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1. Introduction

Intuitionistic fuzzy sets were first introduced by Atanassov [1] in 1993,
then Coker [2] introduced the notion of Intuitionistic fuzzy topological space
in 1997. In 2005, Garcia and Rodabaugh [4] proved that the term
intuitionistic is unsuitable in mathematics and applications and they
introduced the name double for the term intuitionistic. In the past two
decades many researchers [8, 9, 15] doing more applications on double fuzzy
topological spaces. From 2011, El-Maghrabi and Mubarki [6] introduced and
studied some properties of Z-open sets and maps in topological spaces.

2. Preliminaries

Throughout this paper, X will be a non-empty set, I is the closed unit

interval [0, 1], I, = (0,1], I, = [0,1), v e I,, x € I, and always 1+ «x < 1. A
fuzzy set p is quasi-coincident with a fuzzy set v denoted by pgv iff there
exists x ¢ X such that p(x)+ v(x) > 1 and otherwise they are not quasi-

coincident which denoted by pgv. The family of all fuzzy sets on X (resp. Y
and Z) is denoted by 1% (resp. 1¥ and 1%) By 0 and 1, we denote the

smallest and the largest fuzzy sets on X. For a fuzzy set p(x) e I, 1 - u(x)
denotes its complement. For » ¢ X, 1 e I,, a fuzzy point x is defined by
x,.(y) = if x = y for all other y, x,(y) = 0. All other notations are standard

notations of fuzzy set theory.

Definition 2.1 [12]. A double fuzzy topology (x, =*) on X is a pair of
maps <, <" : I - I, which satisfies the following properties:

l.t(x) <1 -1 (1) foreach » e 1¥.

2. v Ary) 2 1) A t(hy) and TT(h; A ky) < T (hy) v T (ky) for each
hys by € TN,

s

3. t(vVjer A;) < Ajept(h;)  and 1 (viop A;) < virt (h;)  for each
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The triplet (X, t, =) is called a double fuzzy topological space (briefly,

dfts). A fuzzy setl is called an (i, «)- fuzzy open (briefly (1, «)- fo) set if

1) > 1 and (%) < x, » is called an (1, «)- fuzzy closed (briefly (i, «)- fc) set
iff 1 - 2 is an (1, «)- fo set.

Definition 2.2 [5]. Let (X, r, t°) be a dfts. Then double fuzzy interior

and double fuzzy closure operators are defined from 1% x 1, x I, > 1% as

follows: 1 . (n, i, k) =v{u e I lp < &, t(p) 2 i, t (n) < x},
1,1

C .Onix)=afpnelNpza, tl-n)2i T (L-n) < k),
T, 7T
where i € I,, and « e I, suchthat ; + « < 1.

Definition 2.3 [11]. Let (X, 1) be a dfts. Then for each

ielI, xe I, afuzzyset » ¢ ¥, issaid to be

1. (v, x)-fuzzy  regular  open (briefly (i, ©)-fro) set if

w=1 ,(C .0 %) i, )
T, T

1,1

2. (1, x)- fuzzy regular closed (briefly (i, «)- frc) set iff 1 - & 1is (1, x)- fro

set.

Definition 2.4 [10]. Let (X,t :") be a dfts. Then for each

i eI, xe I, and for fuzzy set » ¢ I*, we define the operators sC . and

1,1

61 . I%X x1,x1I, > I* asfollows

T, T

81 .(h,i,k)=vine I |u<a pisan (G, k) - fro}
T, T

N

5C (0 i k)= Afpe IT|p <, pnisan (i, x) - fro}.
T, T

Definition 2.5 [3, 6, 10]. Let (X, ) be a dfts. Then for each

ielI, xe I, afuzzyset » ¢ I*, issaid to be
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1. (1, x)- fuzzyd open (briefly (i, «)-f0 setif » = 61 ,(n, i, x).

2. (1, x)- fuzzy pre open (resp. (1, x)- fuzzy semi open) (briefly (i, «)-fpo

(resp. (i, x)-fs0)) set if r<I ,(C (i x)i k) (resp.

