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Abstract

The focus of this paper is to generate a fixed point theorem on Banach space using the
concepts of CLR property and weakly compatible mappings. Further our result is substantiated

by the provision of a suitable example.

1. Introduction

Fixed point theory is one of the most interesting topics of modern
mathematics and might be taken as the main subject of analysis. For the past
many years, fixed point theory has been evolved as the area of interest for
many researchers. Husain and Latif proved some results for multi-valued
contractive-type and non expansive type maps on complete metric spaces and
on certain closed bounded convex subsets of Banach spaces. Further Husain
and Sehgal [2] proved common fixed point theorems for a family of mappings.
For the study of discontinuous and noncompatible mappings in fixed point
theory a significant work has been contributed by Sharma and Deshpande [7]
and Sharma, Deshpande and Tiwari [11]. Pathak, khan, M.S and Tiwari [1]
established a fixed point theorem using the continuity and weakly compatible
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mappings on complete metric space. Thereafter Sushil Sharma, Bhavana
Deshpande, and Alok Pandey [3] proved the some more results on Banach
space. Further several theorems [4], [5], [6], [8], [9] and [10] are being
generated on Banach space using various conditions. Now the aim of this
paper is to prove a common fixed point theorem on Banach space using
common limit range property and weakly compatible mappings. Further a

suitable example is discussed to validate our theorem.
2. Preliminaries

Definition 2.1. Mappings G and H defined on Banach space X then the
pair (G,H) is said to be weakly commuting on X if, |GH a - HG |

<|Ga - Hal|Va e X.
Definition 2.2. In a Banach space X, we define mappings G and H are
compatible if |GH o, —HGaj, |=1 as k — o, whenever {a,} is a

sequence in X such that Gaj, = H o = p for some o € X.

Definition 2.3. We define mappings G and H of a Banach space (X, | -||)
in which if Gu = Hp for some p e X such that GHp = HGp holds then G

and H are known as weakly compatible mappings.

Definition 2.4. We define mappings G and oJ of a Banach space (X, | -||)
in which if for some p e X there exists a sequence {o} in X such that

lim Gaj = lim Jay = Ju for some, then G and J are said to satisfy the

n—ow n—om

common limit in the range of J property and it is denoted by CLR; property.

3. Main Result

The following Theorem was proved in [1].

Theorem 3.1. Suppose X is a complete metric space, G, H, I and J are
mappings defined on X holding the conditions

(C1) G(X) c HX) and 1(X) c J(X)
(€C2) d(Ga, IBYP < [ady(d(Ja, HB)*P)+ (1 — o) max{p; (d(Jo, HB)*P),
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do(d(Jor, Ga)? d(HB, IB)7 ), dg(d(Jor, IB) d(HB, Gar)' ),

44(d(jo., GoY d(HB, Ga)*), ¢5(d(Jo., IB)' d(HB, IB) )]
forall o, p € X, where ¢, € 9k =0,1,2,3,4,5,0<a<1,0<p,q,q,r,
r's, s, [,I'<1 suchthat 2p =q+q' =r+r =s+s =1+1.

(C3) either of the mappings G or I is continuous

(C4) the pair of mappings (G, J) and (I, H) are weakly compatible.

Then the above mappings will be having unique common fixed point.

We prove the existence of above Theorem on Banach space under some
modified conditions.

For this we need to recall the following lemmas.

Lemma 3.2 [6]. If ¢, € ¢ and k € {0, 1, 2, 3, 4, 5} where ¢ is upper semi-
continuous and contractive modulus such that max {o(¢)} < ¢(¢) forall t > 0

and ¢(t) <t for t > 0.

Lemma 3.3 [1]. Let ¢; € ¢ and {B;} be a sequence of positive real

numbers. If B < ¢(Bj) for j € N, then the sequence converges to 0.

Now we prove our theorem on a Banach space.

Theorem 3.4. Suppose in a Banach space (X, |-|), there are four

mappings G, J, H and I holding the conditions

(C1) G(X) c H(X) and I(X) c J(X)

(C2) || Gou— IB PP < [ado| Jou — HB [P + (1 - o) max i@y (| Jo — H [*P),
b2 Jo, Gou || HB = 18 |¥), ¢3(] Jou — I8 || HB - Ga ),

0a( | o = Gou ] HB = Geu |), 055 | Jor — 18 [ Hp — 18 | )]

for all a,p e X, where ¢, €k =0,1,2,34,50<a<1,0<p,q,q,r
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r's, s, [,I' <1 suchthat 2p =q+q' =r+r =s+s =1+1.

