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Abstract

The immense applications of fixed point results encourages the researchers for a
collaborative study to various areas of mathematics and other disciplines of science where ever
its applications works. Interval analysis and fixed point theory are now connecting for obtaining
results which are mostly useful in studies including signal processing and space research. The
interval valued notion of generalized metric space is already defined. In this article we have
portrayed the Perov’s fixed point results found in [8], [9] for the generalized interval metric
space. We also redefined Czerwik generalized metric space with interval points with an
illustration.

1. Introduction

Lack of accuracy in mathematical calculations is an important constraint
in many areas of research. Interval arithmetic approach responds to these
questions which appears in scientific computing problems and in the areas
where ever the problems of accuracy and efficiency occured. So interval
approach needs to develop one step forward under these circumstances. But
all the studies are mainly focused on the background of real arithmetic only.
Moore (1966) and Sunaga (1958) were marked as the pioneers in the
development of interval arithmetic. The topic of interval metric was first
introduced in 2010 and we can’t find much works in the ares of interval
metric and fixed point theory. Here we are trying to find fixed point results
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which are suited for metric spaces with interval points by satisfying all the
required conditions of the results.

In the first section you will get basic notes about generalized interval
metric space and its properties which is required to follow this paper. The
main results are included in section 3 and 4, there we established fixed point
results and defined Czerwik generalized metric space in I(R,,) space. Final

section is nothing but the concluding remarks.
2. Preliminary Notes

Genaralized interval metric space: In [11], the interval distance
M,;(X, Y) for the intervals X =[x, X], Y = [y, J] is defined as follows:

[y-%, 5 -x], fX<Yand XNY =¢
M, (X,Y) =3[0,y — x], fX<Yand XNY # ¢
[0, max{x, y, y —x}]], ifXcY
Let I(R,,) be the set of all mx1 real interval matrices. X,Y € I(R,,)
such that X = (X, Xg, ..., X,,)! and X = (Y}, Yy, ..., Y,,)! where each
X;, Y; are of the form X; = [x;, x;] and Y; =[y;, %} Then the interval
distance of the m tuples X and Y, we can denote it by d;; can be explicate as:
did(Xa Y) = (Mei(Xi» YL)) = (Mei(Xla Yl)a Mei(X2’ YQ)’ ) Mei(Xma Ym))
Now we can define genaralized interval metric of m tuples.

Let X7, a non empty interval set. A function d;g : X7 x X7 — I(R,,) is

called an interval metric of m tuples if the given properties are appeased:

1. O e d;jy(X, X) where O = ([0, 0], ..., [0, O]) and [0, 0] = M;(X;, X;)

for every i
2. dig(X,Y) =djy(Y, X)
8. dig(X,Y) < dig(X, Z)+ dig(Z, Y)

4.7 O e dig(X, X) = dig(X, Y) = dig(Y, Y), then X =Y
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Interval Matrix convergence [7], [10]: An interval matrix
AeM,,,,I(R,) is of the form

[a11, a11] [almaalm]

[aZ_m’ aZm]

[amm’ amm]

Then the multiplication of two interval matrices A and B is defined as:
Cj = ZAik * By;
k

and each element in this matrix Cj; is of the form [c;;, c_lj] where

e &) = la @) * g )
such that
cij = min{di by, Ginbrj> Gikbejs dinbis)
and
¢ij = max{ipbrj, Gikbrj> kb ik bis)
The convergence of an interval matrix can be defined as follows. A is

convergent iff the sequence Ak converges to the zero matrix O. That is

—(k ..
ma~-():0,z,]:1,2,...,m

lim a;® = 0, lim q;;
k k—o

3
S0 Y

The if and only if condition for the convergence of an interval matrix is
that the spectral radius p(| 4;; [) <1 where | A4;; | is the absolute real matrix

of A by taking absolute values of each elements [a;;, Zj] (5].
Completeness of Interval sequence: Here we are defining the ideas of
convergence and completeness for the case of generalized interval metric

space. As in the case of real sequences, convergence and completeness are

defined in the same way for interval sequences. Studies related to the
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interval convergence can be seen in [6]. All the definitions depicted in [6] for

interval sequences is also applicable for generalized interval space.
Let X, be a sequence of intervals. We say that X}, is convergent if there

exists an interval X" such that for every & > 0, there exists a natural

number N = N(g) such that d;y(X;, X*) <& whenever k& > N. As in the

case of real sequences, we write

X* = lim X, or X; - X

k—o0
and refer to X" as the limit of X},

A sequence (X},) in (X7, d;g) is said to be Cauchy if for every ¢ > 0 there
1s a positive integer N such that for all positive integer m, n > IN, the
distance d;4(X,,, X, ) < & The generalized interval metric space (X7, d;g) is
said to be complete if every Cauchy sequence of intervals (X;) in (Xj) is

convergent.

Definition: The Czerwik vector valued metric on X is the mapping
e: XxX — R, such that

1. e(u, v) = 0; if e(u, v) = 0 then u=v
2. e(u, v) = e(u, v)
3. e(u, v) < Sle(u, w) + e(w, v)]

. . s i=]
where S = (s;;) is a square matrix of order m such that s;; = {0 i J
I+

3. Fixed Point Results in Generalized Interval Metric Space

In this section we are going to establish the Perov’s extensions of Banach
contraction principle to the generalized interval metric for finding fixed point
solutions. The important thing here to keep in mind is that the considered
points are not single values but intervals and the intervals are considered as
the points of the metric space.
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So here we are finding fixed intervals as solution. From now onwards we
write the complete generalized metric space as ’cgms’ and complete
generalized interval metric space as ’cgims’ in short. Here we are stating only
the results and it is only an implementations of the theorem to the interval
valued metric space. The proofs, if needed, nothing but the proofs of the base

theorems.

