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Abstract

This paper is to introduce a new type of coupled contraction mapping in generalized
intuitionistic fuzzy metric spaces having partial ordering. The two mappings F : X x X — X

and g : X —» X mentioned here are taken to be compatible. The ¢#-norm * and the ¢-conorm o

are assumed to be of Hadzié¢ type. The main result on the coupled coincidence point is obtained
in generalized intuitionistic fuzzy metric spaces as an application of the coincidence point
theorem on metric spaces. This work is intended to extend recent results on coupled coincidence

points.

1. Introduction

In this paper we consider a coupled coincidence point problem in
generalized intuitionistic fuzzy metric spaces. There are several independent
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definitions of fuzzy metric spaces in the literatures, for instance [7], [8], [12],
[13] out of which we consider here the definition given by George and
Veeramani [7]. Coupled fixed point was introduced by Guo et al. [9]. A
coupled contraction mapping principle was established by Bhaskar et al. [3]
in partially ordered metric spaces. The result was extended to coincidence
point problems by Ciric et al. [6] under two different sets of conditions. In [4],
the well known concept of compatible mappings was extended to the context
of coupled and single mappings. In fuzzy metric spaces Zhu et al. [15] were
the first to correctly work out a fuzzy fixed point theorem. Afterwards, a
coupled coincidence point result was established by Choudhury et al. [5], Hu
[11]. In 1986, Atanassov [1] introduced the notion of intuitionistic fuzzy
metric space. Afterward, Park [14] gave the notion of intuitionistic fuzzy
metric space and generalized the notion of a fuzzy metric space due to George
and Veeramani. The purpose of this paper is to prove a coincidence point
result for compatible mappings in a generalized intuitionistic fuzzy metric
space which has Hadzi¢ type ¢-norm and ¢-conorm under the assumption of a

new inequality.

2. Preliminaries

Definition 2.1. A 5-tuple (X, M, N, %, 0) is said to be a generalized

intuitionistic fuzzy metric space (shortly GIFM-Space), if X is an arbitrary

set, * is a continuous ¢-norm, ¢ is a continuoust-conorm and M, N are fuzzy
setson X° x (0, o) satisfying the following conditions:

Forall x, y,z,a € X and s, ¢ > 0,

(GIFM-1) M(x, y, z,t) <1, N(x, y, 2, t) < 1,

(GIFM-2) M(x, y, z, t) > 0,

(GIFM-3) M(x, y, z,t) =1 ifand only if x = y = 2,

(GIFM-4) M(x, y, z, t) = M(p{x, v, z},t), where p is a permutation
function,

(GIFM-5) M(x, y, z, a, t)* M(a, z, z, s) < M(x, y, z, t + s),
(GIFM-6) M(x, v, z, -)(0, ©) — [0, 1] is continuous,

Advances and Applications in Mathematical Sciences, Volume 18, Issue 10, August 2019



NEW CONTRACTION MAPPING PRINCIPLE ... 1187
(GIFM-7) N(x, y, z, t) < 1,
(GIFM-8) N(x, y, z,t) = 0 ifand only if x = y = z,
(GIFM-9) N(x, y, 2, t) = N(p{x, 5, z}, t), where p is a permutation
function,
(GIFM-10) N(x, y, 2, a, t)0 N(a, 2, 2, s) > N(x, y, z, t + ),
(GIFM-11) N(x, v, z, -) is continuous.

In this case, the pair (M, N) is called a generalized intuitionistic fuzzy
metric on X.

Definition 2.2. Let (X, M, N, *, 0) be an intuitionistic fuzzy metric
space. For ¢ >0, the open balls Bps(x, r,t) and Bpy(x, r, t) with centre
x € X andradius 0 < r <1 are defined by

By(x,r,t)={ye X: M(x, y, y,t)>1-r} and
By(x,r,t)={ye X : N(x, y, y,t) <r}.