(C3) The pair (G, J) satisfies CLR; property or the pair (I, H) satisfies
CLRy property

(C4) the pair of mappings (G, J) and (I, H) are weakly compatible.

Then the above mappings will be having unique common fixed point.

Proof. Begin with using the condition (C1), there is a point o such that
Gogy = Hoq for some aq € X. For this point oy there exists a point oy in X

such that Iaq; = Joy and so on.

Continuing this process, it is possible to construct a sequence {B;} for
j = 0, 1, 2, 3, ceey in X such that sz = GO"ZJ = H(ij+1, B2j+1 = IOL2j+1

= Jogjo.
We now prove {B;} is a cauchy sequence.

Putting o = og; and B = agji

I B2j = Bajur PP < ado(l Baj—1 — Baj |77)

+ (1~ a)ymax {by(| Bojr — Boj %) 2l Bojor — By 9] Boj — Bojn 1),
031 Boj-1 — Bojon Il Baj = Baj ") 945 11 Bojon — By 17 Boj — oy I
05 I Baj1 = Bajor Il Baj = Bojen 1D}

Denote p; = | B; - Bj1 |

(p2;*P < ado(pgj1)?P + (1 - a)max {¢;(p2;_1)*, da(paj 1) (P2;)Y,
83(0), 04(0), 955 [P2;-1) + (02 1(p2 )

< G¢O(P2j—1)2p + (1 — a) max {¢1(P2j—1)2p, d2(p2j-1)?(p2j)7, 93(0), 04(0),
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055 [021) + (02, (02 (02 D}
If py; > pgj_1 then we have
(P2 )*P < abo(pa; )P + (1 - @)max {1 (p2;)?, d2(p2;)? ™%, 05(0), 04(0),
¢5(% [(P2j)l+i + (P2j)l+l,])} (P2j)2p < adp(pg j)Zp + (1 — a)max {1 (pg j)zp ;

da (P2 j)2p , $3(0), 94(0), d5(pg; )P}

using Lemma (3.2)

(p2;)*? < 6((p2j)*) < (pg; )P

which 1s a contradiction.

Thus we must have pg; < pgj_;.
Then using this inequality the condition (C2) yields pgj < ¢(pgj_1), -..(1)

Similarly taking a = 0,9 and B = ag;,; in (C2), we get

I Bojs1 = Bajre P2 < ado(l Baj — Basr IPP)

+(1 - a)max {¢; (| Baj — Bajr1 I*2), 0o (] Bojr1 = Bojra Il B2j — Bajer [9):
03l Bajr = Bajer Il Boj —Bojur I 04 1l Bojn — By Il By

~Bajuz [°D: ¥5(5 Bojiz — Bojur I/l Boj — By I D)

(p2j+1)? < abo(pej)?P + (1 — a)max {d1(p2;)*F, do(p2je1)?(Pej)? s d5(0),
04(5 [P2711) (02))" + (P2711)7 ], 450}

(P21 ) < aby(po; 27 + (1 - @) max {by(p2))*”, $2(82711)7 (o2), 43(0)

0a(5 [02741)" (o))" + (P2j1)" (P2j1)'D: 05(0)
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If pgji1 > pgj, then we have

9 9 9
(p2j+1)? < adolpzjs1)™® + (1 — a)max {¢;(pgjs1)“?, da(pejri1)? ™Y,

03(0), d4(p2j+1), 95(0)}

since by Lemma 3.2

(p2j+1)7? < 0(pgj1)*? < (pgji1)??
which is a contradiction.
Thus we must have pgj,; < pg;.
Again from (C2), we obtain py;,; < ¢(pg;), ...(i1).
From (1) and (i1), in general
Pj+1 < o(pj), for j=0,1,2,3, ...
On using Lemma 3.3, we get pj >0 as j—> oo
This shows that
Pjl Bj =Bjs1 | >0 as j - o
Hence {8;} is a cauchy sequence.

Now X being a Banach space there exists a point p e X such that
Bj > as j— oo Consequently the subsequences {Gaygj}, {Jogj.a},

{Hagj,o} and {Iogj, | of {B;} also converge to the same point p € X, ... (iii)

Case (i): Let us suppose that the pair (G, JJ) satisfies CLR; property
from the condition (C3). So there is a sequence {ocj} in X such that

lim Go; = lim Jo; = Ju for some p € X.

n—o n—x0

Since G(X) c H(X), for each {oj} — X there is a sequence {§;} — X in
such that Go.; = HB;.

