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Abstract

In this paper we have proved a fixed point theorem for Banach contraction mapping in
dislocated quasi b-metric space. We have also obtained a common fixed point theorem for a pair
of four self mapping in dislocated quasi b-metric spaces. We have concluded examples in order to
validate our establish theorem, main results and corollaries. Our result unifies, extends and
improvises many known results from the current literature.

1. Introduction

In 1906, Frechet presented the idea of metric space, which is one of the
foundations of mathematics as well as in a few quantitative sciences. Because
of its significance and application potential, this idea has been broadened,
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improved and summed up from various perspectives. An inadequate rundown
of such endeavors are as following: quasi metric space, symmetric space,
partial metric space, cone metric space, G-metric space, b-metric space,
dislocated metric space, dislocated quasi metric space, partial b-metric space
and so on.

Zeyada [15] initiated the concept of dislocated quasi-metric space and
generalized the result of Hitzler and Seda in dislocated quasi-metric spaces.
Recently Rahman and Sarwar [7] presented the idea of dislocated quasi b-
metric space and proved Banach’s contraction principle, Kannan and
Chatterjea type fixed point results for self mapping in such space. Further
work about dislocated quasi b-metric space can be found in ([1], [6], [7], [10],
[14]). The Banach contraction theorem [2] is a very papular tool in solving
existence problems in many branches of mathematical analysis. In the
current work the concept of dislocated quasi b-metric space which generalized
the notation of b-metric, partial b-metric and b-metric like spaces, has been
studied. The famous Banach’s contraction principle and many other well

known results in so called dislocated quasi b-metric space have been proved.

In this paper, we proved a common fixed point theorem satisfying Banach
contraction conditions in the context of four self-mapping in dislocated quasi
b-metric space.

2. Preliminaries

Definition 2.1 [15]. Let X be a nonempty and let d : X x X — [o, ®) be

a function, called a distance function, satisfies:
dl:d(x, x) =0,
d2: d(x, y) = d(y, x) = 0 then x = y,
d3 : d(x, y) = d(y, x),
d4 : d(x, y) < d(x, z) + d(z, y).

For all x, y, z € X. If d satisfies the condition d1 — d4, then d is called a
metric on X. if it satisfies the condition dl, d2 and d4 it is called a quasi

metric space. If d satisfies conditions d2, d3, d4 it is called a dislocated
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metric and if d satisfies only d2 and d4 then d is called a dislocated quasi-
metric on X Non empty set X together with dg-metric d, i.e. (X, d) is called a

dislocated quasi-metric space.

Definition 2.2 [15]. Let X be a non-empty and let 2 >1 be a real
number then a mapping d : X x X — [0, o) is called b-metric if;

dl:d(x, x)=0,

d2:d(x, y) =d(y, x) = 0 then x =y,

d3: d(x, y) = d(y, x),

d4 : d(x, y) < kd(x, z) + d(z, y).

For all x, y, z € X the pair (X, d) is called b-metric space.

It is clear that b-metric is more generalization of usual metric.

Definition 2.3 [7]. Let X be a non-empty and let £ > 1 be a real number
then a mapping d : X x X — [0, ) is called dislocated quasi b-metric if;

dl:d(x, y)=d(y, x) =0 then x = y,

d2:d(x, y) < kd(x, z) +d(z, y).

For all x, y, z € X the pair (X, d) is called dislocates quasi b-metric or
shortly (dq b-metric) space.

Definition 2.4 [7]. A sequence {x,} is called dq b-convergent in X if for

n > N we have d(x,, x) < ¢ where € > 0, then X is called the dg b-limit of

the sequence {x,, }.

Proposition 2.5 [7]. Let X be a non-empty set such that d* is dq-metric
and d*" is a b-metric with k > 1 on X. Then the function d : X x X — [0, )
defined by d(x, y) = d*(x, y)+d"(x, y) for all x, y € X is a dq b-metric on
X

Definition 2.6. A sequence {x,} is called dgq b-metric space X is called
Cauchy sequence if for e¢>0,3nygeN such that for all m, n > n,

d(x,,, x,) < €
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Definition 2.7 [8]. A dislocated quasi b-metric space (X, d) is complete if
every Cauchy sequence in it is dislocated quasi b-convergent.