A subset A of X is called an open set if for each x € A there exist t > 0 and
0 < r <1 suchthat By;(x, r, t) contained in A.

Example 2.3. Let X be a nonempty set with metric D*. Denote
a*b=a-b and a0b=min{l,a+b} for all a,be[0,1]. For any
t € [0, ©), define

M(x, y, z, t) = -t and

t+D*(x, y, 2)

D*(x, y, 2)

N(x, y, 2, t) =
t+D*(x, y, 2)

forall x, y, z € X.

It is easy to see that (X, M, N, #, 0) is a generalized intuitionistic fuzzy
metric space.
Definition 2.4. Let (X, M, N, *, 0) be a generalized intuitionistic fuzzy

metric space and {x,} be a sequence in X.

() {x,} is said to be converging to a point x € X if

lim M(x, x, x,,, t) =1 and lim N(x, x, x,,, t) = 0 for all ¢ > 0.

n—o0 n—o
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(i) {x,} is called Cauchy sequence if Lm M(x,,p,%,,p,%,,t)=1 and
n—»0

N(xpipsXnips%n,t)=0 forall ¢t >0 and P > 0.

(1i1) An intuitionistic fuzzy metric space in which every Cauchy sequence
is convergent is said to be complete.

Lemma 2.5. Let (X, M, N, *, 0) be a generalized intuitionistic fuzzy
metric space. Then M(x, y, z,t) and N(x, y, z, t) are non-decreasing with

respect to t for all x, y, z in X.

Let (X, <) be a partially ordered set and F be a mapping from X to itself.
The mapping F is said to be non-decreasing if for all xq, x93 € X, x1 <x9
implies F(x;)= F(x9) and non-increasing if for all x;, x9 € X, x; < x9

implies F(x;) > F(xg).

Definition 2.6. Let (X, <) be a partially ordered set and

F : X xX — X. Then the map F'is said to have mixed monotone property if
F is non-decreasing its first argument and is non-increasing in its second

argument, that is, if for all x7, xg € X, x; < x9 implies F(x;, y) =< F(xg, ¥)
for fixed y € X, and for all y;, y9 € X, y; < y9 implies F(x, y;)= F(x, y3)
for fixed x € X.

Definition 2.7. Let (X, <) be a partially ordered set and
F:XxX — X and g: X — X be two mappings. The mapping F'is said to
have the mixed g-monotone property if F'is monotone g-non-decreasing in its
first argument and is monotone g-non-increasing in its second argument, that
is, if, for all x;, xg € X, g(x7) =2 g(xg) implies F(x;, y)< F(x9, y), for any
y e X and for all y;, y9 € X, g(y;)=2g(y9) implies F(x, y;)= F(x, y9) for

any x € X.

Definition 2.8. Let X be a nonempty set. An element (x, y) € X x X is

called a coupled fixed point of the mapping F:XxX — X if
F(x, y)=x, F(y, x) = y.
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Definition 2.9. Let X be a nonempty set. An element (x, y) € X x X 1is
called a coupled coincidence point of F': XxX - X and g: X —» X if
g(x) = Flx, y), g(y) = F(y, x).

Definition 2.10 Let (X, M, N, *, 0) be a generalized intuitionistic fuzzy
metric space. The mappings F': X xX — X and g : X — X are said to be

compatible if for all

lim M(g(F(xp, y)) 8(F(n, 3)) F(g(xn), () 1) =1 and
Lim M(g(E (v 20)). &(F (3. x0)). Flg(vn). &l ). 1) =1,
lim N(g(F(xn, yn)). &(F (@, 3)) Flg(xp). g(yn). 2) = 0 and
lim N((E(yp. xn)). 8(F (5. x0)). Flg(5n). &), 1) =0,
whenever {x,} and {y,} are sequences in X such that
lim F(x,, y,)= lim g(x,)=x and lm F(y,, x,)= lim g(y,) =1y for
n—o0 n—o0 n—o n—o

some x, y € X.