A< C (I (M, x), i, x))
T, 1

T, T

3. (v, x)-fuzzy & pre open (resp. (i, «)-fuzzy & semi open, (i, x)- fuzzy
b open, (i, x)-fuzzy Z open [14] and (i, «)-fuzzy e open) (briefly
(i, x)-fopo (resp. (i, x)-féso, (i, x)-fbo , (i, x)-fZ0 and (i, k)-feo)) set if

r< I ,(6C (h i, x) i, k) (resp. r<Co LI (N, i, k), i, x),
T, 7T T, T

T, T T, T

Ar<C (I (i, x),i,x)vI ,(C . i, x)i,k),rA<C &I ., ix),
T,T 1,1 T,1T T,T 1,1

T,T

i, x)vI (C ., i k)i k) and r<C ,BI (i, k)i, x)v I
T, T T, T T, T T,

T, 7T T

BC (i, x), 4, x)
T, T

4. (1, «)- fuzzy 8 pre closed (resp. (1, x)- fuzzy pre closed, (1, x)- fuzzy semi
closed, (i, «)- fuzzy 8 semi closed, (v, x)- fuzzy b closed, (1, «)- fuzzy Z closed
and (1, x)- fuzzy e closed) (briefly (i, )-8 pc (resp.
(i, x)-foc, (i, ®)-fsc, (i, k)-fésc, (i, x)-foc , (i, x)-fZ and (i, «)- fec)) setif 1 - a

i1san (i, x)-fépo (resp. (i, x)-fpo, (i, x)-fso, (i, ¥)-foo, (i, «)-fZ0 and (i, x)-feo ).

*

Definition 2.6 [10, 14]. Let (X, <) be a dfts. Then for each

i eI, «e I, and for fuzzy set » e I*, we define the operators 5PC .
T, T

(resp. zZcCc and eCc ,) and sPI , (resp. zI and

T, T T, T T, T T, T

el *):IXx10x11—>IX as follows: spPI , (resp. ZI , and

T, T T, T T, T

el )M, i,x)=v{ne 1 lu <A, pn 1s an (i, x)-fopo (resp. (i, x)-fZo and
T, 1

(i, k)-feo )}, 8PC , (resp. zC , and eC ,)(r, i, k)= Afu € 1~ lp > A, p
T, T T, T T

, T

isan (i, k)-f6pc (resp.(i, «)-fZ and (i, «)-fec)}.
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Definition 2.7 [14]. Let (X, <) be a dfts, e I¥, ic I, and
x e I, » i1s called an (i, x)- fuzzy Z - @- neighborhood of x, ¢ P,(Xx) if there
exists an (i, )-fZ set u e I* such that x,qu and p < 2. The family of all

(i, x)- fuzzy z - @- neighborhood of x, is denoted by z@- (x,, i, «).

Proposition 2.1 [14]. Let (X, 1, t*) beadfts , », p € I~ , then

1.z1 ,(0,i,x)=0,2C ,(0,i,x)=0and ZI .(1,i,x)=1,2C ,(1,i,x)=1
T, T T,7T T,T T,T

2.1-721 ,(ni,x)=2C ,(1-xr,i,x) and 1-2C (A, x)=2I ,(1-%x,i,x). 3.
T,T T,T T,T T,T

If A< then ZI L (h, i, x)< ZI L (p,i,x) and
T,T 7,7
zC . (h, i, k)< ZC L, (u, i, x). 4.
T, T T, T
ZC .(Avu,i,x)>ZC (A,i,x)v ZC ., (u,i,K). 5. ZI . (Avup,i,x)>
T,T T,T T,T T,T

zZl . (i)v ZE L, (n,i,x). 6. ZC (A Ap,i,k)<ZC (M i, x)AZC (1, i, x).
T,T T,T T,T T,T T,T

7.1 ,(Aanp,i,x)< Z (A i, x)AZI  ,(u, i, k)
T,T T, T T, T

The operators &I ,(x,i, «) and &sI (%, i, «) satisfy the above
T, T T, T
properties.
Proposition 2.2 [14]. Let (X, v, <*) bea dfts , », p ¢ I~ then

