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Abstract

The incomplete I-functions are the extension of I-function [17] which is an extension of
familiar Fox’s H-function ([9], [14]). In this paper we find the solutions of one dimensional Heat
flow equation in terms of incomplete I-functions. Further, numerous special cases are also

obtained from our main results.
1. Introduction

In the last decade, many authors (see, e.g. [1-7], [12-13], [15-16], [18])
have developed numerous integral formulas involving a variety of
incomplete hypergeometric functions. Such integral formulas have many
applications in potential field of physics, applied sciences, engineering and

chemical sciences.

Recently, Bansal et al. [1] introduce new incomplete I-functions and gave
certain interesting integral formulas and transform of these functions, which

are expressed in terms of generalized (Wright) hypergeometric function.

In order to derive our main results we recall here the following

definitions of some well known special functions:

The incomplete Gamma functions (IGFs) y(p, ) and I'(p, y) [19] are

defined as follows
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1o ) = [Pt (Re(p) = 0: 3 2 0) a
and

I(p, y) = ,[()y e tP71dt, (Re(p) = 0; y = 0) (1.2)

respectively, holds the subsequent relation

v(p, )+ T(p, ) = T(p), (Re (p) > 0). (1.3)

The incomplete I-functions (ITFs) () 777" (z) and () pmon (z) [1] are
pr,qpir br,q;;r

defined as follows

Zl '7G'a ) ‘,G‘ y -,G~
(F)Im’n (Z) — (F)Im,n (g] J y) (gj j)2, n (gJZ Jl)n+1,pl

pL,q;r pL,q;r
(hj, Hj)l,,m (hjl’ Hjl)m+1,ql

1 _
- o[ 0. )= ta
2o J L
where

ri-g-Gie [ ] ;nzl T(h; + Hjé)Hj:2 It -g;-Gjt)

z [H jl:mﬂ r(1-hj - Hjli)H iml T(gj + Gjli)}

=1

(1.5)

91(&,, y) =

and

Zl(gj7 Gj7 y)’ (g]7 Gj)Z’ n’ (g]l’ Gjl)n+1,pl
(v) pm.n (Z)Z(Y)Im,n

pL,qp;;r pL,qiT
(hj, Hj)1,m, (hjl’ Hjl)m+1,ql

_ 1 -&
-5 IL 0,(5, y)z Sde (1.6)

where
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vi-g -G N[ th+H]]" .ra-g; -G
02(&, ) = L HFI LY HJ=2 Lo (1.7

r

Z D_[ jl:mﬂ Ll -hj - szﬁ)H Zml C(gj + Gjla)}

=1

The incomplete I-functions (F)I;’;‘Z (2) and (Y)IZ;Z (z) in (1.4) and

(1.6) exists for y > 0 under the following set of conditions satisfied.

The contour L in the complex &-plane extends from ¢ —ioo to

¢ +1iw, ¢ € Re, and poles of the gamma functions T(1 - g; — G;&), j = 1, n do
not exactly match with the poles of the gamma functions

[(h; + Hjg), j =1, m. The parameters m, n, p;,q; are non negative

integers satisfying 0<n<p,0<m<gq;,l=1r. The parameters
Gj, Hj, Gjl, Hjl are positive integers and 8js hj, gjb> hjl are complex. All
poles of 0;(&, ¥) and 05(E, y) are supposed to be simple and the empty

product is treated as unity.

s _ZG +ZH - ZG iHﬂ, (1.8)

Jj=n+1 j=m+1
q] 1 o
H ‘ng Zh + Zgﬂ Z hjp+ (P —q) L=1r. (L9
j=n+1 Jj=m+1

On setting y =0, the incomplete I-functions (r)IZ;’Zl,r(z) and

(Y)IZ;’ Zz‘ .(2) reduce to Saxena’s I-function [18]:

(1") mn Zl(gj7 GJ7 0)7 (g]’ G])Q’ n’ (g_119 G]Z)n+1,pl
I 5

p,apir
(h]7 Hj)]_,m’ (h]l’ Hjl)m+1,ql

Zl(g], Gj)l, n’ (gjl7 Gjl)n+1,pl
— e , (1.10)

pr,q;;r
(hj, Hj)l,m, (hjl’ Hjl)m+1,ql
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and