Lemma 2.11. Let (X, M, N, %, 0) be a generalized intuitionistic fuzzy
metric space. If the pair (F, g) where FF: XxX - X and g: X - X are
compatible then the pair (F, g) is also compatible.

Lemma 2.12. Let (X, M, N, *, 0) be a generalized intuitionistic fuzzy

metric space with a HadZi¢ type t-norm * and t-conorm ¢ such that
M(x, y,2z,t) > 1, N(x, y,2,t) >0 as t > oo, for all x,y,ze X. If the

sequences {x,} and {y,} in X are such that forall n >1,t > 0,
M(xp, 2, X110 8)* M(Yps Yns Ypa1s 8) 2 M(x,1, Xpq, X, t/R)
*M(yn-15 Yn-1> Yn- t/R)
N(xps %, %541, 1) O N(Vns Yns Yna1s 1) < N(xp_1, X1, %y, t/E)
ON(Yn» Yn» Yn-1:L/k)

where 0 < k < 1, then the sequences {x,} and {y,} are Cauchy sequences.
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3. Main Results

Theorem 3.1. Let (X, M, N, *, 0) be a complete generalized intuitionistic

fuzzy metric space with a HadZié type t-norm and t-conorm such that
M(x, y,2,t) > 1, N(x, y,2,t) > 0 as t = oo, forall x, y, z € X. Let < be

a partial order defined on X. Let FF: XxX > X and g: X — X be two

mappings such that F has mixed g-monotone property and satisfies the

following conditions:
(i) F(X xX) c g(X),
(1) g is continuous and monotonic increasing,
(iii) (g, F) is a compatible pair,
(iv) M(F(x, y), F(x, y), F(u, v), kt) * M(F(y, x), F(y, x), F(v, u), kt)
> M(g(x), g(x), g(u), 1) * M(g(y), 8(v), ). 1)  (3.1.1)
N(F(x, y), F(x, y), F(u, v), kt)0 N(F(y, x), F(y, x)F(v, u), kt)
< N(g(x), g(x), g(w), )0 N(g(»), g(»), &), ?) (3.1.2)
for all x,y,u,veX,t>0 with gx)=<gu) and g(y)=g), where
0 < k < 1. Also suppose either
(a) F'is continuous or
(b) X has the following properties:
() If a non-decreasing sequence {x, } — x, then x, <x forall n > 0 (3.1.3)
(i) If @ non-increasing sequence {y,} — y, then y, <y forall n > 0. (3.1.4)
If there are xg, yo € X such that g(xg)=F(xq, y0) g(y9)>= F(yg, x¢)
then there exist x, y € X such that g(x) = F(x, y) and g(y) = F(y, x), that
is, g and F have a coupled coincidence point in X.
Proof. Starting with x, yy in X, we define the sequences {x,} and {y,}
in X as follows:

g(x1) = F(xg, y0) and g(y;) = F(yo, xo)
g(xg) = F(x1, y1) and g(y2) = F(y1, x1)
and, in general, for all n > 0,
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g(xn+1) = F(xn’ yn) and g(yn+1) = F(yna xn) (3.1.5)
This construction is possible by the condition (i) of the theorem.

Next, we prove that for all n > 0,
g(xn)jg(xrwrl) (316)

and g(yn)tg(yn+l)' (3.1.7)

From the conditions on x(, yy, we have

8(xo) X F(xq, y0) = g(x1) and g(yo)>= F(yo, x0) = g(31).
Therefore (3.1.6) and (3.1.7) hold for n = 0.