1.A<2C .0nik)<C .(0ni x)<8C ,(h i x).
T, T T, T 1,7

2.8 (i, x)=1 (i, x)<ZI (A i x)<Aa.
T, 1T T,7T 1,7

Theorem 2.1 [14]. Let (X, 1, <*) be a dfts, for each », w ¢ 1%, then the

operator (i, x)-ZC , satisfies the following statements
1.zc .zc ., i, k)i, x)=2C (A, i, k).
2. If Lis (i, x)-fZ setthen zC ,(., i, k) = A.
T, T

3. If nwis (i, x)-f2o set thenpugr iff ngzC .1, i, x).
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Theorem 2.2 [14]. Let (X, t, ") be a dfts, for each +, u € 1~ then the

operator (i, x)-ZI , satisfies the following statements

1.zl .z (i x) i, x)=21 ,(&, i x)
T, T T, T

T, 7T

2. IfNis (i, x)-fZo setthen ZI (i, i, x) = A.

, T

3. If » < puthen zl .0, i,x)< ZI ,(u, i, )
T, 7T T, 7T

4. z1 Q1 -nr, i, k)=1-2C ,(r,i,x) and 2ZC .1-%r,i,k)=1-
T, T T, T T, T

ZC (i, x).
T, 1T

Definition 2.8 [13]. A function f from a dfis (X, 1, ') toa dfts (Y, o, ")

is called as double fuzzy continuous (resp. double fuzzy & pre continuous,
double fuzzy & semi continuous, double fuzzy semi continuous [7], double

fuzzy Z continuous and double fuzzy e continuous) (briefly DFCts , (resp.

DF §pCts , DF 8sCts , DFsCts , DFMCts  and DFeCis ) function if 7' (u) is an
(i, x)-fc (resp. (i, x)-fépc, (i, x)-foésc, (i, x)-fsc, (i, x)-fZ and (i, x)-fec) set

in 1% for every (i, «)-fc set p e 17 forall i e I, and « e I,.

Definition 2.9 [13]. A fuzzy set A in a dfts (X, t, t*) is called an (i, x)-

fuzzy dense (resp. (i, x)- fuzzy nowhere dense) if there exists no (i, x)-fo
(resp. non-zero (i, x)-fo) set p in (X, t, ") such that » < <1 (resp.

w<C L (h, i)
T,T

Lemma 2.1 [13]. For a dfts (X, 1, t") every (i, x)- fuzzy dense set is

(i, «)-fépo.

3. A Double Fuzzy Z Continuous Functions

In this section we introduce the class of double fuzzy & continuous and

double fuzzy Z continuous functions and discuss about their properties.
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Definition 3.1. A function f from a dfts (X, t, t") toa dfts (Y, o, ") is

called as double fuzzy Z continuous (resp. double fuzzy & continuous, double

fuzzy pre continuous and double fuzzy b continuous) (briefly, DFzCts , (resp.
DF §Cts , DFpCts  and DCts )) function if 7 '(u) is an (i, x)-fZc (resp.

(i, k)-foc, (i, k)-foc and (i, k)-fbc) setin 1% for every (i, k)-fc set u 17 for

all i 1, and « e I,.

Theorem 3.1. Let f: (X, 1,7 ) > (X n,n) be a mapping. 1. Every
DF §Cts function is DFCts (resp.DF spCts and DF 5sCis ) function. 2. Every
DFCts  function is DFsCts (resp. DFpCts ) function. 3. Every DF &pCts
function is DFeC s function. 4. Every DF $sCts function is DFeCts (resp.
DFZCts ) function. 5. Every DFpCts  function is DFZCts function. 6. Every

DFsCts  function is DFbCts  function. 7. Every DFzCis function is DFeCts
(resp. DFbCts ) function.

