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Abstract 

 In this paper we have proved a fixed point theorem for Banach contraction mapping in 

dislocated quasi b-metric space. We have also obtained a common fixed point theorem for a pair 

of four self mapping in dislocated quasi b-metric spaces. We have concluded examples in order to 

validate our establish theorem, main results and corollaries. Our result unifies, extends and 

improvises many known results from the current literature. 

1. Introduction 

In 1906, Frechet presented the idea of metric space, which is one of the 

foundations of mathematics as well as in a few quantitative sciences. Because 

of its significance and application potential, this idea has been broadened, 
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improved and summed up from various perspectives. An inadequate rundown 

of such endeavors are as following: quasi metric space, symmetric space, 

partial metric space, cone metric space, G-metric space, b-metric space, 

dislocated metric space, dislocated quasi metric space, partial b-metric space 

and so on. 

Zeyada [15] initiated the concept of dislocated quasi-metric space and 

generalized the result of Hitzler and Seda in dislocated quasi-metric spaces. 

Recently Rahman and Sarwar [7] presented the idea of dislocated quasi b-

metric space and proved Banach’s contraction principle, Kannan and 

Chatterjea type fixed point results for self mapping in such space. Further 

work about dislocated quasi b-metric space can be found in ([1], [6], [7], [10], 

[14]). The Banach contraction theorem [2] is a very papular tool in solving 

existence problems in many branches of mathematical analysis. In the 

current work the concept of dislocated quasi b-metric space which generalized 

the notation of b-metric, partial b-metric and b-metric like spaces, has been 

studied. The famous Banach’s contraction principle and many other well 

known results in so called dislocated quasi b-metric space have been proved. 

In this paper, we proved a common fixed point theorem satisfying Banach 

contraction conditions in the context of four self-mapping in dislocated quasi 

b-metric space. 

2. Preliminaries 

Definition 2.1 [15]. Let X be a nonempty and let   ,: oXXd  be 

a function, called a distance function, satisfies: 

  ,0,:1 xxdd  

    0,,:2  xydyxdd  then ,yx   

   ,,,:3 xydyxdd   

     .,,,:4 yzdzxdyxdd   

For all .,, Xzyx   If d satisfies the condition ,41 dd   then d is called a 

metric on X. if it satisfies the condition 2,1 dd  and d4 it is called a quasi 

metric space. If d satisfies conditions 4,3,2 ddd  it is called a dislocated 
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metric and if d satisfies only d2 and d4 then d is called a dislocated quasi-

metric on X Non empty set X together with dq-metric d, i.e.  dX,  is called a 

dislocated quasi-metric space. 

Definition 2.2 [15]. Let X be a non-empty and let 1k  be a real 

number then a mapping   ,0: XXd  is called b-metric if;  

   ,0,:1 xxdd  

    0,,:2  xydyxdd  then ,yx   

   ,,,:3 xydyxdd   

     .,,,:4 yzdzxkdyxdd   

For all Xzyx ,,  the pair  dX,  is called b-metric space. 

It is clear that b-metric is more generalization of usual metric.  

Definition 2.3 [7]. Let X be a non-empty and let 1k  be a real number 

then a mapping   ,0: XXd  is called dislocated quasi b-metric if; 

    0,,:1  xydyxdd  then ,yx    

     .,,,:2 yzdzxkdyxdd   

For all Xzyx ,,  the pair  dX,  is called dislocates quasi b-metric or 

shortly (dq b-metric) space. 

Definition 2.4 [7].  A  sequence  nx  is called dq b-convergent in X if for 

Nn   we have   xxd n ,  where ,0  then X is called the dq b-limit of 

the sequence  .nx  

Proposition 2.5 [7]. Let X be a non-empty set such that d  is dq-metric 

and  d  is a b-metric with 1k  on X. Then the function   ,0: XXd  

defined by      yxdyxdyxd ,,,    for all Xyx ,  is a dq b-metric on 

X. 