Let (3.1.6) and (3.1.7) hold for some n = m. As F has the mixed g-monotone
property and g(x,,) =< 8(x;41), €V )= &(¥;ms1), it follows that

8(xmi1) = F(xpm, ym) 2 F(xps1, ¥m) and
Fmi1s *m) 2F s %) = 8(¥m1) (3.1.8)
Also, for the same reason, we have
F(tpms1, Ym) 2 F(Xmi1, Yme1) = 8(%pm42) and
8Wm+2) = Fms1, Xms1) 2 F Va1, X)) (3.1.9)
Then, from (3.1.8) and (3.1.9),
8(xpi1) = 8(xme2) and g(¥pmi1) = 8(Vm+2):
Then, by induction, (3.1.6) and (3.1.7) hold for all n > 0.

Due to (3.1.5), (3.1.6) and (3.1.7), from (3.1.1) and (3.1.2) for all
t >0,n>1, we have

M(g(xp,), g(xp,), 8(xyi1), kt)* M(g(yn) 8(y1), 8(Vns1)s kt)
= M(F(xn—l’ yn—l)’ F(xnfl’ yn—l)’ F(xn’ yn)’ kt)

*M(F(ynfl’ xnfl)’ F(ynfl’ xnfl)’ F(yn’ xn)’ kt)
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> M(8(xp1), 8(xp1),8(xn).0)* M(8(yy-1) 8(¥n-1), 8y ) 1) (by (3.1.1)) (3.1.10)
N(g(xy), 8(xp), 8(xp11), k) O N(8(vp ), 8(¥n ) 8(¥ns1), Et)

= N(F(xy-1, Yn1), F(xp1, Y1), Flxp, yn), kt)
ON(F(yp-1, Xp1) Fyp-1, 2p1), Fyn, x,), kt)

< N(g(xp-1) 8(xp-1), 8(x7 ) 1) O N(& (Y1), 8(¥n-1): 8(3n ) £). (by (3.1.2))(3.1.11)

From (3.1.10) and (3.1.11) and by applying Lemma 2.12, we can conclude that
{g(x,)} and {g(y, )} are Cauchy sequences. Since X is complete, there exist

x,y€ X such that
lim g(x,)=x and lim g(y,) = y. (3.1.12)
n—o n—o

Therefore, lim g(x,.;)= lim F(x,, y,)=x and
n—o n—o

lim g(yn+1) = lim F(yn» xn) =)
n—o n—o

Since (g, F') is a compatible pair, using continuity of g, we have

g(x) = gl_rﬁo g(g(xn+1)) = r}I_I)IiO g(F(xn’ yn)) = rP—rgo F(g(xn)’ g(yn)) (3.1.13)
and g(y) = lim 8(8(yns1))= Lim 8(F (yy, xp)) = Bim F(g(yn) g(x,)). (3.1.14)

Now assume that (a) holds. Then by continuity of F, from (3.1.13) and
(3.1.14) and by using (3.1.12), we have

glx) = lim g(F(xy, y,)) = lim F(g(x,). g(r,)) = F(lim g(x,),
lim g(y,)) = Fx. y)

glx) = lim g(F(y,, x,)) = im F(g(y,). g(x,)) = F(lim g(y,),
lim g(x,)) = F(y, x).

which implies that g(x) = F(x, y) and g(y) = F(y, x).
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Next we assume that (b) holds. By (3.1.6), (3.1.7) and (3.1.12), {g(x,,)} isa
non-decreasing sequence with g(x,) - x and {g(y,)} is a non-increasing

sequence with g(y,) > x as n — .

By (3.1.3) and (3.1.4), it follows that, for all n >0, g(x,)=<x and
g(yn)ty-

Since g is monotonic increasing,
8(g(x,)) =< g(x) and g(g(y,)) = g(v). (3.1.15)

Now, for all ¢ > 0, n > 0, we have

M(F(x, y), F(x, ), 8(F(xn, yn)) t) 2 M(F(x, y), F(x, y), 8(8(xp41)), kt)