Therefore lim HB; = lim Ga; = lim Jo; = Ju where p € X, ...(iv)
Jj—o Jj—o Jj—o
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Now we prove that IB; = Ju as j — oo.

Now in the inequality (C2) putting o = aj, p = B;

| Gouj — 18 |*7 < [ado (| Jau; — HB; [*P)+ (1 - a)max ey (| Jor; — HB; [*7),
d2(| Jouj — Goj |9 HB; — IB; ), o5(| Jouj — IB; ] HB; = Gouj ),
ba(g | oy — Gouy ] HB - G |), o5(5 || Ja; — I8; || HB; — By | )]

| Ju = I8 P2 < [ado( Ju = i ) + (1 — ) max {gy (| Ju — Ju [*),

b S — Ju |9 Ju = IB; 1), d3(] T — IB; [ Ju — Ju |,

ball T = I [°] = o ), 55 | T — 18 |*)

| Ju = IB; PP < [ado(0) + (1 - a)max {$,(0), ¢(0), ¢5(0), 64(0),

1
¢5(§ | Ju—IB; 1?2 )}]
On using (iv) and Lemma 3.2, we get
| Ju = I8; [P < (| Ju - IB; [*7) < Ju - IB; [*P

which is a contradiction.

Hence IB; = Ju, ...(v)
Therefore HB; = Go,; = IB; = Jo; = Ju as j — .

Since the pair (G, J) is weakly compatible and G and </ commute at a
point of coincidence, that is Go; = Jo; and this gives GJo; = JGo; and
this implies Gp = Ju.

Now we show that Gu = .

Putting o = p and B = Bgj,; 1n (C2), we get
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[ Gu=1Bgj1 2 <[ado (| Ju - HBogj I*2)+ (1~ a)max {¢; (| Ju— HBgjq I#2),
b2 T - Gu | HBgjr1 — IBajer [9), 03() Ju— IBajey || HBgjur — Guu ),
1 ’
604G Il Ju = Gu [l HBgja = Gu [,
]_ ’
055 | Ju — IBgjiy ] HBzjr — IBojer |11
2
| Gu— 2P < [ado(] Gu—p [PP) + (1 — @) max {p,(| Gu —n [*2),
do(l G — Gu |7 = |7), ds(] G — T || - Gu ),
1 s s 1 [ !
04G1 G =GulPln=Gu ") dsG I Gu—p [l w—w )]
| Gu—n |?2 < [ado(] Gu—p [P) + (1 — a)max {; (| Gu — u [*P),

020}, 03| G~ T [*7), 44(5 | G — G [*7), 45(0)1)
On using (ii1) and Lemma 3.2

2 2 2
[ Gu—p[* <¢( Gu-pn|*?) <] Gu—p|™
which is a contradiction.

Hence Gu = g, ...(vi)
which implies Gu = Ju = p, ... (vii)

Again since the pair (I, H) is weakly compatible, I and H commute at
coincident point, that is IB; = HB; this gives IHB; = HIB; and this implies
Ip = Hp.

Now we show that Iy = p.

Putting o = p and B = p in (C2), we get

| G — In P < [ado (| Ju — Hu [*P) + (1 — @) max {o; (| Ju — Hu |*2),
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do| Ju — Gu |7 Hu — In |7), ¢3(| Ju — In ||| Hu - Gu ),
1 / 1 4
ba(G I Ju— In |°l Hi— G ), b5 | J = T ||| Hia = T | )}
I —In |22 < [ago(| p— In [*P) + @ — @) max {01 (| p — In [*2),
bl = |9 T — T ), dsl = T | T = ),
1 s s’ 1 [ !
da(G I m=p Pl = *), é5(5 1w = T [ Jn = T )]
= In |2 < ado(| p— In [22) + (1 - @) max {0y (| p — In [*2),

09(0), d3(| 1 — 1 [*2), 04(0), ¢5(0)}]
On using Lemma 3.2
Jw= T 2P <ol pw—Tu |?P) < u—In|?P

which 1s a contradiction.

Hence Ip = p.

Therefore In = Hu = p, ... (viii)

From (vii) and (viii), we get

Gu =dJu=1Ip=Hp=np

Hence p is a common fixed point of the four mappings.