@ ymn 21081 Gr. 0) (8. Gyla - (&2 Gjidpan,
P anr (hj, Hj)l,m, (hjz, Hjl)m+1,qz

z1(gj, Gih, s (&j1s G, py
e - (1.11)
(hj, Hj)l,m, (hjl’ Hjl)m+1,ql]

2. Preliminaries

Here, we find the following interesting results involving IIFs

(T) ym,n (y) ym,n . :
Ipl,ql;r(z) and Ipz,qz;r(z) by using [10, p.72, Equation (2.2.1.8)] for next

section:

Y
(a)J- (sinx)P~! cos ma (O™7
0 pLaiT

{z(sin ac)26 [(g1, Gy, ). (g5, Gj)z, ns (&1 Gjl)nﬂ,pz}
(hjs Hj)p s (hjis Hjp 1, g
- Jn mm (F)Im+2, n

Teos 5 pI+2,q+2 7

tm+1
Zl(gl’ G1> y)7 (g]9 Gj)Z,n” (gjl’ Gjl)n+1,pl’ (p P ’ G)

A o @.1)
(5, 6), ( 5 Gj, (hjs Hih s (Rjts Hjps1, g1

and

T -1 (y)ym,n
J- (sin x)°™" cos mx VI
0 pLAsT

. 2
2(sin %)™ (g1, Gi, ¥), (g, Gj)a, ns ()15 G,

(hjs Hj)y s (Rjzs Hjppsr, g

dx

_ MR (y) pm+2, n
= Vn cos 2 Ipl+2,qz+2; r
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tm+1
zl(g1, G, ). (85 Gjlo,n (&)1 GiDdnsn, py» (pT Gj 2.2)
p p+1 .
(E’ Gj’ ( 2 ")’ (Rjs Hih > (Rjts Hjl)pia,q1
T
(b)J- (sin x)° " sin ma D7
0 AT
. 2
z(sinx)“° (g1, Gy, ¥.), (g, Gj)z, no (&1 Gjl)n+1,pz d
X
(hjs Hih s (hjts HjDpin, g1
_ . ML (T)ym+2, n
= JESID? Ipl+2,ql+2; r
tm+1
Z|(g1, Gl, y)? (g]’ Gj)Z,n’ (gjl’ Gjl)n+1,pl’ (p 2 ’ G) (2 3)

p p+1
(E’ G)’ ( 2 Gj’ (Pjs Hid o Pjis Hitmin, g1
T 1
I (sinx)P " sinma (V7
0

pr,qp;r

N2
z(sinx)™ (g1, G1, ¥.), (8> G}, n> (&1 Gjtdnsn, p,

dx
(hjs Hj)p s (hjis Hjpps1, g
_ MT (y) ym+2, n
= ‘/;COST ! DI+2,qp+2; r
+tm+1
z|(g1, Gl’ y.), (gj, Gj)z,n, (gjb Gjl)n+1,pl’ (pT’ G)

p p+1
(E’ Gj’ ( 2 Gj’ (Rjs Hih o> (jis Hjtia, g1

provided that

G

@) Re(p) > 0, Re(p) + 20 maX13j§n|:Re - gj)} > 0.
J

(i11) Other conditions are same as given in equations (1.4)-(1.9).
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3. Main results

3.1. Solution of Non Homogeneous Heat Equation

Let us start with the heat equation [8], consider a wire (or a thin metal
rod) of length L that is insulated except at the endpoints. Let x denote the
position along the wire and ¢ denote time

ou_ 20%

ct—, 3.1.1
o " (3.1.1)

where ¢? is constant diffusivity of material and satisfying boundary and

initial conditions

u(O, t) = w(L, t) = 0, (3.1.2)
u(x, 0) = Q(x), (3.1.3)
Initially, we assume
u(x, 0) = Qx)

. 2
Z(SIHJC) ° |(g1’ Gl9 y)7 (g]’ Gj)z, n» (gjl’ Gjl)n+1,pl

(hjs Hj)y s (Rjzs Hjp) i1, g1

= (sin x)pfl(r)Im’ "
pr,qr,r

att =0,0<x <L, (3.1.4)

where p, o are positive numbers and (F)IZ;’ Z; r(z) is defined by (1.4).

Since I-function contains as particular cases almost all known special
functions like Bessel, Mittag-Leffer, Legendre, Hermite, hyper geometric

functions etc. so this assumption is fairly general.