*M(g(8(xn11)) 8(8(xp11)), 8(F (xn, ¥p)), (¢ = k2)) (3.1.16)
M(F(y, x), F(y, x), 8(F(xn, yu)) t) 2 M(F(y, x), F(y, x), 8(8(xp11)), kt)
*M(8(2(yn+1)) 8(8(ns1)) 8(F(yp, x,)), (¢ — ki) (3.1.17)
N(F(x, y), F(x, y), 8(F(xp, yp)) t) < N(F(x, y), F(x, y), 8(8(xn41)), k)
ON(g(g(xp41)), 8(8(xp41)), 8(F(xn, yy)), (¢ = Kt)) (3.1.18)
N(E(y, x), F(y, x), 8(F(yp, xp)) t) = N(F(y, x), F(y, x), 8(8(yn+1)) kt)
O N(2(8(yn+1)k (8(8(n+1)) (8(F (yn» x5)) (¢ - ki) (3.1.19)

From (3.1.16), (3.1.17), (3.1.18) and (3.1.19), for all ¢ > 0 we have
M(F(x, y), F(x, y), 8(F(xn, y)) t)* M(F(y, x), F(y, x), 8(F(yy, x,)), £)
> {M(F(x, ), F(x, ), 8(8(xp11)) kt) * M(2(g(xy41)), 8(8(x741)),
8(F(xp, yn)) (¢ - k)]

*{M(F(y, x), F(y, x), 8(8(yn+1)): kt) * M(8(8(y41)), 8(&(¥n41)):
8(F (yn, xp)) (¢ - k)]

N(F(x, y), F(x, ), g(F(xp, y,)) t) 0 N(F(y, x), F(y, x), 8(F(yp, x,)), 1)
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SAN(F(x, ), F(x, y), 8(8(xp41)), kt) 0 Ng(8(xy41)), 8(8(xn11))
8(F (xp, yp)). (¢ = k1))}
OAN(F (3, x), F(y, x), 8(8(yps1)) k)
O N(8(8(yns1)) 8(8(yns1)) 8(F (yp, xn)), (¢ = k2))}.
Taking n — o« on the both sides of the above inequality, for all ¢ > O,

lim {M(F(x, ), F(x, y), g(F(x,, y,)) t) * M(F(x, y), F(x, ), 8(F(yy, x,)) t)}
2 lim {M(F(x, y), F(x, y), 8(g(x11)), kt) * M(g(g(xp41)) (8(g(x511)),
(8(F(xp, yn)) (t = Et))} = r}lg; {M(F(x, y), F(x, y), 8(8(yn11)): kt)

* M(g(8(yn41)) (8(8(Wns1)) (8(F(yps x5)), ( — k1))

}'g;o{N(F (x, ¥), F(x, ), g(F(xp, y,)), )0 N(F(y, x), F(y, x), 8(F(y,, %)) t)}
< r}ig;o{N (F(x, y), F(x, y), g(8(xp41)) kt) 0 N(g(g(x,41)), g(8(xp41))

g(F(xp, yn)), (¢ = kt))}

0 ,}lfio {N(F(y, x), F(y, x), g(&(y,41)) kt) 0 N(g(g(y541)):

(8(g(yn+1)) (@(F(yp, ), (¢ = K1)}

Hence

M(F(x,y), F(x, ), lim g(F(xn, 7)), 6)* M(F(y, %), F(y,x), im g(F(yp,2,))0)
2{M(F(x,y), F(x,), im g(g(xy.1)), k)
*M(lim g(g(xy1)). lim g(glxy.1))
T g(F(xn, ), (¢ = k0))}