Definition 2.6. A sequence  nx  is called dq b-metric space X is called 

Cauchy sequence if for Nn  0,0  such that for all ,, 0nnm   

  ., nm xxd  
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Definition 2.7 [8]. A dislocated quasi b-metric space  dX,  is complete if 

every Cauchy sequence in it is dislocated quasi b-convergent. 

 Lemma 2.8 [6]. Limit of convergent sequence in a dislocated quasi b-

metric space is unique. 

Lemma 2.9 [2]. Let A be a Banach algebra with a unit e, and .Ax   If 

the spectral radius   .,.,1 eix   

  ,1inflim
1

1

1




n
n

n
n

n

n
xxx  

then xe   is invertible. Actually, 

  







0

1
.

i

ixxe  

If   , x  then xe   is invertible in A moreover, 

  










0
1

1
,

i
i

ix
xe  

where  is a complex constant. 

Example 2.10. Let    


 
00

1 :
i nnn aaaA   with convolution 

as multiplication: 

    .

0

00

















 

nnji

jinnnn babaab  

Thus A is a Banach contraction. The unit e is  .0,0,0,1   

Let    ,0,0:0   nnnn aAaaP  which is a normal in A. 

And let 1X  with the metric AXXd :  defined by 

         .,, 000   nnnnnnn yxyxdyxd  

Then  dx,  is a dislocated quasi b-metric space with A. 
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Lemma 2.11 [6]. Let  dX,  be a dislocated quasi b-metric space and 

 nx  be a sequence in X such that    nnnn xxdxxd ,, 11    for 

,4,3,2,1n  and  ,1,0,10  k  and k is defined in dislocated 

quasi b-metric space. Then  nx  is a Cauchy sequence.  

Theorem 2.12 [8]. Let  dX,  be a complete dislocated quasi b-metric 

space and let XXT :  be a continuous self mapping with 






2

1
,0  and 

1k  satisfying the condition       TyydTxxdTyTxd ,,,   for all 

., Xyx   Then T has a unique fixed point in X. 

Theorem 2.13 [1]. Let  dX,  be a complete dislocated quasi b-metric 

space and let XXT :  be a continuous self mapping with 






4

1
,0  and 

1k  satisfying the condition       TxydTyxdTyTxd ,,,   for all 

., Xyx   Then T has a common fixed point in X. 

Lemma 2.14. Let  dX,  be a dislocated quasi b-metric space. Let  nx  be 

a sequence in X. Then  nx  converges to x if and only if   0, xxd n  as 

.n  

Lemma 2.15. Let  dX,  be a dislocated quasi b-metric space. Let  nx  be 

a sequence in X. Then  nx  is a Cauchy sequence if and only if 

  0, mn xxd  as ., mn  

3. Main Results 

In this section, we shall prove common fixed point theorem of generalized 

Banach Contraction mappings in the setting of dislocated quasi b-metric 

spaces.  

Theorem 3.1. Let  dX,  be a complete dislocated quasi b-metric space. 

Suppose that F, G, S and T are four self-maps on X such that    XFXT   

and     XGXS   and suppose that at least one of these four subsets of X is 

complete. Let 
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         TyGydTyFxdSxGydSxFxdTySxd ,,,,, 4321   

 
   

 
 GyTyd

TyFxd

TySxdSyGyd
GyFxd ,

,1

,,
, 765 




  

   .,,
2

1
8 SxyGdTyFxd   (3.1) 

For all ., Xyx   If 1
22

87531821 






 








 
  and 

i






 








 
 ,1

22
87642843  where 81  i  are 

generalized constants. Then the pairs  SF ,  and  TG,  has a unique point 

of coincidence. Moreover, F, G, S and T have common fixed point provided 

that the pair in  SF ,  and  TG,  self mappings. 