Proof. We prove only (i), the others are similar. Let a be a (i, x)-fo in

By definition of DFsCisf '(a) is (i, «)-f60 in I*. By Theorem 3.4 in
[14], f '(a) is (i, x)-fo in I*. Which implies fis DFCts .

Remark 3.1. The converse of the above theorem, in general, need not be
true. It can be verified from the following examples.

Example 3.1. Let X =Y =1{a,b,¢} and let the fuzzy sets
0, dy, ag, a,, as, ag and a, are defined as a;(a) = 0.3, a,(b) = 0.4,
ai(c) = 0.5, ay(a) = 0.6, ay(b) = 0.9, ay(c) = 0.5; ag(a) = 0.2, ay(b) = 0.2,
ag(c) = 0.2, ay(a) = 0.4, a,(b) = 0.4, a,(c) = 0.5; ag(a) = 0.5, as(b) = 0.5,
a5(c)=0.5,05(a)=0.2,a4(b)=0.4,a4(c)=0.4 and a,(a) = 0.3, a,(b) = 0.0,

as(c) = 0.4.

Consider the double fuzzy topologies (X,t,t ), (Y,n;,m1) (Y,ny,15),

(Y,ng,m3), (Y,n,,my), (Y, n5,n5) and (Y, ng, ng) with
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1 i ae{0,1) 0 if e {01}

( (
|1 ) " [ 1 .
t(k):{;, if »e{ay, ag} T (k):{;, if A e {a;, ag}
l[O, 0.W. |L1, 0.W.
1 if & e {0, 1} (0 if & e {0, 1}
l1 . |1
nl(l):{g, if A= o, nl(}»):{g, if A= a,
‘LO’ 0.W. ‘Ll’ 0.W.
1 if » e {0, 1} (0 if & e {0,1}
|1 . |1
‘r’|2(k):{5, ]fk:(xB ‘r’|2(k):{5, ]fk:(xB
‘LO, 0.W. ‘Ll, 0.W.
it he {0, 1) (0 i re {01
[1 . |1
nS(X):{;, if A= a, n3()»):{§, if A= ay,
ILO, 0.W. ‘Ll’ 0.W.
nit e {0, 1) (0 i a e {01
|1 . [1
n4(7»):{§, if A= ag n4(k)7{;, if A= ag
‘LO’ 0.W |l1 0.W
1 if e {0, 1} (0 if A e {0, 1}
l1 . |1
ns() =4, k= ag mz() = {6 A= ag
l[O, o0.W ‘Ll, 0.W.
it ae {0, 1) (0 i re {01
[1 . |1
nG(K):{;, if A= ay nG(K):{E, if A= ay
ILO, 0.W. ‘Ll’ 0.W.

Then the identity function (i) f : (X, ) > (X n;, ny) is a (1) DFCts

(resp. DF s pCts ) function but not a DF 5Cts , (i) DFZCts but not a DF §sCis .
. . . . 11 11
Since the inverse image of the fuzzy set «, is an [; ;]—fo, [—, —)-fapo

and [l—,l—j-on set but not an [1—,1—]-}‘50 and [1—,1—)-}‘60, (ii)
2 2 2 2 2 2

f:(X,t 1) > (X ny, my) isa DRpCts function but not a DFCts , since the
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inverse image of the fuzzy set o, is an [1—, 1—]-pr set but not an [1—, 1—)-go
2 2 2 2

(i) f:(X, 1, t) > (X ng, ny) Is a DFsCts (resp. DFssCts ) function but

. . . . 11
not a DFCts , since the inverse image of the fuzzy set o, is an [—, —]-fso
2 2

(resp. (;— ;—j-fso) set but not an [;— ;—j-fo v) f: (X, 1) > (Y ny,ny)

is a DFzCts function but not a DFpCts , since the inverse image of the fuzzy

set asis an [1—, 1—]-on set but mnot an (1—, 1—]-pr W)
2 2 2 2

f:(X,t 1) > (Y ns, ns) isa DFpCts function but not a DFsCts , since the

inverse image of the fuzzy set o, is an [1—, 1—]-fbo set but not an [1—, 1—]-fso
2 2 2 2

and (vi) / : (X, 1, t°) > (X ng, ng) isa DFeCts function but not a DFzCts

. . . . 11
since the inverse image of the fuzzy set o, is an [—, —J-/eo set but not an
2 2