Lemma 2.8 [6]. Limit of convergent sequence in a dislocated quasi b-

metric space is unique.

Lemma 2.9 [2]. Let A be a Banach algebra with a unit e, and x € A. If

the spectral radius p(x) <1, i.e.,

1 1
p(x) = lim [x*[n =inf | x" |7 <1,
n—w >1

then e — x is invertible. Actually,

(e )"

5
i=0
If p(x) < [A], then Ae — x is invertible in A moreover,

(he—x)"t = E -,
4 xl—l
=0
where A is a complex constant.

Example 2.10. Let A= /' = {a =(a,),50 : ZZO' a, | <o} with convolution

as multiplication:
ab = (ap)20(Bn)nz0 = [ Zaibj] :
i+j:n n>0
Thus A is a Banach contraction. The unit eis (1, 0, 0, 0...).
Let P = {a =(a,),s0 € A : a, =0, V, >0}, which is a normal in A.
And let X = ¢! with the metric d : X x X — A defined by
d(x’ y) = d(xn)nZOa (yn)nzo) = (l Xn = Yn |)n20‘

Then (x, d) is a dislocated quasi b-metric space with A.
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Lemma 2.11 [6]. Let (X, d) be a dislocated quasi b-metric space and
{x,} be a sequence in X such that d(x,, x,.1)< od(x,_1, x,) for
n=123,4,... and 0<oak <1, a€l0,1), and k is defined in dislocated

quasi b-metric space. Then {x,} is a Cauchy sequence.
Theorem 2.12 [8]. Let (X, d) be a complete dislocated quasi b-metric

space and let T : X — X be a continuous self mapping with o € {0, %) and

k >1 satisfying the condition d(Tx, Ty) < a[d(x, Tx)+ d(y, Ty)] for all
x, y € X. Then T has a unique fixed point in X.

Theorem 2.13 [1]. Let (X, d) be a complete dislocated quasi b-metric

space and let T : X — X be a continuous self mapping with o € {0, %) and

k >1 satisfying the condition d(Tx, Ty) < a[d(x, Ty)+d(y, Tx)] for all
x, y € X. Then T has a common fixed point in X.

Lemma 2.14. Let (X, d) be a dislocated quasi b-metric space. Let {x,,} be
a sequence in X. Then {x,} converges to x if and only if d(x,, x) > 0 as

n — o
Lemma 2.15. Let (X, d) be a dislocated quasi b-metric space. Let {x,,} be

a sequence in X. Then {x,} is a Cauchy sequence if and only if

d(x,, x,,) > 0 as n, m — .

3. Main Results

In this section, we shall prove common fixed point theorem of generalized
Banach Contraction mappings in the setting of dislocated quasi b-metric

spaces.

Theorem 3.1. Let (X, d) be a complete dislocated quasi b-metric space.
Suppose that F, G, S and T are four self-maps on X such that T(X) c F(X)
and S(X) < G(X) and suppose that at least one of these four subsets of X is

complete. Let
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d(Sx, Ty) < Md(Fx, Sx)+ Aod(Gy, Sx)+ Agd(Fx, Ty) + A d(Gy, Ty)

d(Gy, Sy)+d(Sx, Ty)

+A5d(Fx, Gy)+ g 1+d(Fx, Ty)

+Ad(Ty, Gy)

g %d(Fx, Ty)+d(Gy, Sx). 3.1)

For all x,yeX. If u(MJrM+7‘8)+M(7”1+7‘3+7‘5+7*7+7&8

5 5 j<1 and

H(xgmg+x8j+u(x2+k4+>»26+X7+l8j<1,ki where  1<i<8  are

generalized constants. Then the pairs (F, S) and (G, T')) has a unique point

of coincidence. Moreover, F, G, S and T have common fixed point provided
that the pair in (F, S) and (G, T') self mappings.

