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Abstract 

A mapping   NGVg :  is a radio heronian mean labeling if for any two distinct vertices 

s and t of  
       

,1
3

,, D
tgsgtgsg

tsdG 






 
  where D is the diameter of G. The radio 

heronian mean number of  ,, grhmng  is the maximum number assigned to any vertex of G. 

The radio heronian mean number of  ,, GrhmnG  is the minimum value of  grhmn  taken 

overall radio heronian mean labeling g of G. If     ,GVGrhmn   we call such graphs as radio 

heronian mean graceful graphs. In this paper, we investigate the radio heronian mean graceful 

labeling on degree splitting of star, bistar, triangular snake, quadrilateral snake and irregular 

triangular snake graphs.  
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1. Introduction 

Throughout this paper we consider the graphs are simple, finite and 

undirected. Let vertex and edge sets of G be denoted by  GV  and  GE  

respectively. A labeling of a graph G is an assignment of integers to the 

vertices, or edges, or both subject to certain conditions. Radio labeling or 

multilevel distance labeling is motivated by the channel assignment problem 

for radio transmitters [6]. Ponraj et al. [8] introduced the concept of radio 

mean labeling of graphs. The lowest span taken overall radio mean labelings 

of the graph G is the radio mean number of G. The maximum integer than g 

maps to a vertex of G is the span of a labeling g. S. S. Sandya, et al. [11] 

introduced heronian mean labeling of graphs. Gallian [4] introduced graceful 

labeling of graphs. In this sequel, we introduced radio heronian mean 

graceful labeling. We follow the concept of Harary [5] and Gallian [4] for 

standard terminology and notations. 

2. Definitions 

Definition 2.1 [2] [3]. Let G be a graph with vertex set 

 ,,,,, 21 STTT i  where each iT  is a set of vertices with at least two 

vertices have the same degree and .iTVS   The degree splitting 

 GDS  is obtained from G by introducing the new vertices kizi 1,  and 

joining iz  to each vertex of  .1 kiTi   

Definition 2.2 [3]. A bipartite graph which is complete then such graphs 

are said to be a star graph and it is denoted by .,1 kK  

Definition 2.3 [2]. The bistar graph kkB ,  is obtained from 2K  by joining 

k pendent edges to each ends of .2K  The edge of 2K  is known as central edge 

of kkB ,  and the vertices of 2K  are known as central vertices of ., kkB  

Definition 2.4 [1] [8]. A triangular snake kT  is obtained from a path 

kssss ,,, 321  by joining is  and kkB ,  to a new vertex it  for .11  ki  

Definition 2.5 [8]. A quadrilateral snake kQ  is obtained from a path 

kssss ,,,, 321   by joining is  and 1is  to new vertices it  and ,it  



RADIO HERONIAN MEAN GRACEFUL LABELING ON … 

Advances and Applications in Mathematical Sciences, Volume 21, Issue 11, September 2022 

6321 

respectively and adding the edges .11,  kitt ii  That is every edge of a 

path is replaced by a cycle .4C  

Definition 2.6 [1]. The irregular triangular snake kIT  is the graph 

obtained from the path ksss ,,, 21   by joining is  and 2is  to a new vertex 

it  for .21  ki  

3. Main Result 

Result 3.1.  kKDS ,1  is radio heronian mean graceful for .2k  

Proof. Let s be a centre vertex and ksss ,,, 21   be the vertices which 

are joined to s. Introduce a new vertex t and join t to .1, kisi   The 

resultant graph is  kKDS ,1  whose edge set is   kKDSE ,1  

 kitsss ii  1,  and    .2,1 kKDSE  

Define a function   NKDSg k ,1:  by  

  ;1sg  

  ;2tg  

  ;1,2 kiisg i   

The condition for radio heronian mean labeling is verified as follows.  

case a 

Consider the set of vertices   kiss i 1,,  

 
       

  k
ii

i KDSD
iisgsgsgsg

ssd ,113
3

23
1

3
, 







 








 
  

case b. 