“{M(F(y, x), F(y, x), r}ig;og(g(ynﬂ ), kt)
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*M(lim g(g(ys1)) lim g(g(y.1))
Tim g(F(yn, ), (¢~ kt)
N(F(x, y). F(x, y), lim g(F(xp, y0)) )9 N(E(y, 2), F(y, ), lim g(EF(yp, %)) 2)
S {N(F(x, 5), Fx, y), lim g(g(xp)), kt)
ON(lim g(g(xns1)), lim g(g(xns1))
lim (F(xy, y,)), (¢ - ki)
HN(E(y, x), F(y, x), lim g(g(y11)), kt)
ON(lim g(g(yns1)), lim g(g(yn41))
lim g(F(yy, xp)), (¢ =)}
Therefore
M(F(x, y), F(x, y), g(x), ) * M(F(y, x), F(y, x), g(y). t)
2 {M(F(x, y), F(x, y), lim g(F(xy, y,)), kt) * M(g(x), g(x), g(y), (¢ ~kt)}
SAM(E(y, x), Fly, ), lim g(F(y,, x,)), kt) * M(g(y). 8(»). g(x), (¢ =~ k0))},
N(F(x, y), F(x, ). gx), 1) ¢ N(F(y, ), F(y, x), 8(3). 1)
< AN(F(@, y), F(x, y), lim g(F(xn, 3,)), kt)9 Nlg(x), g(x), g(v), (¢ - k1)
OIN(F(y, x), F(y, ), lim g(F(yy, x,)). k1) N(g(y), 8(v), g(x), ¢ = kt)},
that is,
M(F(x, y), F(x, y), g(x), t) * M(F(y, x), F(y, x), 8(y), t)

2 lim {M(F(x, y), F(x, y), g(F(xn, y,)), kt)* 1)}
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* i {M(F(y, x), F(y, x), g(&(F(5n, %)), k1) * 1}
2 lim {M(F(g(xy). 8(vn)). Flglxy). g()) F(. x). kt)
*M(F(g(yn), 8(xn)) 8(yn), 8(x)), Fy, x), kt)}
> lim {M(g(g(xn ). 8(8(xn)). 8(x). 1) * M(g(g(vn). 8(g(yn)): 8(v). )
= M(lim g(g(x,)). lim g(g(x,)). g(x), 1) * M(Lim g(g(y,))
lim g(g(y,)). 8(¥). 2)

= M(g(x), g(x), g(x), t)* M(g(y), g(y), g(¥), 1)
=1%1=1,
N(F(x, y), F(x, y), g(x), 1) 0 N(F(y, x), F(y, x), g(y), t)

< m {N(F(x, y), F(x, y), (F(xp, y), kt)90)
0 lim IN(F(y, x), F(y, ), 8(8(F(yn, x0))), k2)0 0}
< lim {N(F(g(xn)). 8(vn)), Fg(xn). 8(vn)), F(, x), kt)
ON(F(8(yn ) 8(xp)), F(8(yn ) 8(xp)), F(y, x), kt)}
< lim {N(g(g(x,)). 8(8(xn)). &), )0 N(g(8(vn). 8(g(yn)): 8(). )}
= N(lm g(g(xy)). lim g(g(x,)), glx). £)0 N(Lim g(g(y,)). lim g(g(y,)). &) ?)

= N(g(x), g(x), g(x), )0 N(g(y), 8(v), 8(»), t)
=000=0.

That is, M(F(x, y), F(x, y), g(x), t)* M(F(y, x), F(y, x), g(y), t) > 1
and N(F(x, y), F(x, y), g(x), )0 N(F(y, x), F(y, x), g(y), t) < 0. Therefore
M(F(x, y), F(x, y), glx) t)=1  and  M(F(y, x), F(y, x), g(y). t) = 1,
N(F(x’ y)7 F(x7 y)’ g(x)’ t) =0 and N(F(y’ x)’ F(ya x)7 g(y)’ t) = 0, which
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implies that g(x) = F(x, y) and g(y) = F(y, x). This completes the proof of

the theorem.

