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Abstract

Using the concept of ¢ derivative operator and subordination principle we introduce and
study new subclasses of analytic functions. We derive Fekete-Szego inequalities for the
functions belonging to the new subclasses. Some special cases of the established results are

discussed.

1. Introduction

Let A represent the class of analytic functions f(z) of the form

0

f(z)=z+ Zakzk (1)

k=2
in the open unit disc U = {z : z € C and | z| < 1}.

The g calculus or quantum calculus is a generalization of the ordinary
calculus without using the limit notation. The study of ¢ calculus was
initiated at the beginning of 19th century, it has many applications in the
fields of special functions and many other areas. The ¢ derivative operator is
one of the tool used to explore many number of subclasses of analytic
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functions, it plays significant role in the development of Geometric function
theory. The application and usage of the ¢ calculus was introduced by
Jackson [10], [11]. Recently many researchers paid more attention to the area
of g derivative operator and many new operators have been introduced and
studied (refer [6], [7], [8], [9], [13], [16], [17], [20]).

Some basic notations and definitions of g calculus which are used in this

paper are provided below. The ¢ derivative of the function f(z) is defined as

DJ(Z)z%,(ZiO,O<q<1) 2

In view of equation (2) it is clear that if f(z) and g(z) are two functions,

then
Dy(f(2) + 8(2) = Dyf(2) + Dyg(2). (3)
Observe that as q¢ — 17, D f(z) > f'(z), where f'(z) is the ordinary
derivative of the function f(z). Further by (2) the ¢ derivative of the function

h(z) = 2*, is as follows

D,h(z) = [k], 2" (4)
where [k], is given as:
1- qk
[k]qzl_q,(0<q<1). 6))

Note that as ¢ — 17, [k], — &, therefore as ¢ — 17, Dyh(z) = h'(z) where

K(z) denotes the ordinary derivative of the function A(z) with respect to z.

The ¢ derivative of the function f(z), given by equation (1) is defined as

follows
D f(z) =1+ Z[k]qakzk_l(o <g<1) 6)
k=2
where [k], is given by (5).
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For f(z) e A and 0 < g <1, we define a new g derivative operator as

follows.

(7

2 ((l+86=-n 1-8+M[kE] )
Dél,x,z,qf(z)=2+2[(+ )J;Erl + )] ]qj 2"

k=2

where 8, A, 1 > 0, n € Ny = NU{0}. Let

DE o fe)=2+ ZL(S, A L n) ([k], )az2®
k=2

where L(3, &, I, n)([k],) = ((l +3 - 1)+ (1 -8+ n)[E], Jn

l+1

It can be seen that as ¢ — 17, by specializing the parameters the new ¢

differential operator DZ reduces to various operators studied by Al-

87 }\’7 l? q
oboudi [2], Catas [3], Cho and Srivastava [4], Latha and Shilpa [12], Maslina
Darus and Rabha W Ibrahim [13], Salagean [14], Uralegaddi and Somanatha

[18]. For example letting ¢ - 17, 6 = A, [ = 0 we get Salagean operator and

letting ¢ - 17, 8 =1, Il = 0 we get Al-oboudi operator.

For the analytic functions f(z) and g(z) in U, we say that the function
g(2) is subordinate to f(z) in U [15], and write g(z) < f(z) if there exists a
Schwarz function (z), which is analytic in with ®0) =0 and |w(z)| <1
such that

8(2) = f(o(2)), (z € U). (®)

Let P denote the class of all functions ¢(z) which are analytic U and
univalent in and for which ¢(z) is convex with ¢(0) =1 and R{p(z)} > 0 for
all zeU.

Now using the g derivative operator D and the concept of the

6? }\’7 l’q
subordination we introduce the new subclasses of analytic functions as
follows.
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Definition 1.1. A function f(z) belongs to the class Rg ; ; 4(¢) if it

satisfies the following subordination condition where and

Dg 5. 1,4(f(2) < o(2) ©)
Where ¢(z) e P and 0 < g < 1.