{1—7 I—J-on setin (X, t, t).
2 2

Example 3.2. Let X = Y = {a, b, ¢} and let the fuzzy sets oy, a, and
oy are defined as ag(a)= 0.7, ag(b) = 0.6, ag(c) = 0.5, ag(a) = 0.3,

ag(b)=0.3,04(c)=0.3 and a,y (a) = 0.3, a,y (b) = 0.4, a,, (c) = 0.5. Consider

the double fuzzy topologies (X, t, t*) and (Y n, n") with

i e {0, 1) (0 it % e o,
\ . |
‘r(k):{%, if »e {ag,ag) T (k):{;—, if A e {ag, ag}

‘{O, 0.W. |L1, oW
1 if A e {0,1} (0 if & e {0,1}
1 . l1

nr)=4—, f L =ay © @A)=4—, if 1 = ay

| 2 | 2
LO’ 0.W. ll’ o0.W

Then the identity function f: (X, ") > (¥ n,n") is a DFuCts

function but not a DFzCts , since the inverse image of the fuzzy set «,, is an
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[1—, 1—]-fbo set but not an (1—, 1—]-on )
2 2 2 2

From the above theorem and examples, the following implications are
hold.

DF§Cts DFCts
DFopCts DF3§sCts DFpCts DFsCts

AR |

DFeCts ~— DFZCts ————— DFiCts

Note: A - B denotes A implies B, but not conversely.

Definition 3.2. A mapping 7 : (X, 1, 1) > (Y, n, n") is called DFzcCis
at a fuzzy point », if the inverse image of each (i, x)-@ neighbourhood of
f(x,) isan (i, «)-2Q neighbourhood of x, « x.

Theorem 3.2. A mapping f : (X, t, v ) > (X, n, n") is DFzCts iff it is
X

DFZCts at every fuzzy point x, e I

Theorem 3.3. Let (X,t, <) and (Y.n,n") be dftss and
f:(X,1,1) > (Y,n,n") be a mapping. Then the following statements are
equivalent:

1. f isDFzCts  function. 2. f (1) is an (i, x)-fZo set in (X, t, ") for
each (i, x)-fo sethin (Y, n,n") 3. f'(h) isan (i, x)-fZ setin (X, ") for

each (i, x)-fc set A in (Y,.nm,n ) 4. f(zC .(n, i, x)<C .(fh), i, x)
T, 7T n,.n

*

vael®. B, zC (P00 i k)< fFHC L i k), VeI, 6.1 L(5C
n.n

T, T T,T T

(Fr0), iy k), i, 1) A c . T*(f_l(x), k)i k)< fC Wi k), YA e IV,

*
n.n

7. Fr'a Lo i k) <z L (fY0), i, k), for  each  woe IY. 8.
n.n T, 7T
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P ) < €GBT (T ) ) k) v L (C T ), ), )
foreach w < 17.

Proof. (i) = (iii), (1i1) = (1), (1) = (viid), (1i1) = @), (v) = (vil) and (viii) =
(i1) are direct to prove, other results are provided here.

(i) = (ii). Let L be an (i, x)-fo setin (Y, n, n"), f is a DF zcts function,
then we have f '(1-1) is an (i, x)-f2 set of (X, ") But

ff@-2)=1-f"(n). Therefore ' (1) is an (i, x)-f20 setof (X, =, <*).