Proof. Choose ,0 Xx   define a sequence  nx  in X as: 

0, 2212121222   nFxTxxGxSxx nnnnnn  

   122122 ,,   nnnn TxSxdxxd  

   nnnn SxGxdSxFxd 2122221 ,,   

   121241223 ,,   nnnn TxGxdTxFxd  

 
   

 122

1221212
61225 ,1

,,
,




 




nn

nnnn
nn TxFxd

TxSxdSxGxd
GxFxd  

     nnnnnn SxGxdTxFxdGxTxd 212122812127 ,,
2

1
,    

       1224121232222121 ,,,,   nnnnnnnn xxdxxdxxdxxd  

 
   

 
 nn

nn

nnnn
nn xxd

xxd

xxdxxd
xxd 227

1212

12222
62125 ,

,1

,,
, 









  

   nnnn xxdxxd 2212128 ,,
2

1
   

        122412221232121 ,,,,   nnnnnnnn xxdxxdxxdxxd  

 
    

  1212

122122
62125 ,1

,,
,




 




nn

nnnn
nn xxd

xxdxxd
xxd  
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    1222128 ,,   nnnn xxdxxd  

     nnnn xxdxxd 21286531122 ,,    

   1228643 ,  nn xxd  

       nnnn xxdxxde 212865311228643 ,,    

As     1865428643   implies   .143   

Hence by lemma 2.9  8643 e   is invertible, so 

       nnnn xxdexxd 21286531
1

8643122 ,, 


   

   ,,, 212122 nnnn xxdxxd    (3.2) 

Where    .86531
1

8643 


e  

Again by (3.1) we have. 

   12222212 ,,   nnnn TxSxdxxd  

   2212222221 ,,   nnnn SxGxdSxFd  

 12223 ,  nn TxFxd  

   1222512124 ,,   nnnn GxFxdTxGxd  

   
 1222

12221212
6 ,1

,,










nn

nnnn

TxFxd

TxSxSxGxd
 

 12127 ,  nn GxTxd  

   221212228 ,,
2

1
  nnnn SxGxdTxFxd  

     12123222222121 ,,,   nnnnnn xxdxxdxxd  

   nnnn xxdxxd 21251224 ,,    

   
 

 nn
nn

nnnn xxd
xxd

xxdxxd
2127

1212

1222122
6 ,

,1

,,




 



  

   22212128 ,,
2

1
  nnnn xxdxxd  
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      2212122222121 ,,,   nnnnnn xxdxxdxxd  

      122621251224 ,,,   nnnnnn xxdxxdxxd  

      221212281222 ,,,   nnnnnn xxdxxdxxd  

     654222128621 ,   nn xxd  

      221286211228 ,,   nnnn xxdexxd  

   ., 12286542  nn xxd  

As     1865318621   implies   .121   

Hence by lemma 2.9   8721 e  is invertible, so 

       12286542
1

86212212 ,, 


  nnnn xxdexxd  

   ,,, 1222212   nnnn xxdxxd  (3.3) 

Where    .86542
1

8621 


e  

From (3.2) and (3.3) we get 

   nnnn xxdxxd 2122212 ,,    

and 

   .,, 1222122   nnnn xxdxxd  

Since, ,  as .ijji kkkk   

Thus, we have 

     212122212 ,,, xxdLLxxLdxxd k
kkkk     (3.4) 

and 

     .,,, 101222122 xxdLLxxLdxxd k
kkkk     (3.5) 

By (3.4) and by (3.5) for any k we have 

     12,, 21
2

1

1 



 knwherexxdLxxd

n

nn  (3.6) 

and 

   10
2

1 ,, xxLxxd
d

n

nn   (where .2kn   (3.7) 

By Lemma 2.11 and Lemma 2.14 we have 
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       86542
1

8621 


eL  

   86531
1

8643 


e  

      1
864386542

1
8621


 ee  

 86531   

 
 

 
 

.1
11 8643

86531

8621

86542 








  

Which implies    







0

1

i

iLLe  and .,0  nLn   

Without loss of generality, for each ,nm   let m be even and n be odd. 

Thus by (3.6) and (3.7) 

       mmnnnnmn yydyydyydyyd ,,,, 1211     

 21
2

2

2

2

2

2

2

1

2

1

, xxdLLLLL

mnnnn


















  

 10
2

2

2

2

2

2

2

1

2

1

, xxdLLLLL

mnnnn


















  

      


22

1

21
22

1

, LLeLxxdLLeL

nn

 

        .,,, 10
2

1

21
2

1
1

10 xxdLxxdLLexxd

nn 


  

Now, 

        ,0,,,, 10
2

1

21
2

1

10
2

1

21
2

1





xxdLxxdLxxdLxxdL

nnnn

 as 

.n  

Hence, by lemma    

















10
2

1

21
2

1

,, xxdLxxdL

nn

 is a Cauchy sequence. 