Definition 1.2. A function f(z) € A belongs to the class Ny , ; 4(¢) if it

satisfies the following subordination condition

1-a)f@ s apt, ) () < ol2) (10)

z
where ¢(z) e Pand 0 < a0 <1,0 < g < 1.
Note that, for suitable choices of parameters the new classes R§ ; ; 4(9)
and N3 j  ¢(¢) reduces to the classes Ry (p) and N,(¢) studied in [1]
respectively.

2. Main Results

The Fekete-Szego6 problem [5] is to obtain the coefficient estimates for the
second and third coefficients of functions belonging to class of analytic

functions with a specific geometric properties. Now we find the Fekete-Szego

inequalities for functions belonging to the classes R§ ; ; ,(¢) and
Ng 2.1, q(®):
The following lemma is necessary to prove our main results.
Lemma 2.1 [19]. Let p(z) =1+ Z;::l 2", (z € U) be a function with
positive real part in and p is a complex number, then
| g —uef | < 2max{l; | 20— 1]} 1y

1+2z

T and

The result is sharp for the functions given by p(z)=

Advances and Applications in Mathematical Sciences, Volume 21, Issue 4, February 2022



FEKETE-SZEGO INEQUALITIES FOR CERTAIN ANALYTIC ... 2129

2
5 -

(z :1+z
1-z

Theorem 2.1. Let ¢(z) =1+ Bz + Byz® +...e P. If f(z) given by (1)

belongs to the class R ; 1 4(¢) then

1, ‘&

e B max
3 2 L@, A, 1, n)([3]q)[3]q B

(12)

_MLMWM%M}
(LG, & 1, n) (121, [2L,F |

where n is a complex number, and 0 < q < 1. The result is sharp.

Proof. If f(z) € Ry , i 4(¢), then in view of Definition (1.1) there is a
Schwarz function ®(z) in U with (0) = 0 and | ®(z)| < 1 in U such that

D5 5,1, ¢(f(2)) = o((2)). (13)

We define the function

— _ 2
p(z)—l_m(z)—1+plz+pzz +... (14)
Since o(z) is a Schwarz function, we have R{p(z)} > 0 and p(0) = 1. Let
8(z)=D5 ) 1 4()=1+diz + doz? + ... (15)

Using equations (13), (14) and (15) we obtain

#(e) - o 291 16)
Since
pz)-1 _1 Pt )2 i 5
plz)+1 ‘E(pl“(pz‘?J +(p3+7—p1szz +J (17
which yields
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(P11 Lppe LB 2 | 1Bt |2+ a9
Wp)+1)” TP g P2 Ty T Pl

Using equations (15) and (18) we obtain

1
d =5 bBip (19)
1 2) 1
do = gBl(pz - %J + Zsz12~ (20)

A simple computation gives

DY ;.1 4(f(2) =1+ LG, &, 1, n)([2],)[2],a02 + L, 1, 1, n)([8],)[3], a2 + ...

(21)
Inequality (15), yields
dl = L(S’ AL n)([z]q)[2]qa2 (22)
dy = L(S, AL n)([S]q)[3]qa3 (23)
now comparing the coefficients of z and 22 and simplifying we get
_ Bp
% = 917 1 ) (L2, 24)
and
_ By pt Bypy
% = 9115, % 1, n) (31, Bl (1’2 - 7J I, Z,Qn)([3]q)[3]q (25)
hence
2 _ B, 2
ag — Hag = 2L, 1, 1, n)([3]q)[3]q (py — Ypi) (26)
where
YZ;@_@_LQLLM®MMw&J o
200 B L6, % L n)([2))[2),of
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Hence, by Lemma 2.1, the result follows.

Note that, for suitable choices of parameters in Theorem 2.1 we get the
following Corollary derived in [1].

Corollary 2.1. Let ¢(z) =1+ Bjz + Byz” +... € P, with B, # 0. If f(z)
given by (1) belongs to the class R(g)(9) and pis a complex number, then

} (28)

Similarly, we can obtain upper bound for the Fekete-Szego inequalities

B, [Blub
B op

2. B
as — Hay | < 75— maxil,
| 3 H2| [S]q {

The result is sharp.

for functions belonging to the class N§, g 1 4(9) as follows.