Consider the set of vertices  ts,  

 
       

3
3

23
2

3
, 







 








 
 ii sgsgsgsg

tsd  
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Case c. Consider the set of vertices   kist i 1,,  

 
           

3
3

224
1

3
, 







 








 


iisgsgsgsg
std ii
i  

case d  

Consider the set of vertices   kjijiss ji  ,1,,,  

 
           

.3
3

224
1

3
, 







 












 


jijisgsgsgsg
ssd

jiji
ii  

Hence for all set of vertices radio heronian mean condition is satisfied. 

Thus, g is a valid radio heronian mean labeling of   .,1 kKDS  Therefore, 

     .2,1  kgrhmnKDSrhmn k  Since g is injective,   kKDSrhmn ,1  

2 k  for all radio heronian mean labeling g and hence 

   2,1  kKDSrhmn k  for .2k  Clearly,    .2,1  kKDSV k  Thus, 

      .,1,1 kk KDSVKDSrhmn   Hence the degree splitting of star graph 

 kKDS ,1  is radio heronian mean graceful for .2k  

Illustration 3.1. The following is the illustration of  .,1 kKDS  

 

Figure 1. 

Result 3.2.  kkBDS ,  is radio heronian mean graceful for .2k  

Proof. Let s and t be central vertices of kkB ,  and the corresponding 

pendent vertices by .1,, kits ii   Introduce two new vertices s  and .t  
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Join s  to ts,  and t  to .1, kits ii   The resultant graph is  kkBDS ,  

whose edge set is       tsssstkittsttssBDSE iiiikk  ,,1,,,,   

and    .3, kkBDSD  

Define a function    NBDSVg kk ,:  by  

  ;32  ksg  

  ;42  ktg  

  ;1,2 kiisg i   

  ;1,2 kiiksg t   

  ;1sg  

  ;2tg  

The condition for radio heronian mean labeling is verified as follows.  

case a 

Consider the set of vertices  ts,  

 
           








 








 


3

423274
1

3
,

kkktgsgtgsg
tsd  

  kkBDSD ,14   

case b  

Consider the set of vertices  ss ,  

 
       

4
3

3242
1

3
, 







 








 


kksgsgsgsg
ssd  

case c  

Consider the set of vertices  ts ,   

 
           

4
3

32252
2

3
, 







 








 


kktgsgtgsg
tsd  
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case d  

Consider the set of vertices   kiss i 1,,  

 
           

4
3

2,3252
1

3
, 







 








 


ikiksgsgsgsg
ssd ii
i  

case e  

Consider the set of vertices   kits i 1,,  

 
       

2
3

, 






 
 ii

i
tgsgtgsg

tsd  

   
4

3

23253








 


ikkik
 

case f 

Consider the set of vertices  st ,  

 
       

4
3

4252
1

3
, 







 








 


kksgsgsgsg
std  

case g  

Consider the set of vertices  tt ,  

 
           

4
3

42262
2

3
, 







 








 


kktgtgtgtg
ttd  

case h  

Consider the set of vertices   kist i 1,,   

 
       

2
3

, 






 
 ii

i
sgtgsgtg

std   

   
4

3

24262








 


ikik
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case i  

Consider the set of vertices   kitt i 1,,   

 
       

1
3

, 






 
 ii

i
tgtgtgtg

ttd  

   
4

3

24263








 


ikkik
 

case j  

Consider the set of vertices   kjijiss ji  ,1,,,   

 
       

2
3

, 










 


jiji
ji

tgsgtgsg
tsd  

   
4

3

224








 


jijk
 

case k  

Consider the set of vertices   kjits ji  ,1,,  

 
       

2
3

, 










 


jiji
ji

tgsgtgsg
tsd   

   
4

3

224








 


jkijik
 

case l  

Consider the set of vertices   kjijitt ji  ,1,,,  

 
       