Corollary 8.2. Let (X, M, N,* 0) be a complete generalized
intuitionistic fuzzy metric space with a HadZzié type t-norm and t-conorm such

that M(x, y, z,t) > 1, N(x, y,2,t) > 0 as t > oo, for all x, y € X. Let <

be a partial order defined on X. Let F : XxX — X and g : X - X be two

mappings such that F has mixed g-monotone property and satisfies the

following conditions:
() F(X xX) c g(X),
(1) g is continuous and monotonic increasing,
(iii) (g, F) is a commuting pair,

(iv) M(F(x, y), F(x, y), Fu, v), kt)* M(F(y, x), F(y, ), F(v, u), kt)

> M(g(x), g(x), g(u), t) » M(g(y), g(»), g), t),

N(F(x, y), F(x, y), F(u, v), kt)0 N(F(y, x), F(y, x), F(v, u), kt)

< N(g(x), g(x), g(w), )0 N(g(»), g(»). 8W), 1),
for all x,y,u,veX,t>0 with gx)=<gu) and g(y)=g@) where
0<k<l.
Also suppose that either
(a) F'is continuous or
(b) X has the following properties:

(i) If a non-decreasing sequence {x,} — x, then x, <x forall n > 0,
(i1) If a non-increasing sequence {y,} — v, then y, =y forall n > 0.

If there are xg, Y9 € X such that xg < F(xq, ¥9), Yo = F(y9, x¢), then
there exist x, y € X such that g(x) = F(x, y) and g(y) = F(y, x), that is, g

and F have coupled coincidence point in X.
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Proof. Since a commuting pair is also a compatible pair, the result of the
Corollary 3.2 follows from Theorem 3.1. Later, by an example, we will show
that the Corollary 3.2 is properly contained in Theorem 3.1. The following

corollary is a result on fixed point.

Corollary 3.3. Let (X, =) be a partially ordered set and let
(X, M, N, *, 0) be a complete generalized intuitionistic fuzzy metric space
with a Hadzié type t-norm and t-conorm such that M(x,y,z,t)—1,

N(x,y,z,t)—>0 as t - o, for all x,y,z<e X. Let < be a partial order

defined on X. Let F': XxX — X be a mapping such that F has mixed

monotone property and satisfies the following conditions:
M(F(x, y), F(x, y), F(u, v), kt) * M(F(y, x), F(y, x), F(v, u), kt)
> M(x, x, u, t)* M(y, v, v, t),
N(F(x, y), F(x, y), F(u, v), kt)0 N(F(y, x), F(y, x), F(v, u), kt)
< N(x, x, u, )0 N(y, y, v, t),
forall x, y,u,ve X,t>0 with x<u and y=v, where 0 < k < 1.

Also suppose that either
(a) F'is continuous or
(b) X has the following properties:

(i) If a non-decreasing sequence {x,} — x, then x, <x forall n > 0,
(i1) If a non-increasing sequence {y,} — v, then y, =y, forall n > 0.

If there exist xg, yg € X such that xy < F(xq, ¥9), ¥o = F(yg, x¢), then
there exist x, y € X such that x = F(x, y) and y = F(y, x), thatis, Fhas a

coupled fixed point in X.

Proof. The proof follows by putting g = I, the identity function, in
Theorem 3.1.
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Example 3.4. Let (X, <) be a partially ordered set with X = [0, 1] and
the natural ordering < of the real numbers as the partial ordering <. Let for

all t >0 and x, y, z € X,

|-y |+ y—z |+ z—x |
e ¢ -1
| =y [+ y=2 |+ z—x |

M(x, y, 2, 1) = e t N, 3, 2, 1) = { |x—y |+ y—2 [+| z—x |
e ¢ J

Let a *b = min {a, b} and ¢ 9b = min {a + b, 1} for all a, b € [0, 1].

Then (X, M, N, %, 0) is a complete generalized intuitionistic fuzzy metric
space such that M(x, y, z,¢) > 1 and N(x, y, 2,t) > 0 as t — oo, for all
x, v, zeX.

Let the mapping g : X — X be defined as g(x) = gxz for all x e X

2 2
and the mapping F : X x X — X be defined as F(x, y) = % Then

F(X x X) c g(X) and F satisfies the mixed g-monotone property.