Theorem 2.2. Let ¢(z) =1+ Bz + Byz® +...e P. If f(z) given by (1)

belongs to the class N§ g 1 4(0) then

1, ‘&

| ag — pad | < By max{
[(1 - OL) + L(S’ A, l’ n)([3]q)[3]qa] Bl

B0 - o)+ LG 2 L n><[3]q>[3]qall} 29)

2
[(1 - o) + L(3, 2. &, n) (2], [2l,a? |
where uis a complex number, and 0 < q < 1. The result is sharp.

Proof. If f(z) € N§ ; i 4(¢), then in view of Definition (1.1) there is a
Schwarz function w(z) in U with (0) = 0 and | @(z)| < 1 in U such that
(-0l ang; | (1) = olole) (30)
We define the function
1+ w(z)

p(z)zl_—(l)(z)=1+p1z+p222+... (31)

Since o is a Schwarz function, we have R{p(z)} > 0 and p(0) = 1. Let
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g(z)=(0- oc)@ +oDy 5 1 4(f(z) =1+ djz + doz? + ... (32)

using equations (30), (31) and (32) we obtain

#) = o 2 1) (33)

-1 1 2 3
W E(plz +(p2 —%Jzz +(p3 —% —plpgjzg +J (34)

which gives

2
N S S TR e

using equations (32) and (35) we obtain

1
d =5 bBip (36)
1 pt 1 2
dy = 5Bl pa — 5|+ 7 Bapi (37)

A computation gives
-0 sang, | (1) -
1+ [ = o) + LG, & L n)([2],)[2], adasz
+[(1 - o)+ L(3, &, 1, n)([3],) [38], ctag2® + ... (38)

Inequality (32), yields

dl = [(1 - OL) + L(67 A, L, n)([Z]q)[Z]qa]GQ (39
dy = [(1 —a)+ L(s, &, I, n)([3],) [3],2]as (40)

or equivalently we get
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_ Bi;
%= A —a)+ L6, & L ) (2], 2L a] (41)
and
.- 5 ot
79— a)+ LG, &, L n)([8])[BL,al 72 2
Bypt
AT o) T L6, 1 L (LBl (42)
hence
B
@ S = ooy I, T ) (Bl BLal P2 TP @9)
where
_ 1 B HBI[(l - OL) + L(87 7\" l’ n)([S] )[3] 0"]
v 5[1 BV A (= E s W A (CIR] IR j a0

Hence, by applying Lemma 2.1, the result follows.

Note that, for suitable choices of parameters in Theorem 2.2 we get the

following Corollary derived in [1].

Corollary 2.2. Let ¢(z) =1+ Bz + Byz” +... € P, with B, # 0. If f(z)
is given by (1) belongs to the class Nq(qo) and pis a complex number, then

B, wB[(-o)+ [3]qa]|} )

_ C12 < Lmax
| ag —pay | < [0 - o)+ B, {1’ B [(-a)+[2of ‘

The result is sharp.

References

[1] Aini Janteng, Andy Liew Pik Hern and Rashidah Omar, Fekete-Szeg6 Functional of
classes of analytic functions involving the g-derivative operator, Applied Mathematical
Sciences 14(10) (2020), 481-488. https://doi.org/10.12988/ams.2020.914222

[2] F. M. Al-Oboudi, On univalent functions defined by a generalized salagean operator,
International Journal of Mathematics and Mathematical Sciences 27 (2004) 1429-1436.
https://doi.org/10.1155/S0161171204108090.

Advances and Applications in Mathematical Sciences, Volume 21, Issue 4, February 2022



2134

(3]

[4]

(5]

(6]

(7

(8]

(9]

(10]

(11]

(12]

(13]

(14]

(18]

(16]

(17)

N. SHILPA

A. Catas, On certain classes of p-valent functions defined by multiplier transformations,
Proceedings of the International Symposium on Geometric Function Theory and
Applications, Istabul, Turkey, (2007).