Let the solution of equation (3.1.1)-(3.1.3) is obtained by separation of

variables and represented in the following general form

2 22
u(x, ) = ) B, sinK,xe Y, (3.1.5)

n=1
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Where B, is arbitrary constant and K,, = %, (N=0,1,2,..)

From equations (3.1.4) and (3.1.5), we obtain
. 2
z(smx) ° |(g19 G17 y)’ (g]’ Gj)2, n’ (gjh Gjl)n+1,pl

(hjs Hj)y s (jzs Hjppps1, i

(sin x )P0 o7
p1,q,r

= B,sinx. (3.1.6)
n=1

Multiplying on both sides of (3.1.6) by o Km* ,m 1s any positive integer and

integration with respect to x from O to L. Separating real and imaginary
parts and using (2.1) and (2.3), we have

ZKH«G cos K, r
B. = 2 (F)Im+2,n z |A
" sin K2L "

2Kn«/E sin K, g

(K,L —sin K, Lcos K,L)  Pr+2a+r ZIB‘ , 317

where
A = (g, G, ¥), (855 Gy > @jt GiDdpsr,pp P Ky +1/2,0)  (3.1.8)
and
B =(p/2, 0), (p+1/2, 0), (hj, Hj)h 1> (Bj1, Hjp)yiq g, (3.1.9)

Hence, we arrive at the desired solution of equation (3.1.1)-(3.1.3) is

given by
m . —chzt
© 2Kn«/; cos K, E sin K, xe "" o , .
s, 1) = e [zl }
; sin K,%L pi+2,q+2%r| % 'g
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2 2
» 2K,Vn sin K, gsin K, xe Knc't

() ym+2,n A
(K,,L —sin K,,L cos K,,L) Ipl+27ql+2;r[z |B' } (3.1.10)

n=1

Now, the solution of equation (3.1.1)-(3.1.3) in IIF (v) g n (2), is given

b,qp,r
by
2 2
T . _

© 2K, Jr cos K, = sin K, xe Kn¢!
— 2 (y) ym+2,n A
u(x’ t) - . 2 Ipl+2 q+2;r 2l
~ sin K;L TSI B

2 2
» 2K,Vn sinK, gsin K, xe Knc't

(y) ym+2,n A
(K,L - sin K,,L cos K,,L) Ipz+2qu+2;r[z s } @110

n=1

IIFs M™% (2) and WI™" () are satisfied the conditions which are
p,q,r b1, a7

given in (1.4) and (1.6) respectively.
3.2. Solution of Homogeneous Wave Equation

The wave equation [8] is of second order with respect to the space

variable x and time t, and takes of the form

2 2
8_2u: 262—u,(0<x<L,t>0). 3.2.1)
o0°t 0°x

Here the constant ¢? is called the wave speed, with initial and boundary

conditions

u(x, 0) = u(L, t) =0, (3.2.2)
u(x, 0) = 0(x) and Z—L; =0at¢=0. (3.2.3)

Then, we consider the general solution of (3.2.1)-(3.2.3) by separation of

variables method is given by

u(x, t) = Y B, sin K, cos Ktnc : (3.2.4)

n=1
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where B, is arbitrary constant and K,, = %, (N=0,1,2,..)

Now apply the same lines of section 3.1, then we arrive at the desire

solutions of (3.2.1)-(3.2.3) in terms of IIFs (F)I m,n (z) and W™ (2) are

pL,aT
given by
o 2K, \/_cosK 2s1nK xcosKtc(l_) ) ]
_ m+2,n
vt = Z1 sin K,%L Ipl+2aql+2:r_2 lB' ]
n=
o 2K, \/_smK smK xcosKtc © i e
m+4,n
_ g z ,  (3.2.5
i (K,L - sin KnL cos K, L) P2, qr+ 2| IB' ] (8.2.5)
and
o 2K, \/_cosK 2smecosKtc() ) "
_ y)rm+2,n
- Z;‘ sin K7L Ipﬁz’ql*%’[z 'BJ
n=
© 2K, \/_smK () yms2 A
v)pmEsn 3.2.6
- (K,L - sin KnL cos KnL) Pl+2’ql+2;rl:2 lB' } ( )
n=

Where A and B are defined in (3.1.8) and (3.1.9) and
K, = Nn ,(N=0,1,2,...) IIFs (F)Imn .(2) and (Y)IZ; Zz (2) are satisfied

the conditions which are given in (1.4) and (1.6) respectively.