(iii) = (v). Let 2 1%, since n(I . (F( )i, x)=in (I . (f(1)i, k)< k.
n.n n.n

Then by (ii), f '(C .(f(x)i,x)) is an (i,x)-fZ set of (X,t,t"). Since
n.n
ps 0= EC (PO, x), we have 26 (i) < fT(C L (F () x)
, T,T n.n
Hence f(zCc .(»,i,x)<C ,(f(0), i, x).
T, T n,n
(iv) = (v). For all » ¢ 17 let f'(x) instead of A in (iv), we have
f(zc  (fT) i k)< C o L(F(FTO)) i k) < € (. i, x). It implies that
T, T n.n n.n

ZC T’r*(f_l(k), i, k) < fH(C ,n*(k’ i, k).

n

(vil) = (1). Let A be an (i, «)-fc setin (Y,n,n"). Then1-a2=1 ,(1-%,i,x).
nn
By (vi), rf'a-a)<zr .(f'1-%x)ix). But we know that

fFra-m <z (Ffa-a)iw). Thus, fla-a)=2z1 .(Fr@-a),i «)

that is, 7 '(1-%) is (i, x)-f set. Since f '(1-r)=1-7f"). f ') is

(i, «)-fZ set. Therefore fis DFzc function.

(iii) = (vi): For all » < 17, since Cn,n*(x’ i, k) 18 an (i, x)-fc set in
(Y, n,n"), by (ili), we have that f’l(Cn,n*(x, i, x)) is an (i, x)-fZ set in
(X, t"). Hence f'(C .0nix)2I ,(6BC .(fC (%)) i k)i, x)

n.n Tt n.n n.n
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AC (I (T 0L ik)2 T L (BC L(FTO) kA C (T (T O KD k).
T|,T| T,T T,T T|,T'| n,n T,T

(vi) = (iii). For all » ¢ 1V, since ¢ ,(%, i, x) is an (i, x)-fc set in
n.n
(Y,n,n"), and let ¢ .(, i, x) instead of A in (vi), we have that
n.n

I ,(C L (f'GC (i k)i, k) AC (I L (fHC L(h i k)i k), K)
T, T T],T] T],T] T, T T, T ‘r],r]

<f e L€ L(nix)ik)=f"(C  .(ni,x). Hence f'(Cc ., i, x)) is
n.n n.n n.n n.m

*

an (i, x)-fZ setin (X, t, v ).

Proposition 3.1. Let f : (X, t,, t;) > (Y, 1y, 1,) DFZCis  mapping and
if for any fuzzy subset A of X is (i, «)- fuzzy nowhere dense then fis DF s pCts .

Proof. Let ©, > i, t,(n) < «. Since fis an DFzCts mapping, then )
is an (i, x)-f% set in (X, t,, 7;). Put f ') =2 is an (i, x)-f2 setin X
Hence r<cCc ,(6I .(Ai,x)i,x)vI (A, i, )i k) But &I ,(ri,x)<

I .(hi,k)<C ,(rhi,x), then 8I ,(n,i,x)<TI ,(C .(n, i, x)i x) Since A
T,T T,T T,T T,

is (i, x)- fuzzy nowhere dense and by Lemma 2.1, we have 8I (%, i, ) = 0.
Therefore fis DF 5 pCts .

Definition 3.3. A mapping f : (X, t;, 1;) - (Y, 1y, t,) is called double
fuzzy &-open map (briefly DFs0) if the image of every (i,«x)-fo set of
(X, 1y, TI) is (i, x)-f50 setin (Y, 1, ‘r;)

Definition 3.4. A mapping / : (X, 1,, 1;) —» (Y, 14, t,) is called double
fuzzy 6-bicontinuous (briefly, DF sbiCts ) if fis DF 50 map and DF §Cts map.

Theorem 3.4. If [ : (X, 1, 1) > (Y, 1y, 1,) be aDFsbiCts mapping
then the inverse image of each (i, «)-fZo setin (Y, vy, 1) under fis (i, x)-fZo

setin (X, 1y, 1)

Advances and Applications in Mathematical Sciences, Volume 20, Issue 4, February 2021



FUZZY Z CONTINUOUS MAPPINGS IN DOUBLE FUZZY ... 627

Proof. Let fbe a DFsbiCts and pbe a (i,«x)-fZo setin (Y, t,, t,). Then

w<C LI (i k)i k)v I L (C (i k)i k) frw) < T
T2 T2 T2, T2 Tg,Tg  Tg, Ty

(C (8T . (w i, x)i, k)v f (I
‘52 T

Ty, Tg Ty,

C L(ix)hik)sC L (f7
, Tg T

M
2-72 ] 2:T2

GBI L (u iy k), i) v fH(I € (i, x) Qs k)
T2, T2

*
T9, Ty T9, Ty

Since fis a DF sbiCts mapping, then fis DFs0 map and DF §Cts map.