2
3

, 










 


jiji
ji

tgtgtgtg
ttd  

   
4

3

2242








 


jkikjik
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case m  

Consider the set of vertices   kiss i  1,,  

 
       

4
3

213
2

3
, 







 








 


isgsgsgsg
ssd ii
i  

case n 

Consider the set of vertices   kits i  1,,  

 
       

4
3

23
2

3
, 







 








 


ikiktgsgtgsg
tsd ii
i  

case o  

Consider the set of vertices   kist i  1,,  

 
           

4
3

224
1

3
, 







 








 


iisgtgsgtg
std ii
i  

case p  

Consider the set of vertices   kitt i  1,,  

 
           

4
3

224
1

3
, 







 








 


ikiktgtgtgtg
ttd ii
i  

case q  

Consider the set of vertices  st ,  

 
       

4
3

23
3

3
, 







 








 


sgtgsgtg
std  

Hence for all set of vertices radio heronian mean condition is satisfied. 

Thus, s is a valid radio heronian mean labeling of  ., kkBDS  Therefore, 

     .42,  kgrhmnBDSrhmn kk  Since g is injective,   kkBDSrhmn ,  

42  k  for all radio heronian mean labeling g and hence 

   42,  kBDSrhmn kk  for .2k  Clearly,    .42,  kBDSV kk  
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Thus,       .,, kkkk BDSVBDSrhmn   Hence the degree splitting of bistar 

graph  kkBDS ,  is radio heronian mean graceful for .2k  

Illustration 3.2. The following is the illustration of  .4,4BDS  

 

Figure 2. 

Result 3.3.  kTDS  is radio heronian mean graceful for .4k  

Proof. Let kisi 1,  be the vertices of the path .kP  Join is  and 1is  

to new vertex .11,  kiti  The resultant graph is .kT  Introduce two new 

vertices s and t. Join s to 12,  kisi  and t to .11,,,1  kitss ik  

The resultant graph is  kTDS  whose edge set is   kTDSE  

     12,11,,, 111   kisttstskitsttsss ikiiiiiii   and 

   .3kTDSD  

Define a function    NTDSVg k :  by  

  ;1sg  

  ;2tg  

  ;1,1 kiiksg i   

  ;11,2  kiitg i  

The condition for radio heronian mean labeling is verified as follows.  

case a 

Consider the set of vertices  ts,  
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  kTDSD
tgsgtgsg

tsd 






 








 
 14

3

23
3

3
,  

case b 

Consider the set of vertices   kiss i 1,,   

 
       

4
3

12
1

3
, 







 








 


ikiksgsgsgsg
ssd ii
i  

case c  

Consider the set of vertices   11,,  kits i  

 
       

4
3

23
2

3
, 







 








 


iitgsgtgsg
tsd ii
i  

case d  

Consider the set of vertices   kist i 1,,   

 
           

4
3

123
1

3
, 







 








 


ikiksgtgsgsg
std ii
i  

case e  

Consider the set of vertices   11,,  kitt i   

 
           

4
3

224
1

3
, 







 








 


iitgtgtgtg
ttd ii
i  

case f  

Consider the set of vertices   kjijiss ji  ,1,,,  

 
       

1
3

, 










 


jiii
ji

sgsgsgsg
ssd  

   
4

3

1122








 


jkikjik
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case g  

Consider the set of vertices   1,1,,,  kjijitt ji  

 
       

2
3

, 










 


jiii
ji

tgtgtgtg
ttd   

   
4

3

124








 


jiji
 

case h 

Consider the set of vertices   11,1,,  kjkits ji  

 
       

1
3

, 










 


jiji
ji

tgsgtgsg
tsd  

   
4

3

213








 


jikjik
 

Hence for all set of vertices radio heronian mean condition is satisfied for 

all pairs of vertices. Thus g is a valid radio heronian mean labeling of 

 .kTDS  Therefore,      .12  kgrhmnTDSrhmn k   Since g is injective, 

   12  kTDSrhmn k  for all radio heronian mean labeling g and hence 

   12  kTDSrhmn k  for 4k  Clearly,    .12  kTDSV k  Thus, 

      .kk TDSVTDSrhmn   Hence the degree splitting of triangular 

snake graph  kTDS  is radio heronian mean graceful for .4k  

Illustration 3.3. The following is the illustration of  .5TDS  
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Figure 3. 