Let {x,} and {y,} be two sequences in X such that lim F(x,,y,)=a,

n—»
lim g(x,)=a, lim F(x,,y,)=b and lim g(y,)=b.
n—»o© n—» n—o©
Now, for all n > 0,
2 2
5 5 Xy —
g(xn) = Exlgw g(xn) = gy%’ F(xnv yn) = nTyn and

2 2
yi—x
F(ynaxn): n4 ~.

Then necessarily a = 0 and b = 0. It then follows that, for all ¢ > O,

lim M(g(F(xy, y)). (8(F(xn, 32)) F(8(xn) 8(n) t) =1,
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lim N(g(F(xp, ). (8(F (@, 3)) F(g(xn). 8(yp) 1) = 0, and
il_l)l})o M(g(F(yn’ xn))’ (g(F(yrw xn))’ F(g(yn)’ g(xn)’ t) =1,

il_l)l})o N(g(F(yn’ xn))’ (g(F(yna xn))’ F(g(yn)’ g(yn)’ t) = 0.

Therefore the mappings F and g are compatible in X.
We show that the conditions (3.1) and (3.2) hold.

| F(x,y)-F(u,v)| S%| g(x)-g(w)| +%| g(y)-g)|,x=u, y<v, and (3.4.1)

| F(y, x)- Fo, 0)| < 3| 8(0) - 80) | + 3| 8() — g@)], x > w, y < v. (3.4.2)

From (38.1.18), for all £ > 0 and 0 < k£ <1, we have

| F(x, y)-F(u, v)| 1/2] g(x)-g(u) |[+1/2| g(y)-8(v) | | g(x)-g(v)| | g(y)-g(w)]
e ks >e t > e 2 .e 2
\/ | g(x)-g()] |g(y)-g)] | g(x)-g(w)] lg(y)-20)]
> \e ¢ e ¢ > min <e t e ¢

| F(x, y)-F(u, v)]|
e kt > min {M(g(x), g(x), g(u), t), M(g(y), g(y), g), t)} (3.4.3)

and

_F G, )= F (u,v)]
e ks -1

[ _F(x,y)—F(u,v)J
e ks

Similarly from (3.4.2), we get

<max{N(g(x),g(x), g().t), N(g(y), g(y), g),t)}. (3.4.4)

| F(y,%)-F(v,u)|
e kit >min {M(g(x), g(x), g(u),t), M(g(y), g(y), g),t)}  (3.4.5)
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_F @, x)-F(o,u)l
e ks -1

[ _F(yvx)_F(v9u)J
e ks

From (3.4.3), (3.4.4),(3.4.5) and (3.4.6) we have

<max{N(g(x),g(x), g(),t), N(g(y), g(y), g),t)}. (3.4.6)

min {M(F(x, y), F(x, ), F(u, v), kt), M(F(y, x), F(y, x), F(v, u), kt)j

> min {M(g(x), g(x), g(w), £), M(g(y), g(»), ), 1)}
max {N(F(x, y), F(x, y), F(u, v), kt), N(F(y, x), F(y, x), F(v, u), kt)}

< max {N(g(x), g(x), g(), t), N(g(v), 8(y), 8(v), 1)}
that s,
M(F(x, y), F(x, y), F(u, v), kt) * M(F(y, x), F(y, x), F(v, u), kt)

= M(g(x), g(x), g(u), ) * M(g(y), 8(v). g), 1)

N(F(x, y), F(x, y), F(u, v), kt)0 N(F(y, x), F(y, x), F(v, u), kt)

< N(g(x), g(x), 8(u), 1) N(g(y), &(»), &), ?).
Hence (3.1.1) and (3.1.2) hold.

Thus all the conditions of Theorem 3.1 are satisfied. Hence we can

conclude that g and F have a coupled coincidence point. Here (0, 0) is a

coupled coincidence point of g and F'in X.
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