Then [ is DF 5sCts map and DF &pCts map. Hence
FFfay<s e L 6GI (T w), i k)v I L (€ .(f (), i, k). This shows
Ty, Ty Ty, Ty T9, Ty T2,Tg

that f ' (n) is (i, x)-f% setin (X, T, 1)

Remark 3.2. If 7 : (X, 1, t,) » (Y, 15, 1) be a DF&biCts mapping.
Then the inverse image of each (i, x)-fspo (resp. (i, x)-f50) set in Y under f

1s (i, x)-fZ setin X.

Remark 3.3. Let (X, t,, r;) and (Y, t,, 15) bedfts’sand f: X - Y be

a mapping. The composition of two DFzCts mappings need not be DFzCts
as shown by the following example.

Example 3.3. Let X =Y =Z ={a,b,c} and let the fuzzy sets o, a,, a,
and o, defined as a,(a)=10.3 a,(b)=0.4, a,(c)=0.5; ay,(a)= 0.6,
ag(b) = 0.9, ay(c) = 0.5; ag(a) = 0.6, ag(b) = 0.9, agz(c) = 0.5and a,(a) = 0.4,
a,(b) = 0.0; a,(c) = 0.5. Consider the double fuzzy topologies (X, t, ") and

(Y, n, n") with

1 e (0.1

( (
1 . . | 5
r(k):{g, if Ae{og, ag) (k):{g, if Ae {og, ag}

lLO’ 0.W. ‘Ll’ oW .
1 if & e {0, 1} (0 if % e {0, 1}
|1 . l'5

s(x)=<‘g, if A= o c(x)=4|g, it A= o

LO’ 0.W. Ll’ oW .
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1 i 2 0,1 0 i xe {01}

s

(
, i A= ay, n(?»):{l if A= a,

|

l

5
6’
1

)

oW .

Then the 1identity function f:(X,t,,1)—> (Y,0,0") and

g:(Y,0,6")> (Z,m,n") are DFzCts functions. But g - f is not DFZCts
function, since the inverse image under g o f of the fuzzy set «, is not an

s

[1_, i]'on setin (X, t, t ).
6

6

The next theorem gives the conditions under which the composition of

two DFZCts mappings 1S DFZCts

Theorem 3.5. Let (X, v, 1;) » (Y, 14, t,) and (Z, 15, 15) be dfts's. If
fi(X,t,10)> (Y, 1y, 15) and g : (Y, 18y, 1,) > (Z, 14, 15) are mappings,
then g o f is DFZCts mapping if

1. fis DFzCis and gis DFCis .

2. fis DF 5biCts and g is DFZCts mapping.

Proof. (i) Let <,(n)>i and =<,(n) < x. Since g is DFCts , then
rs(g’l(p)) > i and rs(g’l(u)) < k. Since [ is  DFzZCis then
fe ) = (g o f) T (w) is (G, x)-f% set in (X, t,, t;). Hence gof is
DFZCts

(1) Let t53(u) > i and <;(p) > . Since g is DFZCts , then g '(n) is an
(ix)-fZ setin (Y, t,, 15). Since fis DF sbiCts , by Theorem 3.4, (g - )7 )

is (ix)-fZ setin (X, t,, ;) Hence g o f is DFZCts

4. Conclusion

In this paper, we have introduced the double fuzzy &-continuous, double
fuzzy 6-bicontinuous, double fuzzy Z-continuous functions in double fuzzy

topological spaces. Also some interesting properties and characterizations of
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concepts are studied and we hope these investigations will further

encourage other researchers to explore the interesting connections between

this
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