Result 3.4.  kQDS  is radio heronian mean graceful for .4k  

Proof. Let kisi 1,  be the vertices of the path .kP  For ,11  ki  

add vertices it  and it  and joined with is  and 1is  respectively. Next join the 

vertices it  and .11,  kiti  The resultant graph is .kQ  Introduce two 

new vertices s and t. Join s to 12,  kisi  and t to .12,  kisi  The 

resultant graph is  kQDS  whose edge set is   kQDSE  

   tstskistttttttsttsss kiiiiiiiiiiii ,11,,,,, 1111    

 12  kissti  and    .3kQDSD   

Define a function    NQDSVg k :  by  

  ;1sg  

  ;2tg  

  ;1,2 kiiksg i   

  ;11,2  kiitg i   

  ;11,1  kiiktg i  

Now we verify the radio heronian mean condition for g. 

case a 

Consider the set of vertices  ts,  
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  kQDSD
tgsgtgsg

tsd 






 








 
 14

3

23
3

3
,  

case b 

Consider the set of vertices   kiss i 1,,  

 
       

4
3

212
1

3
, 







 








 


ikiksgsgsgsg
ssd ii
i  

case c  

Consider the set of vertices   11,,  kits i  

 
       

4
3

23
2

3
, 







 








 


iitgsgtgsg
tsd ii
i  

case d  

Consider the set of vertices   11,,  kits i  

 
       

4
3

12
2

3
, 







 








 


ikiktgsgtgsg
tsd ii
i  

case e 

Consider the set of vertices   kist i 1,,  

 
           

4
3

2222
1

3
, 







 








 


ikiksgtgsgtg
std ii
i  

case f  

Consider the set of vertices   11,,  kitt i  

 
           

4
3

224
1

3
, 







 








 


iitgtgtgtg
ttd ii
i  

case g  

Consider the set of vertices   11,,  kitt i  
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4
3

123
1

3
, 







 








 


ikiktgtgtgtg
ttd ii
i  

case h  

Consider the set of vertices   kjijiss ji  ,1,,,  

 
           

4
3

224
1

3
, 







 












 


jkikjiksgsgsgsg
ssd

jiji
ji  

case i  

Consider the set of vertices   1,1,,,  kjijitt ji  

 
           

4
3

224
2

3
, 







 












 


jijitgtgtgtg
ttd

jiji
ji  

case j  

Consider the set of vertices   11,1,,  kjkits ji  

 
           

4
3

2222
1

3
, 







 












 


jikjiktgsgtgsg
tsd

jiji
ji  

case k  

Consider the set of vertices   1,1,,  kjitt ji  

 
          

4
3

123
1

3
, 







 












 


jkijiktgtgtgtg
ttd

jiji
ji  

case l  

Consider the set of vertices   1,1,,,  kjijitt ji  

 
          

4
3

1122
2

3
, 







 












 


jkikjiktgtgtgtg
ttd

jiji
ji  

case m  

Consider the set of vertices   11,1,,  kjkits ji  
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4
3

1213
2

3
, 







 












 


jkikjiktgsgtgsg
tsd

jiji
ji  

Hence for all set of vertices radio heronian mean condition is satisfied for 

all pairs of vertices. Thus g is a valid radio heronian mean labeling of 

 .kQDS  Therefore,      .3kgrhmnQDSrhmn k   Since g is injective, 

   kQDSrhmn k 3  for all radio heronian mean labeling g and hence 

   kQDSrhmn k 3  for .4k  Clearly,    .3kQDSV k   Thus, 

      .kk QDSVQDSrhmn   Hence the degree splitting of triangular 

snake graph  kQDS  is radio heronian mean graceful for .4k  

Illustration 3.4. The following is the illustration of  .5QDS  

 

Figure 4. 