Proof. Choose x; € X, define a sequence {x,} in X as:
Xon = Sxgy = GXoni1, Xons1 = Txopa = FXgp,g = Vn 20
d(xgn, Xon41) = d(Sxgy, Trgyi1)
< Md(Fxgp, Sxgp) + hod(Gxgn i1, Sxgy)
+h3d(Fxopn, Thopi1) + had(Gxgn1, Thops)

d(Gxgp 41, Sxopi1) + d(Sxgy,, Txg9,.1)
1+ d(FxZn’ Tx2n+l)

+ A5d(Fxgp, GXopi1) + hg

1
+h7d(Txgp 41, GXopin )+ Ag 3 d(Fxgy, Txop1 )+ d(Gxgp i, Sxop)

= Md(X9p_1, X5 ) + hod(Xgp,, Xoy) + Ad(Xop_1, X9p11) + Agd(Xop, Xopi1)

d(x2n7 xZn) + d(x,‘Zns x2n+1)
1+d(x2p-1, ¥2p41)

+ hsd(X9n_1, Xon) + hg + Agd(x9p, X9y)

1
+hg g d(x9p-1, X9511) + d(X9y, X9p,)

< Md(X9p1, Xon) + hgld(Xgy-1, X9,) + AKXy, X9p41)]+ Ayd(Xop, Xopi1)

[d(x9,,, X9n-1) + d(x9p,, X9p41)
1+ [d(xZn—l’ x2n+1)]

+ h5d(X9p-1, Xop) + hg
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+hgld(xgn-1, X2,) + d(X2pn, X241)]
d(x2n, X9n41) < (A + A3 + A5 +hg +Ag)d(x9,1, Xop)
+HAg + Ay + kg +Ag)d(x,, X2441)
(e—r3—Ay —Ag —Ag)d(xgn, Xop41) < (A +Ag —hs —hg —Ag)d(xg, 1, X2,)
As p(Ag+ry +rg+Ag)+ (Ao +Ay +A5 +Ag +Ag)<1 implies p(hg+iy)<1.
Hence by lemma 2.9 (e — A3 — A4 — g —Ag) is invertible, so
(%2, X2p41) < (€ =g —hg —hg —hg) (A +hg + X5 +hg +hg)d (%2, 1, X2,)
= d (X, Xop41) S Wd(X2n 1, X2,), (3.2)
Where y = (e —hg — Ay —Ag —Ag) L(Ay + Ag + A5 + Ag + Ag).
Again by (3.1) we have.

d(x9p41> Xopi2) = d(Sxop.9, Thop,1)

< Md(Fypi9, Sxopi9) + Aod(Gxop i1, SXoyio)
+A3d(Fxgy 9, Thop1)

+ A4 d(Ggp i1, Thop 1) + As5d(Fopi, GXoyir)

Y d(Gxgy 11, Sxop11) + (Sx9p49, Tx9p41)
6 1+ d(Fxgni9, Txop41)

+Agd (Txon 41, Gxons1)
1
+Ag 5 d(Fxop.9, Tx9pi1) + d(Gxgpi1, Sxopio)

= Md(X9p11, Xop12) + Aad(Xep, Xopio) + Asd (Xon41, Xopi1)
+h4d(Xoy, X9p11) + A5d (X911, Xoy)

N d (%9, X9n+1) + A(X2n42, Xop41)

+
1+ d(x2n+1’ x2n+l)

+ 7\‘7d(x2n+1’ x2n)

1
+ Ag 9 d(x2n+1y x2n+1) + d(x2ny x2n+2)
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< Md(X2p41, X2ni2) + Aald(Xgy, Xoni1) + d(Xoni1s Xoni2)]
+hgd(Xon, Xops1) + Asd(Xone1s Xon) + Ae[d(Xons Xone1)
+d(Xn 12, *2n41)] + Agld(X2n, Xon41) + dA(X2n41, Xons2)]
= (A +hg + kg + Ag)d(Xoni1s Xons2) + (g + Ay + A5 + g

+Ag)d (X9, Xop11)(€ =R — Ao — g — Ag)d(X2n41, Xon+2)

< (Mg + Ay + 05 + g +Ag)d(x9,, Xop41)-

As p(7\.1+7\.2+7\.6+7\.8)+p(}\.1+7\.3+7\.5+7\.6+7\.8)<1 1mphes p(}\.l +7\.2)<1.