Q. A. KABIR, R. VERMA, M. S. CHAUHAN and R. SHRIVASTAVA 

Advances and Applications in Mathematical Sciences, Volume 19, Issue 8, June 2020 

820 

By lemma 2.14 and lemma 2.15 we conclude that  nx  is a Cauchy 

sequence in X. 

Suppose that  Xf  is complete subset of X. Then there exists Xx   such 

that , fxxn  as n  for .X  Implies  nx  and  1nx  also 

converge to x. 

Now we will prove that . Sx   

By using (3.1) we have 

     xTydTySdxSd nn ,,, 11 
   

     13121 ,,, 



  nn TyFdSGydSFd  

   15114 ,, 


  nnn GyFdTyGyd  

   

 
 117

1

111
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,1
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







 



 nn

n

nnn GyTyd
TyFd

TySdSyGyd
 

     xTydSGydTyFd nnn ,,,
2

1
1118 



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


  nnnn TyGydTyxdSGydSxd  
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 
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1
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
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   

 
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111
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





 




 nn

n

nnn
n GyTyd

Tyxd

TySdSyGyd
Gyxd  

      xTydSGydTyxd nnn ,,, 1118 


   

       11413121 ,,,, 



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       117111615 ,,,, 


  nnnnnn GyTydTySdSyGydGyxd  

      xTydSGydTyxd nnn ,,, 1118 


   



FIXED POINT THEOREM FOR FOUR SELF MAPPINGS … 

Advances and Applications in Mathematical Sciences, Volume 19, Issue 8, June 2020 

821 

          xGydTyxdSxdxGydSxd nnn ,,,,, 1413121 



   

         116151 ,,,,   nnnn TyxdxGydGyxdTyxd  

        xTydxGydTyxdGyTyd nnnnn ,,,, 1118117    (3.8) 

     xGyd
e

xSd n ,
1

, 1865432
841


 


  

   .,1865 xTxde n  Because  841 e  is invertible. 

Since   xGyd n ,1  and  xxT n ,1  are Cauchy sequences, therefore, 

by Lemma 2.11 and Lemma 2.14 it follows that . Sx  Hence 

.  SFx  Since    ,XGXSSx    then there exists X   

such that . Gx  

Now we will prove that . Tx  By (3.1) we have  

       TzSydSyxdTxd nn ,,, 22  

         TFydSyGdSyFydSyxd nnnnn ,,,, 23222212  

   TGd ,4  

 
   

  

   
 






TFyd

TSydSGd
GFyd

n

n
n

,1

,,
,

2

2
625  

     nn SyGdTFydGTd 2287 ,
2

1
,    

     nnnn SyxdSyFydSyxd 222212 ,,,   

     TxdTFyd n ,, 423  

 
   

  

  






TFyd

TSydSxd
xFyd

n

n
n

,1

,,
,

2

2
625  

     nn SyxdTFydxTd 2287 ,,
2

1
,    
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        nnnn SyxdSyxdxFydSyxd 222212 ,,,,   

       TxdTxdxFyd n ,),, 423  

      ),,, 2625
 TxdxyFdxFyd nn  

    nn SyxdTFyd 227 ,,    

     nSyxde
e

Txd 2865432
843

,
1

, 


   

   .,2865 xFyd n  

Since   nSyxd 2,  and  xFx n ,2  are Cauchy sequences, then by Lemma 

2.11 and Lemma 2.14 it follows that .  Tx  Hence .  TGx  

Thus we have proved that x is a common point of coincidence for pairs  SF ,  

and  ., TG  

Conclusion 

In this paper, we have proved a fixed point theorem for new banach 

contraction condition with pair of four self mappings in dislocated quasi b-

metric space the presented result generalize some existing results due to 

Aage [1], Kineam and Suanoom [6], and Sharma [14]. 
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