Result 3.5.  kITDS  is radio heronian mean graceful for .6k  

Proof. Let ksss ,,, 21   be the vertices of path .kP  Join is  and 2is  to 

new vertex .21,  kiti  The resultant graph is .kIT  Introduce three new 

vertices ss ,  and t. Join s to 23,,, 12  kisss in  and t to 

21,,,1  kitss ik  respectively. The resultant graph is  kITDS  whose 

edge set is       21,111   kitttskissITDSE iiiiik   

   tstssssskiss kki ,,,23 112    and    .3kITDSD  

Define a function    NITDSVg k :  by  

  ;1sg  

  ;2sg  
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  ;3tg  

  ;1,1 kiiksg i   

  ;21,3  kiitg i  

The condition for radio heronian mean labeling is verified as follows.  

case a  

Consider the set of vertices  ss ,    

 
       

  kITDSD
sgsgsgsg

ssd 






 








 
 14

3

23
3

3
,  

case b  

Consider the set of vertices  ts,  

 
       

4
3

34
3

3
, 







 








 


tgsgtgsg
tsd  

case c 

Consider the set of vertices   kiss i 1,,  

 
       

4
3

12
1

3
, 







 








 


ikiksgsgsgsg
ssd ii
i  

case d 

Consider the set of vertices   21,,  kits i  

 
       

4
3

34
2

3
, 







 








 


iitgsgtgsg
tsd ii
i  

case e 

Consider the set of vertices  ts ,   

 
       

4
3

65
3

3
, 







 








 


tgsgtgsg
tsd  
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case f  

Consider the set of vertices   kiss i  1,,  

 
           

4
3

123
1

3
, 







 








 


ikiksgsgsgsg
ssd ii
i  

case g 

Consider the set of vertices   21,,  kits i  

 
           

4
3

325
2

3
, 







 








 


iitgsgtgsg
tsd ii
i  

case h  

Consider the set of vertices   kist i 1,,   

 
           

4
3

134
1

3
, 







 








 


ikiksgtgsgtg
std ii
i  

case i  

Consider the set of vertices   21,,  kitt i  

 
           

4
3

336
1

3
, 







 








 


iitgtgtgtg
ttd ii
i  

case j  

Consider the set of vertices   kjijiss ji  ,1,,,  

 
          

4
3

1122
1

3
, 







 












 


ikikjiksgsgsgsg
ssd

jiji
ji  

case k 

Consider the set of vertices   2,1,,,  kjijitt ji  

 
           

4
3

336
1

3
, 







 












 


jijitgtgtgtg
ttd

jiji
ji  
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case l  

Consider the set of vertices    21,1,,  kjkits ji  

 
           

4
3

314
1

3
, 







 












 


jikjiktgsgtgsg
tsd

jiji
ji

 

Hence for all set of vertices radio heronian mean condition is satisfied. 

Thus, g is a valid radio heronian mean labeling of  .kITDS  Therefore, 

     .12  kgrhmnITDSrhmn k  Since g is injective,   kITDSrhmn  

12  k  for all radio heronian mean labeling g and hence 

   12  kITDSrhmn k  for .6k  Clearly,    .12  kITDSV k  Thus, 

      .kk ITDSVITDSrhmn   Hence the degree splitting of irregular 

triangular snake graph  kITDS  is radio heronian mean graceful for .6k  

Illustration 3.5. The following is the illustration of  .7ITDS  

 

Figure 5. 

Conclusion 

In this paper, we investigate degree splitting of star, bistar, triangular 

snake, quadrilateral snake and irregular triangular snake are Radio heronian 

mean graceful. 
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