For Uniqueness:

Suppose p and p*(u # n*) are common fixed points of G, H, I and J,
then substitute o = u and p = u* in the inequality (C2)

| G~ In* PP < [ado(| Ju — Hu* [P + (1 - a) max {¢y (| Ju — Hp* |*P),

do(| Ju - Gu | Hn* = Iw* |7), ¢s() Ju - In* ||| Hu* = Gu "),
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3422 SRINIVAS VELADI and THIRUPATHI THOTA
1 * ! 1 * 0 * * 0

a5l Ju = Gu I Hu"™ = Gy ), o5 5 (I T = 1™ || Ho® = In™ )]
= w" PP < [ado( 1= " [PP) + (1 - a)max {1 (n — 1* PP), 2(0)
O3l = u" [ w" =1 ") 64(0), ¢5(0)}]

since by Lemma 3.2

[n=u P2 < o(p—p* [*P) < | n—p*|**, acontradiction.

Therefore pu = p*.

This proves the uniqueness of the common fixed point of four mappings
G,H,J and L

Again by considering the pair (I, H) satisfying CLRy property we can

prove the theorem in case (i1).

Now we discuss an illustration to support our result.
4. Example
Suppose X =[0,1] with [a-B | =|a-p|Va, p e X.

Define

G(oc):I(oc)zl_a if0<a<1and

5
. 1
1-5a lfOS(X,SE
J)=Ha)=1; o

Then G(X) = I(X) = [o, %] while J(X) = H(X) = [% 1} U (o, %}

Hence the condition (C1) is satisfied.

Take a sequence {0} as a;, = for & > 0.

1
k

o

Now
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Il

|
o
7
B
8
o
=]
o,

1—1+1
Sl 6k
Gak_G(G k)— 5 =

1 1 1 1 1 5
Jok _JKE_E)_1_5(E_EJ_E+E__ as k — .
Also

Gak:Jak:l:J(—) as k — o and
6

1) where % e X, as k > w

Therefore the pairs (G, J) and (I, H) are satisfying CLR; and CLRp

properties.

Further G(%) = % and J(%j = % which implies G(l) = J(l) and

1 L . 1 1
) =3 which implies H(Ej = J(E)

1-=
1y_1)_ " "6 _1 DY _q1-8) 2 (L
Further GJ(EJ_G(G)_ T8 and IH(6)—I(1 6)-[(6)

This implies GJ(%) - JG(%) and IH(%) - IH(%) which proves
(G, J), (I, H) are weakly compatible mappings.

We now establish that the mappings G, H, I and </ satisfy the condition
(C2).

Case (i):

If o, B e [o, H we define || Go — Ip | = | Go — Ip |

Putting o = % and B = %, the inequality (C2) gives
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L7 Lyee
I5(3)-1(3)1
1 1 1 1
(3 #2) ) o1 2)- (%)

w(19(5)-ols) 1 #(s)-(3)1")
wl19(5)-1s)11#(s)-o(5)1 )
ozl () -ols ) #(s)-o(3) 1)
wolzl (s~ {s)111(s) (51 )

Fora:%andtakingp:p’:q:q’:r:r':s:s’:lzl’:%

1

| 0.002 || < E $0(0.002) + (1 - E) max {d’l (0.069), 2(0.2244), 4’3(0'2264)’}}

$4(0.1149), ¢5(0.1149)

10.002 | < [0.1142|
Case (ii): If o, B e (% 1}, we define || Go — Ip | = | Ga. — IB|.

Putting o = % and B = %, then the inequality (C2) gives

o(8)-2) = o1 o3)- (2 ) -
o195 H(2)6) {12(8)- o2 #(2)- )
of19(2)- () (3)-o(3)F b1 (2)-o(2) ()
o)) b3 (- ()]

Advances an d Applications in Mathematical Sciences, Volume 20, Issue 12, 2021



A RESULT ON BANACH SPACE USING COMMON LIMIT ... 3425

fora:%andtakingp:p’:q:q’:r:r’:szs':l:l’:%

{¢1(0.088), $2(0.1729), ¢3(0.186),H

1 1
10.033 | < [g $0(0.083) + (1 B 5] T 94(0.0499), 65(0.0932)

10.033| <|0.1345 |

Hence the condition (C2) is satisfied in both the cases (1) and (ii).

Further it can be observed that % is unique common fixed point of the

four mappings G, J, H and L

5. Conclusion

This paper aimed on a Banach space to generate a common fixed point
theorem using common limit range property and weakly compatible

mappings. Further an example is discussed to validate our theorem.
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