral snake and irregular triangular snake are Radio heronian
mean graceful.
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