3.3. Special cases. Now, we find certain interesting cases of solution of
heat equation (3.1.1).

(1) On setting y = 0, the incomplete I-functions (r)I;’;‘ Zl (2) reduce to

Saxena’s I-Function [17]. Then solution is

2 2
© 2K,V cos K,, 2smK Lxe Knett , "
_ m+2,n
)= 2, sin K2L Ipﬁz’ql*z”[z lB]
n

n=1
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2 2
© 2K,Jnsin K, gsin K, xe Kncl

e [z A}, 3.3.1
ot (K,L —sin K,Lcos K, L) P12, 91421 IB' (8:3.1)
where A =(gj, Gih,ns (8)5 Gj)n+1,pl’ (pt K, +1/2, o) and

B =(p/2, o), (p+1/2, 0), (hj, Hj) > (R Hjl)m+1,ql’ provided that each

member in (3.1) exists.

(ii) On setting y = 0, the incomplete I-functions )T ZZ’ Zz _(2) reduce to

I"- Function [11]. Then

2 2
T . _
© 2K, V7 cos K, = sin K, xe Kn¢! '
- 3G B s ]
- sin K2 L 14 B
n=1 n

2 2
» 2K,Vr sinK, gsin K, xe Kncl

iz [ A}, 3.3.1
& (K,L-sinK,Lcos K,L)  Pr2ar 2y (8.3.1)
where A = (g], Gj)l,n’ (gjl’ Gjl)l,pl’ (p * Kn + 1/2, G) and

B =(p/2, o), (p+1/2,0), (hj, Hj) > (hjss Hjl)l,ql’ provided that each
member in (3.1) exists.

(ii1) On setting r =1 in (1.4) and (1.6), it reduces to IHF introduced by
Srivastava [19]. Then

2 2
© 2K,V cos K, gsin K,xe Knct -

2,n A
u(x7 t) = s z|”
; sin K2L pr2at2| " p |
: T . —K2c?t
o 2Kn«/; sin K,, —sin K,, xe " - -
- _ 2 rman A (3.3.2)
(K, L —sin K,,L cos K,L) praarel B |

n=1

where A = (g], G], y), (g], Gj)2,n’ (gjl’ Gjl)n+1,p’ (p * Kn +1/2, G) and

B = (p/2, 0), (p +1/2, o), (hj, Hj)l,q’ provided that each member in (3.2)
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exists.

@iv) If we put r =1 and y = 0 in (1.4) and (1.6), it reduces to Fox’s H-

function [9]:

2 2
© 2K,V cos K, gsin K, xe Knct

u(x7 t) _ Hm+2 n I: |A:|
; sin K2L p2.a+2| " p
2.2,
» 2K,Vr sin K, EsmK xe Knct N R
H™ =" [ }, 3.3.3
&~  (K,L-sinK,LcosK,L) p+2g+2| g (889
where A =(8j, Gih,p» (&) Gjlps1, p» P Ky +1/2, 0) and

B =(p/2, o), (p+1/2, o), (hj, H; )l,q’ provided that each member in (3.3)

exists.

(v) On setting y = 0 and ¢ = 0, the incomplete I-functions (1 ;’: Zl (2)

reduce to Anharmonic Fourier series for I-function [17]. Then solution is

» 2K, «/_cosK s1nK X

= m+2,n A
Ox) = 2; — K,%L zmqﬁz;r[z |B}
o 2K 7 sin K, sm K, x von R
m
Z (K,L -sinK,, L cos K, L) Do g2 r|: | } (3.3.4)
where A = (gj, Gj)l,n, (gﬂ, Gjl)n+1,pl’ (p +K, + 1/2, G) and

B =(p/2, o), (p+1/2, 0), (hj, Hj) p> (Rj1s Hj1)piq q» Provided that each

member in (3.3.4) exists. Similarly, we can find some other special cases of
solution of wave equation (3.2.1).

4. Conclusions

In this paper, we have used new incomplete I-functions [1], which is an

extension of Saxena’s I-function [17]. Next, we gave certain integrals
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involving incomplete I-functions. Further, we find the solutions of heat and
wave equations in terms of incomplete I-functions and also we obtained
numerous special cases from our main result. The outcomes of this work are

very helpful in the study of physics, engineering and applied sciences.
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