N. E. Cho and H. M. Srivastava, Argument estimates of certain analytic functions
defined by a class of multiplier transformations, Mathematical and Computer Modelling
37(1-2) (2003), 39-49. https://doi.org/10.1016/S0895-7177 (03)80004-3.

M. Fekete and G. Szegé, Eine bemerkung uber ungeradeschlichteFunktionen, Journal of
the London Mathematical Society 1(2) (1933), 85-89. https://doi.org/10.1112/jlms/s1-
8.2.85.

B. A. Frasin and Maslina Darus, On the Fekete-Szego6 problem, International journal of
Mathematics and Mathematical Sciences 24(9) (2000), 577-581.
https://doi.org/10.1155/S0161171200005111.

B. A. Frasin and M. Darus, Subclass of analytic functions defined by q-derivative
operator associated with Pascal distribution series [J]. AIMS Mathematics 6(5) (2021),
5008-5019. https://doi:10.3934/math.2021295.

B. A. Frasin and G. Murugusundaramoorthy, A subordination results for a class of
analytic functions defined by g-differential operator, Annales Universitatis Paedagogicae
Cracoviensis. Studia. Mathematica 19(1) (2020), 53-64. https://doi: 10.2478/aupcsm-2020-
0005.

Huda Aldweby and M. Darus, On Fekete-Szego problems for certain subclasses defined
by g-derivative, Journal of Function Spaces (2017), 1-5. Article ID 7156738. https:/
doi.org/10.1155/2017/7156738.

F. H. Jackson, On q-definite integrals, Quarterly dJournal of Pure and Applied
Mathematics 41(15) (1910), 193-203.

F. H. Jackson, g¢-difference equations, American Journal of Mathematics 32(4) (1910),
305-314. https://doi.org/10.2307/2370183.

S. Latha and N. Shilpa, On generalized differential and integral operators, International
Journal of pure and applied mathematics 117(20) (2017), 179-186.

Maslina Darus and Rabha W. Ibrahim, On new subclasses of analytic functions involving
generalized differential and integral operators, European Journal of Pure and Applied
mathematics 4(1) (2011), 59-66.

G. S. Salagean, Subclasses of univalent functions, Lecture notes in Math. Springer-
Verlag, Berlin 1013 (1983), 362-372. https://doi.org/10.1007/BFb0066543.

Sanford S. Miller and Petru T. Mocanu, Differential subordinations: theory and
applications, CRC Press, Boca Raton, 2000;https://doi.org/10.1201/9781482289817.

Rekha Srivastava and Hanna Zayed, Subclasses of analytic functions of complex order
defined by g-derivative operator, Studia Universitatis Babes-Bolyai Mathematica 64(1)
(2019), 71-80. https://doi:10.24193/submath.2019.1.07.

H. M. Srivastava, Operators of Basic (or q-) Calculus and Fractional g-Calculus and
Their Applications in Geometric Function Theory of Complex Analysis. Iranian journal

Advances and Applications in Mathematical Sciences, Volume 21, Issue 4, February 2022



(18]

(19]

(20]

FEKETE-SZEGO INEQUALITIES FOR CERTAIN ANALYTIC ... 2135

of  Science and  Technology, Transactions  A: 44  (2020), 327-344.
https://doi.org/10.1007/s40995-019-00815-0.

B. A. Uralegaddi and C. Somanatha, Certain classes of univalent functions, Current
Topics in Analytic Function Theory (1992), 371-374.

https://doi.org/10.1142/9789814355896_0032.

Wancang Ma and David Minda, A unified treatment of some special classes of univalent
functions, In: Proceedings of the Conference on Complex Analysis, Tianjin (1992), 157-
169.

B. Wang, Rekha Srivastava and Jin-Lin Liu, A Certain Subclass of Multivalent Analytic
Functions Defined by the g-Difference Operator Related to the Janowski Functions.
Mathematics 9(14) (2021), 1706. https://doi.org/10.3390/math9141706.

Advances and Applications in Mathematical Sciences, Volume 21, Issue 4, February 2022