Hence by lemma 2.9 (e —A; — kg — A7 — Ag) is invertible, so

d(Xons1, Xonsa) < (€—hy —hg —hg —hg) (A +Ay +A5 +hg +1g)d(Xap, Xani1)

d(gn41, Xonr2) < vd (X2n, Xoni1 ), (3.3)
Where y=(e—A; —Ag —hg—Ag) (Ao +hy +A5+Ag +Ag).
From (3.2) and (3.3) we get
d(x9n41, X2ns2) < VWA (X2,1, X2n)
and
d(%ns Xons1) < WYd(x2, 2, Xo,-1)
Since, yy = vy, as kk; = kjk;.
Thus, we have
d(Xop 115 Xopsz) < Ld(xgp 1, Xop) < ... < LPLd(xy, x3) (3.4)
and
d(xop, Xopn) < L (xgp_9, xop1) < ... < L*Ld(xg, x1). (3.5)
By (3.4) and by (3.5) for any k& we have
n-l
d(x,, x,41) < L 2 d(x1, x9) (wheren = 2k +1) (3.6)
and
2d
d(x,, x,.1) < L2 (xg, x1) (Where n = 2k). (3.7

By Lemma 2.11 and Lemma 2.14 we have
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p(L) = p(yy) = pl(e = Ay = Ay =g —hg) (kg + Ay + A5 + A + Ag)
(e—hg —hy —hg—rg) T(Ay +Ag + A5 + Ag + Ag)]
<p((e=2 —hg—hg—Ag) (Ag+hy +h5+hg+2g)p((e—Ag—hs —hg—Lg) "
(M +2Ag + A5 +2rg —Ag))

_p(7\,2+7\,4 +7\.5 +7\,6+7\.8) p(}\‘l +7\.3 +7\,5+7\.6 +7\.8)<1
- 1—p(7\,1+7\,2+7\,6+7\,8) 1_p(7"3+>"4+>"6+}"8) )

Which implies (e~ L)' = > " L' and | L* | > 0, n — .
Without loss of generality, for each m > n, let m be even and n be odd.
Thus by (3.6) and (3.7)

d(yny ym) < d(yn’ yn+1)+ d(yn+1’ yn+2)+ et d(ym—l’ ym)
n-1 n+l n—-2 n+2 m-2

<|L2 +L2 +L2 +LT___+LTJd(x1,x2)

n+l n+l n+2 n+2 m-2

+|L2 +L2 +L2 +L2 ...+LT]d(x0, x7)

n-1 n+l

<L2 (e+L+I7.)d(x), x9)+L 2 (e+L+I?+..)

n-1 n+l

d(x0, x1)(e ~ L) '[L 2 d(xy, x9) + L 2 d(xg, ;)]
Now,

1 nl n ntl
1L 2 d(xy,22)+L 2 dlxg,xp)[|<| L 2 |l d(xy,x2)[+] L 2 || d(xg,21)] >0, as

n — .

n-1 n+l

Hence, by lemma {LTd(xl, x9)+ L 2 d(xg, x; )} is a Cauchy sequence.
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By lemma 2.14 and lemma 2.15 we conclude that {x,} is a Cauchy

sequence in X.
Suppose that f(X) is complete subset of X. Then there exists x € X such

that x, > x = fo', as n - o for ©* € X. Implies {x,} and {x,.;} also

converge to x.
Now we will prove that x = So".
By using (3.1) we have
d(So”, x) < d(So*, Typ.) + ATy, *)
< Md(Fo", So°) + hod(Gy,.1, So°) + Asd(Fo*, Ty,.1)
+ 24d(Gypi1s Tynin) + Asd (FO', Gyyyr)

d(Gyni1, Syns1) + d(SCO*’ Tyni1)
1+ d(F(D*9 Tyn+1)

+7"6 + 7"7d(Tyn+1’ Gyn+1)

1 * *
+g §d(Fm s Tyns1) + d(Gypi1, So ) + d(Typq, x)

= 7"ld(x’ SCO*) + 7\'2d(Gyn+l’ S(D*) + 7\'3d(x’ Tyn+l) + >"4d(Gyn+1’ Tyn+1)

d(Gyn+1’ Syn+1) + d(S(”*’ Tyn+1)
1+ d(x’ Tyn+1)

+ A5d(x, Gypy1) + g

1 *
+07d (Tyyi1, Gypi1) + g 35 d(x, Typi1) + d(Gyyyr, So7) +d(Tyy., X)