Theorem 1. As in [2], Let (Y, e) beacgmsand g:Y — Y be a mapping

for which there exists a square matrix B of order m such that

e(gy, 8y) < Be(x, y) forever x, y € Y

And the convergence of the matrix B implies;

1. fix(g) = x", fix(g) ={x e Y : gx = x}

2. The successive sequence (x,) such that x, = g"(xy) is convergent
and attains the limit x* for all x, € Y.

Theorem 2. Let (X, d;y) be a cgims and f; : X; — X be a mapping

for which there exist an interval matrix Ay € M., I(R,) such that

diq(f1X, 1Y) < A1dig(X,Y) forall x, y e X

If p(Ay) <1 for the interval matrix Aj then;

1. fix(f7) = X" where fix(f;)={X € X7 : fi1X = X}

2. The successive sequence of intervals (X,,) such that X, = f{(Xo) is
convergent and attains the limit X" for all X, € Xj.

Theorem 3. As in [3], let (Y, e) beacgmsand g : Y — Y be a mapping
for which there exists a matrix B € M,,,,,,(R,) such that

e(8y, 8y) < Be(x, y) forall x, y e Y
If B is a convergent matrix to zero, then;

1. fix(g) = x* where fix(g)={x €Y : g, = x}
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2. The sequence of successive approximations x,, such that x,, = g"(xg)
is convergent and admits the limit x* for all x, € X;.

3. e(x,, x*) < BYI,, - By Y(e(xg, x,)), n e N

4.if h: Y — Y satisfies the situation e(g(x), A(x)) < ¢ forall x € Y and

some c¢ € R,,, and when the sequence y, = h"(xg), n € N, is considered,

one has
e(yp, x*) < (I, = B) (c) + B"(I,, — B) '(e(xp, x1)), n e N

Now we are going to extend this result on a setting of generalized interval
metric space.

Theorem 4. Let (X7 —d;y) be a cgims and fr : X; — X be a mapping

for which there exists an interval matrix Ay € M, I(R,) such that
dig(f1X, 1Y) < A1dig(X, Y) forall X, Y € X;
If p(| A7 |) <1 then;
1. fix(f;) = X* where fix(f;) ={X € X7 : fiX = X}
2. The approximate sequence in succession X,, such that X, = f/'(Xj) is
convergent and agrees the limit X™* for all X, € X7
8. dig(X,, X*) < Af(Ip, — A) ' (dia(Xo, X)) n e N

4. 1f g7 : X7 — X satisfies the situation d;y(f7(X), g7(X)) < Cy for all

X € X; and some Cj € IR,,, and when the sequence Y,, = g7(Xy), n € N,

is considered, one has
* —1 -1
diq(Yy, X7) < (I, — A7) (Cp) + AF (I, — Ap)” (dig(Xo, X1)), n e N
4. Czerwik Generalized Metric Space with Interval Points

We starts this section by reaching out the definition of Czerwik gms [2]
for the case of interval points.
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Definition. A mapping d;q; X; x X; — I(R),, is called Czerwik vector
valued metric on X, when there exists an interval matrix Sy € M,, ,,I(R,)
and for each U, V, W € X7, the succeeding conditions holds:

1. O € diy(U, U) where O = ([0, 0], ..., [0, 0]) and [0, 0] = M,;(U;, U;)
for every 1

2. dig(U, V) = dig(V, U)

3. dig(U, V) = S[ldiq(U, W) + djqg(W, V)]

4.If O e did(U’ U) = did(U’ V) = did(V, V), then U =V

where Sy = ([s;j, %] is an mx m interval matrix such that

5> 551 =

{[S, sl i=j

[0,0], i=#j
where s > 1

Then, a non empty set X; equipped with Czerwik vector valued metric

d;q with interval points is called Czerwik gms with interval points, denoted

by (X1, dig, Sr).

Example. Let X; = I(R?). Then the mapping d;y : X7 x X7 — I(Ry)
defined by

did(X’ Y) = dld(([ﬁ’ 371]? [32’ x_Z])’ ([&’ y_l]’ [&’ y_Z]))
_ |:Mei([ﬂ’ x__l]’ [&’ 37_1]):|
Me;([x2, x2] [y2, ¥2])

for every X, Y € X7 is a Czerwik generalized metric with interval points

[2,2] [o, 0]}

with interval matrix Sy = {[0 0] [2,2]

Ilustration: Let X = ([1, 2], [3, 9]) and Y = ([4, 8], [0, 1]). Then
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M1 2) 4 8])} [T

diq(X. Y) = {Mei([& 9] [0,1]] [[2, 9]

Let Z = ([L, 3], [4, 5]). Then

aan -y -1

Then S;(dyy(X, Z)+ diy(Z, Y)) = {[2’ 18]} and

[6, 20]

dig(X, Y) < S1(dig(X, Z) + diq(Z, Y))

5. Concluding Remarks

In this article we established some Perov extensions of Banach fixed point

theorem for the generalized interval metric space. Also we defined Czerwik

generalized metric space in interval platform with an example. The

applications of these results are entended to the areas wherever real

mathematics is transformed into interval mathematics and for all disciplines

mathematics where fixed point results works.
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