< Md(x, So) + Aed(Gypi1, So°) + Agd(x, Typi1) + Aad(Gypi1s Tynia)

d(Gyyi1, Sypi1) + d(S(D*
1+ d(x’ Tyn+1)

, T
+ }\'5d(x’ Gyn+1) +7\'6 yn+1) + }"7d(Tyn+1’ Gyn+1)

+ A‘S[d(x’ Tyn+1) + d(Gyn+1’ S(O*)] + d(Tyn+1’ x)
= de(x, SO)*) + 7\'2d(Gyn+17 SO)*) + 7\'?)d(x’ Tyn+1) + 7"4d(Gyn+l’ Tyn+1)
+ >"5d(x’ Gyn+l) + KGd(GyrHl’ Syn+1) + d(S(D*’ Tyn+1) + 7"7d(Tyn+l’ Gyn+1)

+ A‘S[d(x’ Tyn+1) + d(Gyn+1’ SO)*)] + d(Tyn+1’ x)
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< Md(x, So*) + Aold(Gyn,1, x) + d(x, So*)]+ hgd (%, Ty 41) + had(Gyp,1, X)
+Hd(x, Typ1)]+ Asd(x, Gypan) + Aeld(Gypa1s x) + d(x, Tyyiq)]

+ 07 d(Typ11, Gypan) + Agld(x, Tyyiq) + d(Gypaq, )]+ d(Typiq, ) (3.8)

1
6—7\,1—7\.4—}\,8

= d(So", x) < [(Ag + A3 + Ay +r5 +Ag +Ag)]d(Gy,iqs X)

+e + A5 + Ag + Ag)d(Tx,,1, x)]. Because (e —A; — Ay —Ag) is invertible.
Since {d(Gy,.1, x)} and {(T'x,.;, x)} are Cauchy sequences, therefore,

by Lemma 2.11 and Lemma 2.14 it follows that x = So". Hence
x = Fo' = So". Since x = So" € S(X) < G(X), then there exists o"* e X

such that x = Go™ ™.
Now we will prove that x = To". By (3.1) we have
d(x, To"™) = d(x, Sys,) + d(Sy,, T="")
d(x, Syzp) < Md(Fyon, Syan) + Aed(Go™", Sysn) + Aad (Fyz,, To™)
+ 24d(Go"™ ", To™™)

d(Go"", So"*) + d(Sys,, To"")

+ 7L5d(Fy2 , G(D* *) + ?\.6
" 1+ d(Fys,, To"™)

T d(To™™, Go™™) + g %d(FyZn, To'*) + d(Go* *Sys, )
= d(x, Syg,,) + Md(Fygy,, Syan) + hod(x, Sysy,)
+ }“Sd(FyZn’ T(D* *) + k4d(x, T,(L))k *)

d(x, So**) + d(Syy,,, To"")
1+ d(Fyy,, To"™)

+ X5d(Fy2n, QC) + }LG

T d(To™™, x) + Mg %d(FyZn, To**) + d(x, Sys, )
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< d(x, Syan) + M[d(Fyopn, x) + d(x, Syz, )] + hod(x, Sys,)
+ Ag[d(Fyg,, x) +d(x, To" ™) + hyd(x, To"™)
+ 25d (Fygn, %) + Ag[d(Fyop, x)]+d(x, To™)
+ Agld(Fygn, To™™) + d(x, Syz,)]

= d(x, To™) < ! sl g g+ 05 0 + A, Sya)

e — 7\.3 - 7\.4 -
+ (7\,5 + }"6 + }\'S)d(FyZn’ JC)
Since {d(x, Sys,)} and {(Fxy,, x)} are Cauchy sequences, then by Lemma

2.11 and Lemma 2.14 it follows that x = Te®"". Hence x = Go™ " = To"".

Thus we have proved that x is a common point of coincidence for pairs (F, S)

and (G, T).
Conclusion

In this paper, we have proved a fixed point theorem for new banach
contraction condition with pair of four self mappings in dislocated quasi b-
metric space the presented result generalize some existing results due to
Aage [1], Kineam and Suanoom [6], and Sharma [14].
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